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PaccmarpuBaercs unciiennoe pernrenne mpouib-
HOI 3a7a4un cyddO3un B MEKMEP3JIOTHOM BOIOHOC-
HOM ropuzonTe. PuIbTpaIus N0 I3EMHBIX BOJI ITPOUC-
XOJIUT B FOPU30HTE, KOTOPBIN COMPUKACAETCH C IIPO-
Mep3IIUM IeCYaHbIM IpyHTOM. B mporecce orram-
BaHUs TI'PYHTA U IIPHU JIOCTUKEHUH OIIPeIeIeHHOI
BEJIMYMHBI CKOPOCTH (DUJIBTPAIMN IIPOUCXOUT BbI-
HOC YaCTHUI[ I'PpyHTa U3 0obJjiacTh TedeHus. B Kade-
CTBE MATEMaTHYECKON MOJIEJIN UCIOJIL3YIOTCA YPaB-
HEHUsI COXPAHEHUs] MACCBHI JIJIS BOJbI, OJIBUKHBIX
TBEPBIX YACTUI[ U HEIOIBUKHOIO IOPUCTOrO CKe-
Jieta, a Takke 3akoH Jlapcu Jijist BOJBI U ITOJIBUK-
HBIX TBEPJbIX YACTHUI[ U COOTHOIIEHUE JJisi WHTEH-
cuBHOCTU Cy(dPO3UMOHHOrO MOoTOKa. B mynkTe 1 ma-
€TCsl TIOCTAHOBKA 33/1a49M: HA YACTH CPAHUIIBI 00J1a-
CTH Te€YeHUs 33IaI0TCS YCJIOBUS HEIPOTEKAHNUS, & Ha
BXOJZle U BBIXOJe — JaBjenus. Kpome Toro, mpuse-
JIeH KpaTKuii 0630p mojeeit cyddosuu. B myrakre 2
OIMCAH aJIFOPUTM YUCJEHHOI'O PEIleHus] MTPOMUIh-
HOH 3aJa9u JBUKEHUS BOJbI M TBEPJBIX IacCTUIl Oe3
ydera JedopManuu mopucToil cpejipl. 3ajada CBO-
JUTCA K CHCTEME M3 TPEX YPABHEHUN OTHOCUTEJIb-
HO MOPHUCTOCTH, JABJIEHUsI BOIHOW (pa3bl M KOHIIEH-
TPaIUU TBEPJBIX MOABUXKHBIX dacTull. Jljis Moaessb-
HOI 3aJla4M PaCcCMOTPEHa HadYaJIbHO-KpaeBasl 3a/a-
9a M MIOCTPOEHA KOHEYHO-PA3HOCTHASI CXeMa, Ha, OC-
HOBE MeTOJa IepeMeHHbIX HaipasieHuil. [Iposesme-
HBI PACYeThl TECTOBOM 3aJa4u, OIPEJIE/IEHbI JIaBJje-
HUE U CKOPOCTb BOIHOI (pasel. CpaBHeHMe HalijieH-
HOI CKOPOCTHU C KPUTHYECKOU IO3BOJISIET HAWTH 00-
JIaCTh Cy(HPHO3MOHHOTO BHIHOCA.

Karoueswvie caosa: nopucras cpeaa, cyddosus, da-
30BBbIil IIepexo/], YUCJIEHHBIA pacdeT, MeTO/, IIepeMeH-
HBIX HaIIPAaBJICHUU.
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In this paper, a numerical solution of a profile
problem of suffusion in an intrapermafrost water
bearing layer is investigated. Underground water
filtration occurs in the water bearing layer being
in contact with frozen sandy soil. During a process
of soil thawing at a certain magnitude of filtration
velocity the removal of soil particles from the flow
has been found to occur. A mathematical model
is developed with the mass conservation equations
for water, moving solids, and stationary porous
skeleton along with Darcy’s law for water and
moving solid particles and the equation for the
intensity of suffusion flow. The setting of the problem
is provided in Paragraph 1 with the following:
predetermined impermeability conditions are set
on a part of the boundary, and predetermined
pressure conditions are set at inlet and outlet.
Also, an overview of suffusion models is presented.
A numerical solution of the profile problem of water
and solid particles movement without porous
medium deformation is elaborated in Paragraph 2.
The problem is reduced to a system of three
equations for the porosity, pressure of the aqueous
phase and concentration of solid particles. The initial
boundary value problem is considered for the model
problem, and the finite difference scheme based
on the alternating directions method is developed.
Test calculations and validations are preformed,
and pressure and velocity of the aqueous phase
are evaluated. Suffusion area is estimated by the
comparison of the found velocity with the critical
velocity value.

