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Hcnonb3oBanue Mpon3BOAHBIX APOOHOT0 MOPSAAKA
IS peleHust 321a49 MeXaHUKHU CIJIOIIHBIX cpex’

A. N. Korchagina

Application of Fractional Order Derivatives for Solving
Problems of Continuum Mechanics

[Tpun mocTaHOBKE KOHKPETHBIX 32724 MEXaHUKHU
CIUIOLIHBIX CPEJI 3a4acTyl0 BO3HHKAIOT HayaJbHO-Kpae-
BBIC 331241 JUIst AU PEepeHIINAIBHBIX YPaBHEHHH ¢ Ap00-
HBIMH TIPOU3BOAHBIMU. Arnmnapar JpoOHo-1uddepeHim-
AJIIEHOTO MCYMCIICHHS BCE Yallle UCIIOIb3YETCsl IS ydeTa
HACJIEJICTBEHHBIX CBOMCTB M ()PaKTAIBHOCTH CTPOCHUS
peasbHBIX MaTepuanoB. Pa3BuBaroTCS aHAINTHYECKHE
METO/Ibl pEeIICHHS 33/1a4, OJTHAKO HauOoJIblIee pacipo-
CTpaHEeHHE MOTYYHIIH YUCICHHBIE MeTO/Ibl. PaccMOTpeHbI
YHCJICHHBIE METO/IbI, OCHOBAaHHBIC Ha PAa3HBIX OIpeese-
HUSX IpOOHBIX MPON3BOAHBIX, U X IPUMEHEHHE K pelie-
HUFO KOHKPETHBIX 3aJ1a4 TSIUIONPOBOAHOCTH (uddy3un).
[TpoBeneHHbIH aHAIN3 PE3yJIBTATOB MO3BOJIHI BBIJICIUTh
olIpesieNICHHs] U METO/IbI, HanboJIee IePCIeKTHBHBIE C TOU-
KU 3pEHHS aJICKBaTHOCTHU OIMCAHUSI PeajIbHBIX MPOLIECCOB
muddys3un Bo dpakTanbHbIX cpenax. [IpoBenen ananmms
psiia ONpPEACISIONNX COOTHOMEHUH C IPOU3BOAHBIMHU
JpoOHOTO TopsiaKa. B Mozmeny BSI3KOynpyroro Teia Mak-
CBEJUIOBCKOTO THIIA C APOOHBIMH IPOU3BOAHBIME pele-
Ha 33Ja4a O KBa3HCTaTHYECKOM M JMHAMUYECKOM PacTs-
JKCHUH TOHKOTO CTEPIKHSI.

Kniouesvie cnoea: npoOHBIC IPON3BOAHBIC, (PpaKTaNIbHAsS

cpena, TEIIONPOBOAHOCTD, BA3KOYIIPYIOCTh, PACTSIXKCHUEC

TOHKOT'O CTCPIKHS.
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BBenenne. 3HaunTeIbHOE KOJINYECTBO PEaNbHBIX
MIPOLIECCOB HE YKJIABIBACTCS B IIPECTABICHHS MEXaHH-
KH CIUIOLTHOM cpe/ibl U TpeOyeT NpUBIICYSHUS IPE/ICTaB-
JIeHUH 0 PpaKTaILHOCTH CPEJIbl, B KOTOPOH 3TH ITPOLIECCHI
npoucxoit. K Taknm nporeccam, HalpuMep, OTHOCSITCS
muddy3us mpumeceii B rpyHTe, pacpoCcTpaHeHne Terlia
B a’porersix. st X ONMCcaHus UCTIONb3YeTCs MOIU(H-
IIUPOBAaHHBIN COOTBETCTBYIOIIUM 00pa3oM 3akoH Puka
(dypse) [1], uto TpeOyeT npuBIEUCHHUS MAaTEMAaTHIECKO-
TO anmapara ApoOHOro HHTErpo-auhHhepeHInaTBLHOTO He-
yucienus [2]. Tak, FO. H. PabotHoB [3] BBen 00001eHIE
PEOJIOrNYECKOro ypaBHEHHMsI, TOCTPOSHHOTO UM JUIsl OTTH-
CaHUs MOBEJECHNS HACIIEJICTBEHHBIX CpeJl, Ha clydal
MPOM3BOIHBIX JPOOHOTO Topsiika. OG0CHOBaHUE MTPH-
MEHEHUS TPOU3BOJHBIX JIPOOHOTO TOPSIKA B MOAEISIX

Setting of specific problems of continuum mechanics
often leads to initial boundary value problems for
differential equations with fractional derivatives.
Fractional calculus is being used increasingly frequently
to take into account hereditary properties and fractal
structure of real materials. Such problems can be solved
analytically; however, numerical methods are widely in
use. In this paper, we consider several numerical methods
based on different definitions of fractional derivatives
and their application to solutions of specific problems of
heat conduction (diffusion). Conducted analysis allows
us to select the most promising definitions and methods
for an adequate description of actual diffusion processes
in fractal media. A number of constitutive equations
with derivatives of fractional order are analyzed. The
problem of quasi-static and dynamic stretching of a thin
rod is solved with Maxwell-type viscoelastic body model
with fractional derivatives.

