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in Quasi-varieties of Abelian Groups

�®ª § ­®, çâ® ¤«ï «î¡®© £àã¯¯ë A, ¥¥ ¯®¤-
£àã¯¯ë H ¨ ¯à®¨§¢®«ì­®£® ª¢ §¨¬­®£®®¡à §¨ï
 ¡¥«¥¢ëå £àã¯¯ M ¬­®¦¥áâ¢® ¤®¬¨­¨®­®¢ ¯®¤-
£àã¯¯ë H £àã¯¯ë A, ª ¦¤ë© ¨§ ª®â®àëå à á-
á¬ âà¨¢ ¥âáï ¢ ­¥ª®â®à®¬ ¯®¤ª¢ §¨¬­®£®®¡à -
§¨¨ N ¨§ M, ®¡à §ã¥â à¥è¥âªã ®â­®á¨â¥«ì­®
â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï.

�«îç¥¢ë¥ á«®¢ : ª¢ §¨¬­®£®®¡à §¨¥, à¥-
è¥âª , ¤®¬¨­¨®­, £àã¯¯ .

The author proves that for any group A, its
subgroup H and arbitrary quasi-variety of Abelian
groups M, the set of dominions of the subgroup
H in the group A forms the lattice relative to
theoretical-plural intersection. Each dominion is
considered in some subquasi-variety N from M.

Key words: quasi-variety, lattice, dominion,
group.

�¢¥¤¥­¨¥. �®­ïâ¨¥ ¤®¬¨­¨®­  ¢®§­¨ª«® ¢
[1] ¤«ï ¨§ãç¥­¨ï í¯¨¬®àä¨§¬®¢. �®£« á­® [1],
¤®¬¨­¨®­®¬ ¯®¤ «£¥¡àë H ã­¨¢¥àá «ì­®©  «£¥-
¡àë A ¢ ¯®«­®© ª â¥£®à¨¨ M(A ∈ M), ®¡®§­ -
ç ¥¬ë¬ domM

A (H), ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® í«¥-
¬¥­â®¢ a ∈ A â ª¨å, çâ® ϕ(a) = ψ(a) ¤«ï «î¡ëå
¤¢ãå ¬®àä¨§¬®¢ ϕ,ψ : A → M ∈ M, á®¢¯ ¤ -
îé¨å ­  H. �á­®, çâ® ϕ : A → B (A,B ∈ M)
ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬ ¢ M â®£¤  ¨ â®«ìª® â®-
£¤ , ª®£¤  domM

B (ϕ(A)) = B.
�®¬¨­¨®­ë ¨§ãç «¨áì ¢ à §«¨ç­ëå ª« áá å

ã­¨¢¥àá «ì­ëå  «£¥¡à [2{4].
� à ¡®â¥ [5], £¤¥ ¤®¬¨­¨®­ë ¢¯¥à¢ë¥ ¨áá«¥-

¤®¢ «¨áì ¢ ª¢ §¨¬­®£®®¡à §¨ïå ã­¨¢¥àá «ì­ëå
 «£¥¡à, ¡ë«® ¤ ­® à áè¨à¥­¨¥ ¯®­ïâ¨ï ¤®¬¨-
­¨®­  ­  á«ãç ©, ª®£¤  A 6∈ M. �®ï¢¨« áì
¢®§¬®¦­®áâì ¢¢¥áâ¨ ¢ à áá¬®âà¥­¨¥ ¬­®¦¥áâ¢®
L(A,H,M) = {domN

A (H) | N ∈ Lq(M)} ¤®¬¨-
­¨®­®¢, £¤¥ Lq(M) | à¥è¥âª  ¯®¤ª¢ §¨¬­®£®-
®¡à §¨© ª¢ §¨¬­®£®®¡à §¨ï M.