Key words: document preparation system, scientific
paper, manual.



MATEMATUKA 1 MEXAHUKA

1. IlocranoBka 3amaum. Crenys [1, 2], pac-
CMOTPUM JIBUXKEHUE BOJIBI M IIOJIBUKHBIX TBEPIIBIX
JacTull B nopucroit cpege. Ilycrb ¢ — mopucrocTs,
¢ — KOHIIEHTPAIUS TBEP/IBIX [TOIBIKHBIX IACTHUIL, Pg
1 py — UCTHHHBIE INIOTHOCTH XKUAKOH 1 TBepIoit has
COOTBETCTBEHHO. Torma
p2 = (1= c)epy,

p1=(1—¢)ps, p3 = CPps

[IPUBEJICHHBIE ILJIOTHOCTH CKeJIeTa TPYHTA,
U TIOJBUKHBIX TBEPJIBIX YACTHUII,

VaureiBast 0OMEH MACCO#l TOJBKO MEXK/Iy IePBOi
" Tperbeil hazamu, ypaBHEHUSIM COXPAHEHUsT MACChI
MOXKHO IIPHUIATH BU/T

BOJIBI

1+ div(p1v1) = j1,

ot

P2 + div(p2v2) =0, (2)

rich div(p3v3) = js, (3)
rue v; — ckopocru a3z (i = 1,2,3), upuuem j; +

73 = 0. Hocrynupyercs, uro cyddO3noHHbBIA TOTOK
T OTIPEJIENIAETCS COOTHOIIIEHUEM

(4)

upu 05 — 7| > 6| 1 i = 0 mpu [0 — 4| < |,
31ech o — IOJIOXKHUTEIbHAS IIOCTOSTHHAS, V), — 3aaH-
Hoe 3uadenue. s CKOPOCTH ABUZKEHUsI BOJLI B II0-
PUCTOIi cpejie clpaBenB 3aKoH Jlapcu

m = js = aps(1 — p)cp|vz — v1 — Ui

- o)
rie ky — Koaddunuent bunpTpanum, p — JaBICHAE,
J — YCKOPEHHUE CUJIBI TIKECTH, \/ — OIEPATOP IPaIu-
enTa. [ljis1 CKOPOCTH NMOJABUKHBIX TBEPJLIX YACTHIL,
KaK [PaBUJIO, UCIOJIb3YeTCs 3aBUCUMOCTD U3 = AU3,
A € (0,1). I'panuynble ycsioBus OLPeIEIISIOTCH CBO-
CTBaMHM CPEJIBI, C KOTOPOI KOHTAKTUPYIOT I'PYHTOBBIE
BOJIbI. YCJIOBHSI H& TPAHUIIE C HEIOJBHKHBIM MEP3-
JIBIM TPYHTOM OIIUCAHBI B [3].

PaccMoTpuM OHOMEPHOE JIBUXKEHUE [IPU YCJIOBH-
ax § = 0, v = 0. Cucrema (1)—(5) upeobpaszyercs
K BHJLY

—ky(Vp+p19),

U3

B
9 _ )
875((1 ©)ps) =3,

5 (1= eps) = - ((1 = C)pfwkfa—p) =0, (7)
%(Csaps) - 8—(Cp5)\gakfa—) = _j(1)7 (8)
i = —m. 9)

Pemenne cucrempr (6)—(9) wmmercss B obsactu
(—00,yt) B IPE/IIIOIOKEHNH, UTO BCE UCKOMbBIE (DYHK-
UK 3aBUCAT JIAIIb OT IIepeMeHHoit & = z — vyt (7 —
Hen3BecTHas HocTosiHaasd ). Bmecro (6)—(9) mosmyanm

(1= o)) = 5O,

_Wd_f (10)
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_'Ydif((l—c)sﬁpf) ((1—c)pf<pkffl_§) =0, (11)

dé
4 _4d vy _ )
L (cops) i (cpshpky dg) =—j%, (12
i = —m. (13)

3aech uckoMbiMu siBsstores dyukuun c(€), @(€),
p(€) u nocrostHuast 7.
U3z (11) caexyer
dp
(1 =c)p) + (1= c)g;k-fd—g) — A, (14)

e A — nocrosuuas. CkiagpiBasg ypasaenus (10)
u (12), nosyunm

d
yep + )\cgakfd—lg +7(1—¢) =B =const. (15)