Key words: fractional derivatives, fractal medium, heat

conduction, viscoelasticity, stretching of a thin rod.

BA3KOYyIPYrocTu 1aHo B [4, 5]. dusnueckas UHTEpIIpe-
Talys ApoOHOTO MHTErpalla pacCMOTpeHa B [6].

Onpenenenuss 1pooHoil nmpousBoaHoii. OgHa
n3 1poOieM, BOZHUKAIOUINX TP MCIIOIb30BAHUH JPO0-
HBIX NPOU3BOAHBIX, 3aKIIOYAETCS B TOM, YTO HE CyIIe-
CTBYET UX OJIHO3HAUHOIO omnpeneneHus. YucieHHble
METO/IbI PEIICHUs 3a/1a4 JUUIsl YPaBHEHUH ¢ ApOOHBIMU
MIPOM3BOIHBIMHY TIPUBSI3aHbI K BUAY BHIOpPAaHHOM IpOU3-
BOJIHOH, IT0O3TOMY BO3HHMKAaeT HEOOXOAMMOCTh aHaIN3a
U CpPaBHEHMS PEe3yJIbTAaTOB, MOJYyUYEHHBIX MPHU UCIOJIb-
30BaHMM PA3HBIX ONPEAEICHUN M YUCICHHBIX METOJOB.
Taxoe cpaBHeHUE poBoAMIOCH B [7, 8] Ha nmpuMepe 3a-
Jlauy O paclpoCTPaHEHUH TEIUIOBOIO UMITYIIbCA.

Hcrionb30BaiCh ClIeyIOIUE OTIPEACIICHNS APOOHBIX
MIPOU3BOAHBIX [2].

* PaGora BeIIONHsIach mpH mozaepxkke Nurerparmonsoro mpoekra CO PAH Ne 64 u rpanta PO®U (mpoekt 12-01-00726-a).
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MATEMATHKA 1 MEXAHHNKA

1 am u(&)dé
F(m _ a) dxm (x _ f)a—m+1’ x>a,
a
0<m—-1<a<m

Dfu(x) =

1. Onpenenenne Kamyro
1 ] u(m) (f)dé
m_a) ) (x_f)aferl >

0<m—-1<a<m

Dju(x)zr( x>a,

2. Onpenenenue ['proaBanbaa-JleTHukoBa

Dj:u(x) = lim——=~,
o0 [
Aju(x)= Z(f 1) k u(x—(k—1)h)
k=0
IHocTanoBKa HAYaJBLHO-KPaEBOI 32124 HA NPH-
Mepe ypaBHEHHS TeI10NpoBoAHOCTH. CpaBHEHUS Me-
TOJIOB, OCHOBaHHBIX Ha Pa3HbBIX ONPEENCHUIX IPOOHBIX
IIPOU3BOJHBIX, IPOBOAMUINCH HA TECTOBBIX 3a/lauax Tel-
JIOIIPOBOJTHOCTH, 3aTEM IIPOBEPSUIUCH Ha OOJIee CIOKHBIX
3aJa4ax ¢ U3BECTHBIMU PEIICHUSIMH.
PaccMoTprM OCTaHOBKY 3aa4u B IPOCTEHIIIEM CITydae:
D;’u(x,t) = CDj:u(x,t), 0<v<2,1<a<2
C HauaJbHBIMU YCIOBUSIMU
u(x,O)zuo(x), npu0<vy<L1<a<2

u(x,O): u, (x), u(x,l): u, (x),npu 1<vy<2,1<a<2

B 3aBucHMOCTH OT BEJTMUMHBI TApaMETPOB JPOOHBIX
MPOU3BOJIHBIX pelIeHHs C(HOPMYIMPOBAHHON 3a/1a4H OITH-
CBIBAIOT pa3/IM4HbIe (pU3NYECKUE MTPOLIECCHI.

[Tpn ¢ukcupoBanHoM a: 0 <y < | Habmomaem cyo-
muddysnto, y = 1 — oObruHast, kiaccuueckas muddysus,
1 <y <2 — BeIpakeHHas cynepauddysus, npu y = 2 mo-
Jy4aeM KJIaCCUYECKOE BOJIHOBOE YPaBHEHHE.

[Tpu puxcupoBaHHOM 7Y: HAOIIOAACTCS KiaccHye-
ckast muddysust npu o = 2, a3ppexTsl cynepauddyznu
npu | < a <2 u knaccuueckuit nepeHoc npu o = 1.