� [5] ¡ë«¨ ­ ©¤¥­ë ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥-
­¨¨ ª®â®àëå ¬­®¦¥áâ¢® L(A,H,M) ®¡à §ã¥â à¥-
è¥âªã ®â­®á¨â¥«ì­® â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£®
¢ª«îç¥­¨ï, ¨ ¯®áâ ¢«¥­ ¢®¯à®á: áãé¥áâ¢ã¥â «¨
ª¢ §¨¬­®£®®¡à §¨¥M ã­¨¢¥àá «ì­ëå  «£¥¡à â -
ª®¥, çâ® ¬­®¦¥áâ¢® L(A,H,M) ­¥ ®¡à §ã¥â à¥-
è¥âªã ®â­®á¨â¥«ì­® â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£®
¢ª«îç¥­¨ï?

� ­ áâ®ïé¥© à ¡®â¥ ¤®ª § ­®, çâ® ¤«ï ¯à®¨§-
¢®«ì­®£® ª¢ §¨¬­®£®®¡à §¨ï M  ¡¥«¥¢ëå £àã¯¯
¬­®¦¥áâ¢® L(A, H,M) ®¡à §ã¥â à¥è¥âªã ®â­®-
á¨â¥«ì­® â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï.

�à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. �¯à¥¤¥-
«¨¬, á«¥¤ãï [5], ¤®¬¨­¨®­ ¯®¤£àã¯¯ë H £àã¯-
¯ë A ¢ ª¢ §¨¬­®£®®¡à §¨¨ £àã¯¯ M á«¥¤ãîé¨¬

®¡à §®¬:

domM
A (H) = {a ∈ A | ∀M ∈M ∀ϕ,ψ : A → M,

¥á«¨ ϕ |H= ψ |H , â® ϕ(a) = ψ(a)},
£¤¥ ϕ,ψ : A → M | £®¬®¬®àä¨§¬ë £àã¯¯ë A ¢
£àã¯¯ã M ; ϕ |H , ψ |H | áã¦¥­¨¥ £®¬®¬®àä¨§-
¬®¢ ϕ, ψ ­  H; ϕ(a), ψ(a) | ®¡à §ë í«¥¬¥­â  a
¯à¨ £®¬®¬®àä¨§¬ å ϕ, ψ.

�§ ®¯à¥¤¥«¥­¨ï ¤®¬¨­¨®­  áà §ã ¯®«ãç ¥¬,
çâ® ®­ ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë A, á®¤¥à¦ -
é¥© H. �¥âàã¤­® § ¬¥â¨âì â ª¦¥, çâ® ¢ª«îç¥-
­¨¥ ª¢ §¨¬­®£®®¡à §¨© N ⊆ M ¢«¥ç¥â ¢ª«îç¥-
­¨¥ ¤®¬¨­¨®­®¢ domM

A (H) ⊆ domN
A (H). �à®¬¥

â®£®, ¥á«¨ M | ¯à®¨§¢®«ì­®¥ ª¢ §¨¬­®£®®¡à -
§¨¥  ¡¥«¥¢ëå £àã¯¯, â® domM

A (H) á®¤¥à¦¨â ª®¬-
¬ãâ ­â £àã¯¯ë A.

� à ¡®â¥ ­¥®¤­®ªà â­® ¨á¯®«ì§ãîâáï á«¥¤ã-
îé¨¥ ä ªâë.

�¥¬¬  1 [5, «¥¬¬  4.2]. �ãáâì M,N |
¯à®¨§¢®«ì­ë¥ ª¢ §¨¬­®£®®¡à §¨ï ã­¨¢¥àá «ì-
­ëå  «£¥¡à, A |  «£¥¡à , H | ¯®¤ «£¥¡à 
 «£¥¡àë A. �®£¤  domM

A (H) ∩ domN
A (H) =

domM∨N
A (H).