Omnpeneium A u B u3 cileayonmx KpaeBbiX

yCJIOBHIL: ku—’g’|§,>,oo = -V, emsne = ¢,
Ple->-0 = 97, kfz_[g(o) = —V*t ¢0) = cf,
0(0) = ¢t
Uz (14), (15) creayer:
A=qp (1-c)=(1-c)V7p~, (16
B=qyco  +9(1-¢ )= A Vg,  (17)
A=y(1-cN)p" =1 -chVTe",  (18)
B=~ctot +v(1—¢T) = ATV o™, (19)
Cumrag napamerper VT, ot | o=, ¢t , ¢ 3a-

JaHHbIME, u3 cucteMbl (16)—(19) onpenensiem v, A,
B, V~. B wactHocTH, Ajd y uMeeM

R e o

B e
_ et = AV —p e (1 =AV7))
pF =~
mpu ot (1—c*) £ (1—c7), ¢ # o™
IIycTb —k:fZ—Z = vg, Torma A um B npencraBum
B BUJIE
A =71 =c)p—(1-c)pvs, (20)
B = e +7(1 = @) — Acpus. (21)
Bripasum ve u3 ypasrenuii (20), (21)
A
L = 99
(1 . C)SD 0 V2, ( )
B 2 20-9)
— - = = —s. 23
Acp A Acy 2 (23)

U3 (22)—(23) mosyunm CJeLyonyo CBsA3b HOPU-
CTOCTU ¥ KOHIIEHTPAIIH:

A
(I=c)p

B

_ B 11 —¢)
ey '

Acp

-
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B paccmarpuBaemom ciydae umeeM 1m = caps(l—
—p)cp| AUy — Uy| mpu |AUz| > |Uk| u h = 0 mpu
[Aa| < |Uk]| . ITosromy u3 (10), (13) B nepBoM cirydae
HOJIyINM YDABHEHUE BUJIA

do _

T +A —wg), (24)

o1 =~ pacl— 2

a BO BTOPOM — d_go =0.
dg

Takum o0pazom, uCXoaHAs 3aada CBOIUTCSI
K aJirebpandecKoMy COOTHOIIEHUIO JJIsi [IOPUCTOCTU
U KOHIEHTPAIIMH W OOBIKHOBEHHOMY mauddepentim-
aJbHOMY ypaBHeHuio. IlociiesiHee MOXKET BBIPOK-
naTrbes Ha pemennn npu ¢ = 0, ¢ = 1 mwc = 0.
UccnemoBanme 1mogoOHBIX 3aJ1a9 MOXKHO IIPOBECTH
C TIOMOIIIBIO TIOJIXOJIOB, U3JI0KEHHBIX B [4].

2. Yucaennoe pemtenne. llocie moacranoBKu
MIPUBE/IEHHBIX TIJIOTHOCTEH U CKOpOCTeit a3 cucremMa
(1)—(3) mpumer Buz,

9 (25)

((1 - @)ps) = _mv
(1= )ppy) — din((1 — e)epsky(Tp+ ps5) = 0.

(26)
a7 (27)

ot

3ameuarue. ECin KOHIEHTPAIINS MOIBUXKHBIX Ya-
CTHI] TPyHTa 3aaHHas QYHKIMs ¢ > 0 U U3BECTHBI
Vg U Vg, TO U3 ypaBHeHuii (25) u (4) mosydumM coot-
HOIIIEHUE JJIsl TIOPHCTOCTU

(cops) — div(cpps Nk (Vp + prg)) = M.

©0

Y= t ) (28)
—fc‘ﬁg—ﬁk‘dT
wo+ (1 —wole ©
rJie KpUTUIecKasi CKopocTsb [5]
1
v = 4.2V g ———— (29)

5/ vky
37.21 20

3JIECh V — KUHEMATUIECKUH KO3(DMDUIMEHT BA3KOCTH
Bogel. U3 (28) coemyer, uto g < ¢ < 1, g — 310
HAYAJIbHOE 3HAYEHHUE [IOPUCTOCTH.