Ha ocHOBaHWM NIPOBEICHHBIX CPABHEHHUH ITOJTyUYEH-
HBIX PEIICHUH C M3BECTHBHIMH OBIIM BBIOPAHBI CIIEIYIO-
M€ YUCIICHHBIE METOABI U1 OCHOBHBIX OIpEIeIICHUN
JPOOHBIX TIPOU3BOAHBIX:

—  METOJl, OIIMCaHHbIN B cTarbe [9], OCHOBAHHBII
Ha onpeaeneHusx Pumana-JInysumns u Kamyro;

—  KOHEYHO-Pa3HOCTHBIE AlPOKCUMAIINH, OCHOBAH-
HBIE Ha OIpe/Ie/ICHNH B cMbIciie | pronBaibaa-JleTHrkoBa.

B nocnennem cinydae Hanboee y1oOHO! B HCTIONB30-
BaHMU SIBIISICTCS MOAU(UKAINS Pa3HOCTHON CXEMBI, U3-
BecTHas Kak Metoj Disepa [10], Tak kak gaHHAs cxema
SBJISIETCS OE3yCIIOBHO YCTOMUYMBOM ITPH JIFOOBIX Mapame-
Tpax APOOHBIX MPOU3BOIHBIX.

Oomiee muddepeHnuaiIbLHOE ypaBHeHHE BA3KOYIIPYI0-
ro Tej1a. OO1ee ypaBHEHHE BSI3KOYIPYTHX CPEJl UMEET BUJL:

4 dﬁk )4 dﬁk
1+;akm7 O'(t): m+;bkdt_ﬂk E(t))

fi=k+p-1,0<3<1

JlaHHOE ypaBHEHHE IPH COOTBETCTBYIOIIEM BHIOOpE
[apaMeTpOB ONMKCHIBACT PA3IMYHbIC BAPUAHTHI MOJIETICH.
Tak npu p = ¢ = | umeem:
npu a = b = ( ypaBHEHUE BbIpakacT 3akoH ['yka; a = m =
0 — Bsi3kas xuaKocth; a = 0 — cpena doiirra; m =0 —
cpena Makcaeiia.

[TonpoGHee paccMOTPUM OCHOBHOE ypaBHEHHE MO-
nenu MakcBesuia:

By a
d > a(t) =FE d
dt™ dt"

e b — HEOTPHUIIATCIIEHBIN TapaMeTp pEIIaKCaIliH, a UC-
MOJIb3yeMbIC POOHBIC MMPOU3BOIHBIC PACCMATPUBAIOTCS
B cMbIciie Pumana-JlnyBusuist.

PesynpraToMm pacdera sSBISFOTCS AHArpamMMbl aedop-
MHUpPOBaHUs (QPAKTAIBHON CPEAbI, MPUYECM MTOKA3aTeIIN
JIPOOHBIX MTPOU3BOIHBIX HAIIPSIMYO 3aBUCST OT (PpaKTaITh-
HOM pa3sMepHOCTHU CPE/IbL.

3anava o nepopMHPOBAHUHN TOHKOTO CTEPKHSA.
Cucrtema ypaBHEHHUH, ONUCHIBAIOIIUX OJHOOCHOE Jie-
(hopMupoBaHHE TOHKOTO CTEPKHS, cHhopMyaupoBaHa
Kak 00o01eHne cuctemsl u3 [11] u uMeeT BUT:

1+b

e(t),0<a<1,0<A<1,

d'h, . 2h —h,
dt™ 3 7
28 2h —h
d S_2h—h o, s 0<y,y, <2
™ 3 1 poT
o,=0.

3nece h ; h ,— TIaBHbIC YIUIMHCHUS; G, G, — IJIABHbIC
HAIPSDKCHUS; € CKOPOCTH jaedopmanuu; T — BpeMs pe-
JIAKCAlMU KacaTeJIbHbIX HANPSHKEHUN; 0 — CTETEeHb CKa-
Tus; § — sHTponus; T — TeMneparypa.

Pesynwrats! penienus B hopme quarpamm aeopMu-
POBaHMUS JUIS Pa3IMYHBIX 3HAYCHHUH CTEIICHEH JPOOHBIX
MIPOM3BOAHBIX MOKa3aHbl HAa pucyHKax 1, 2. [TonyueHHble
pe3yabTarhl JEMOHCTPUPYIOT BIUSHUE 3HAYECHUH MOPSII-
Ka MPOU3BOIHBIX HA BUJ TUATPaMM Je(QOPMHUPOBAHHS.

L}
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Puc 1. InarpamMmsl gehopMupoBaHus IpH GUKCHPOBAHHOM
3HAYCHUH TIApaMeTpa Y, = | U pasimuaHbIX
3HAYCHUSX MAPAMETPA Y,.
1:y,=04,2:vy,=038, 1:y,=1,2:7y,= 1.1
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Puc 2. JluarpamMmbl ieopMupoBanus NpH (GUKCHPOBAHHOM 3HAYECHUH TIapameTpa y,= 1
U Pa3IMYHbIX 3HAUYeHUsX napamerpay,. 11y, =0.8,2:y1=1,3:y1 = 1.1
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