�¥®à¥¬  1 [6, â¥®à¥¬  1]. �®¬¨­¨®­ ¯®¤-
£àã¯¯ë H £àã¯¯ë A ¢ ¯à®¨§¢®«ì­®¬ ª¢ §¨¬­®-
£®®¡à §¨¨  ¡¥«¥¢ëå £àã¯¯ M á®¢¯ ¤ ¥â á ­ ¨-
¬¥­ìè¥© ­®à¬ «ì­®© ¯®¤£àã¯¯®© ¨§ A, á®¤¥à-
¦ é¥© H, ä ªâ®à-£àã¯¯  ¯® ª®â®à®© ¨§ M.

�§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â, çâ® ¤«ï ¯à®¨§-
¢®«ì­®£® ª¢ §¨¬­®£®®¡à §¨ï M  ¡¥«¥¢ëå £àã¯¯
domM

A (H) = {a ∈ A | ∀M ∈ M ∀ϕ : A → M ,
¥á«¨ H ⊆ ker ϕ, â® ϕ(a) = e}, £¤¥ ker ϕ | ï¤à®
£®¬®¬®àä¨§¬  ϕ £àã¯¯ë A ¢ £àã¯¯ã M .

� «¥¥ ¯®âà¥¡ã¥âáï ®¯¨á ­¨¥ ª¢ §¨¬­®£®-
®¡à §¨©  ¡¥«¥¢ëå £àã¯¯, ¤ ­­®¥ ¢ [7]. �®£« á­®
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[7], ¤¢  ª¢ §¨¬­®£®®¡à §¨ï  ¡¥«¥¢ëå £àã¯¯ á®-
¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­¨ ¨¬¥îâ
®¤¨­ ª®¢ë¥ ¯¥à¥á¥ç¥­¨ï á ¬­®¦¥áâ¢®¬ £àã¯¯ Q,
á®áâ®ïé¨¬ ¨§ ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë
Z, ¥¤¨­¨ç­®© £àã¯¯ë E = {e} ¨ æ¨ª«¨ç¥áª¨å p-
£àã¯¯ Zpn , £¤¥ p ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® ¢á¥å ¯à®-
áâëå ç¨á¥« P,   n | ¬­®¦¥áâ¢® ¢á¥å ­ âãà «ì-
­ëå ç¨á¥« N. �§ [7] ¢ëâ¥ª ¥â, çâ® ¯à®¨§¢®«ì­®¥
ª¢ §¨¬­®£®®¡à §¨¥ M  ¡¥«¥¢ëå £àã¯¯ ¯®à®¦¤ -
¥âáï ­¥ª®â®àë¬ ¬­®¦¥áâ¢®¬ £àã¯¯ S ⊆ Q. �ã-
¤¥¬ ®¡®§­ ç âì íâ®â ä ªâ § ¯¨áìî M = q(S)
«¨¡® M = qS, ¥á«¨ S á®áâ®¨â ¨§ ®¤­®© £àã¯-
¯ë. �¨ª«¨ç¥áª ï p-£àã¯¯  ¯à¨­ ¤«¥¦¨â ª¢ §¨-
¬­®£®®¡à §¨î q(S) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
ª®£¤  ®­  ¨§®¬®àä­  ¯®¤å®¤ïé¥© ¯®¤£àã¯¯¥ ­¥-
ª®â®à®© £àã¯¯ë ¨§ S. �â¬¥â¨¬ â ª¦¥, çâ® ¥á«¨
£àã¯¯  Z ­¥ ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î
M = q(S), â® ¬­®¦¥áâ¢® S á®áâ®¨â ¨§ ª®­¥ç­®-
£® ç¨á«  ­¥¨§®¬®àä­ëå æ¨ª«¨ç¥áª¨å p-£àã¯¯,  
ª¢ §¨¬­®£®®¡à §¨¥ M ï¢«ï¥âáï ¬­®£®®¡à §¨¥¬.

�á¯®«ì§ã¥¬ë¥ ¢ à ¡®â¥ á¢¥¤¥­¨ï ¨§ â¥®à¨¨
£àã¯¯ á®¤¥à¦ âáï ¢ [8], ¨§ â¥®à¨¨ ª¢ §¨¬­®£®-
®¡à §¨© | ¢ [9{11],   ¨§ â¥®à¨¨ à¥è¥â®ª | ¢
[12].