Cucremy (25) — (27) MOXKHO 3alHCATH B BUJIE

div(a(c, ¢)(Vp + prg)) = 0, (30)
dp >
i —(1—p)eplks(Vp+ prg)l, (31)
Oc 2 A
a_|_Ac-|-Bc + D -Ve=0, (32)
rae a(c,p) = (A + 1 — gk A =

—(A@)div(pks (Vp+ppg)) + (1= @) ks (VP + psg)l;
B=—(1=9)ks(Vp+prg)l; D = =Xk (Vp+ prg).

Anzopumm wucaennozo pewenus cucmemut (30)—
(32). Heobxonumo 3a/iaTh HAYAJIbHBIE YCJIOBHS JJIsk
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[OPUCTOCTH (¢ M KOHIeHTpamuu ¢. Jljis ¢, BO3MOXK-
HO, TIOHAI00UTCH 33IaHIE IPAHUYHBIX YCJIOBUHA B 3a-
BUCHMOCTH OT HAIIPABJICHUS XapaKTepUCTUK Ha ['s
u I'y. U3 ypasuenus (30) wmaiimem nasienue, pe-
IIIMB €r0 METOJIOM IIEPEMEHHDBIX HAIIPABJICHWI, 3318
C U @ W3 HAYAJBHBIX yCJOBHi. Vcnonb3yst ypasBHe-
uue (31) maiijem 3HaUEHUE IOPUCTOCTH  HA IIEPBOM
nrare pasbUeHMs 110 BPEMEHHU, PELIUB €ro MeTOI0M
Pynre-Kyrra. I3 mocnemgrero ypaBHEHUsT CHUCTEMBI
(32) maiiiem 3nadeHns c. 3Hast ¢ U ( HA JTAHHOM HMH-
TepBaJie, MOBTOPUM aJITOPUTM W HAMIeM 3HAYEHUsT
€ ¥  Ha CJIELYIONEM BPEMEHHOM HHTEPBAJIE.

PaccmorpuMm cirydait Korma a const, Torma
ypasHerue (30) npumer BuJ

Ap =0, (33)
¢ IPaHUYHBIMUA yCjioBusAME (puc. 1.)
Oop Op 0 dp
= =—gpp; | =0; —| =-gpy
ay Iy ! O s ay I's !
p| = —g9psy+Dpo; P| =—9pry;
F4 F5
rie pp — JaBJIEHUE BOJOHACBIIIEHHOIO [PYHTA.
Ils
Iy
I’z T4
s
Iy

Puc. 1. Pacuernas obiactb

VYpasuenue (33) perraeM MeTOJOM I[€DEMEHHBIX
HanpasJeHuil. PasHocTHAs cXeMa 3aluIeTcs Criely-
romuM obpasoM [6]:

WiPkt1/2 — MPry1/2 = wipk + Aopi

Wapk41 — Nopri1 = wappyi/2 + MiDpy1/2

Alp_ )
n
i=1,.,N —L;
i,j+1) —2p(i, §) + p(i,j — 1
Agp = Pd 1) = 2p(irj) + (i j — 1)

h3 ’
j=1,..,Ny—1;
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Puc. 2. I'paduk namenenuss MoIyJisi CKOPOCTH

Puc. 3. O6nacts 3posun

[JIe UTEPAMOHHBIA mapaMeTp Wo = V0ala, 0o =
(4/h2) sin?(he /21s), O (4/h2) sin®(he /21,),
A, = (4/h2) cos?(mha /2l), o = 1,2; Ny, Ny — uuc-
JIo pazbuennit [y u lo; [1 u lo gjauHa u mmpuHa 00-
JIACTH COOTBETCTBEHHO; N = l1 /N1 u he = la /Ny —
maru pasouenus [y u ls.

YHucnennslit pacuer mpoBogwics npu ¢ = 0.25,
g=9.81m/c?, v=1307-10"% m?/c; k = 1072 m/c,

JUIS 9TUX 3HAYEHWI IOCTOSHHBIX u3 (29) Haiizem
KPUTHIECKYIO0 cKOpocTh vip=0.11 m/c.

Momynn ckopocTu m3o0parkeH Ha pucynke 2. Ec-
JA HAWTH IIepecedeHue IIOBEPXHOCTEH MOJYJISd CKO-
poctun buabTpanuu M KPUTUIECKOI CKOPOCTH, IIO-
cJie JOCTHUXKEHUsI KOTOpOil HaumHaeTcst CyddO3uoH-
HBII TIPOIECC, TO MOXKHO OIPEJIETUTh 00JIAaCTb, M0/
BEPXKEHHYIO0 BHyTpeHHeil aposuu (puc. 3).
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