�à¨¢¥¤¥¬ á¯¨á®ª ®¡®§­ ç¥­¨© ¨ ®¯à¥¤¥«¥-
­¨©, ¯à¨¬¥­ï¥¬ëå ¢ à ¡®â¥.

H ≤ A | H ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë A.
gr(H) | ¯®¤£àã¯¯  £àã¯¯ë A, ¯®à®¦¤¥­­ ï

í«¥¬¥­â ¬¨ ¬­®¦¥áâ¢  H.
An = gr(an | a ∈ A).
A/H | ä ªâ®à-£àã¯¯  £àã¯¯ë A ¯® ­®à-

¬ «ì­®© ¯®¤£àã¯¯¥ H.
τ(A) | ¯¥à¨®¤¨ç¥áª ï ç áâì  ¡¥«¥¢®© £àã¯-

¯ë A.
| a | | ¯®àï¤®ª í«¥¬¥­â  a.
(n, r) | ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥«

n, r ∈ N.
Zp∞ { ª¢ §¨æ¨ª«¨ç¥áª ï £àã¯¯  â¨¯  p∞,

p ∈ P.
�ãáâì A {  ¡¥«¥¢  £àã¯¯ , a ∈ A, p ∈ P. � ¨-

¡®«ìè¥¥ ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«® n, ¤«ï ª®-
â®à®£® ãà ¢­¥­¨¥ xpn = a ¨¬¥¥â à¥è¥­¨¥ x ∈ A,
­ §ë¢ ¥âáï p-¢ëá®â®© í«¥¬¥­â  a. �á«¨ ãà ¢­¥-
­¨¥ xpn = a à §à¥è¨¬® ¯à¨ «î¡®¬ n, â® a ­ §ë-
¢ ¥âáï í«¥¬¥­â®¬ ¡¥áª®­¥ç­®© p-¢ëá®âë.

�á­®¢­®© à¥§ã«ìâ â.
�¥¬¬  2. �ãáâì M | ¯à®¨§¢®«ì­®¥ ª¢ -

§¨¬­®£®®¡à §¨¥  ¡¥«¥¢ëå £àã¯¯, A | £àã¯¯ ,
H ≤ A, N ∈ Lq(M), N § ¤ ­® â®¦¤¥áâ¢®¬
(∀x)(xn = 1). �®£¤  domN

A (H) = AndomM
A (H).

�®ª § â¥«ìáâ¢®. �¥âàã¤­® § ¬¥â¨âì, çâ®
A/AndomM

A (H) ∈ N . �®£¤  ¯® â¥®à¥¬¥ 1
domN

A (H) ⊆ AndomM
A (H).

� áá¬®âà¨¬ â¥¯¥àì ¯à®¨§¢®«ì­ë© £®¬®¬®à-
ä¨§¬ ϕ : A → N ∈ N , ã¤®¢«¥â¢®àïîé¨© ãá«®-

¢¨î H ⊆ ker ϕ. �á­®, çâ® An ⊆ ker ϕ. �®£« á­®
â¥®à¥¬¥ 1 domM

A (H) ⊆ ker ϕ. � ª¨¬ ®¡à §®¬,
domN

A (H) = AndomM
A (H). �¥¬¬  ¤®ª § ­ .

�¥¬¬  2 ®¡®¡é ¥â  ­ «®£¨ç­ë© à¥§ã«ìâ â
¨§ [13], ¤®ª § ­­ë© ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ®
A/domM

A (H) { ª®­¥ç­®-¯®à®¦¤¥­­ ï £àã¯¯ .
�¥¬¬  3. �ãáâì M { ¯à®¨§¢®«ì­®¥ ª¢ §¨-

¬­®£®®¡à §¨¥  ¡¥«¥¢ëå £àã¯¯, N ,R ∈ Lq(M), A
{ £àã¯¯ , H ≤ A. �á«¨ ¢ë¯®«­¥­® ®¤­® ¨§ ãá«®-
¢¨©

(1) N ,R { ¬­®£®®¡à §¨ï;
(2) A = A/domM

A (H) { ¯¥à¨®¤¨ç¥áª ï £àã¯¯ ;
(3) Z ∈ N , Z ∈ R,
â® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
domN∧R

A (H) = domN
A (H)domR

A (H).
�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢  âà¥¡ã¥â

¢ª«îç¥­¨¥ domN∧R
A (H) ⊆ domN

A (H)domR
A (H).

�ãáâì x ∈ domN∧R
A (H). � ª ¦¤®¬ ¨§ ¯¥à¥-

ç¨á«¥­­ëå ¢ ãá«®¢¨¨ «¥¬¬ë á«ãç ¥¢ ¬®¦­® ¢ë-
¡à âì ­ ¨¬¥­ìè¨¥ ç¨á«  n, r ∈ N, ã¤®¢«¥â¢®àï-
îé¨¥ ãá«®¢¨ï¬ xn ∈ domN

A (H), xr ∈ domR
A (H).

�¥©áâ¢¨â¥«ì­®, ¢ á«ãç ¥ (1) ¢®§¬®¦­®áâì
íâ®£® ¢ë¡®à  ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 2,   ¢ á«ãç ¥
(2) { ¨§ ¯¥à¨®¤¨ç­®áâ¨ £àã¯¯ë A. �«ï â®£® çâ®-
¡ë à §®¡à âìáï á (3), à áá¬®âà¨¬ æ¥¯®çªã £®-
¬®¬®àä¨§¬®¢ ϕ : A → A → A/τ(A) ∈ N ∧ R.
�¥à¥§ x ®¡®§­ ç¨¬ ®¡à § í«¥¬¥­â  x ¯à¨ ¥áâ¥-
áâ¢¥­­®¬ £®¬®¬®àä¨§¬¥ A → A. �á«¨ | x |= ∞,
â® ϕ(x) 6= e ¨ x 6∈ domN∧R

A (H), çâ® ¯à®â¨¢®à¥ç¨â
¢ë¡®àã x. �­ ç¨â, | x |< ∞ ¨ íâ¨¬ ®¡ãá«®¢«¥­ 
¢®§¬®¦­®áâì ¢ë¡®à  ç¨á¥« n, r.

�á«¨ (n, r) = 1, â® x ∈ domN
A (H)domR

A (H).
�à¥¤¯®«®¦¨¬, çâ® (n, r) 6= 1. �­ ç «  à á-

á¬®âà¨¬ á«ãç ¨ (1), (2) ®¤­®¢à¥¬¥­­®. � ¯¨è¥¬
ç¨á«  n, r ¢ ¢¨¤¥ n = psn1, r = ptr1, £¤¥ p ∈ P,
(p, n1) = 1, (p, r1) = 1. � ª ª ª xn1 6∈ domN

A (H),
xr1 6∈ domR

A (H), â®, ¯® ®¯à¥¤¥«¥­¨î ¤®¬¨­¨®-
­ , ­ ©¤ãâáï £®¬®¬®àä¨§¬ë ϕ : A → N ∈ N ,
ψ : A → R ∈ R â ª¨¥, çâ® H ⊆ ker ϕ ∩ ker ψ,
ϕ(xn1) 6= e, ψ(xr1) 6= e.

�§ à ¢¥­áâ¢ ϕ(xn) = ϕ(xpsn1) = ϕ(xn1)ps = e,
ψ(xr) = ψ(xptr1) = ψ(xr1)pt = e ¢ëâ¥ª ¥â, çâ®
ϕ(xn1), ψ(xr1) { í«¥¬¥­âë ¯®àï¤ª  p.

�®áª®«ìªã ϕ(A), ψ(A) { ¯¥à¨®¤¨ç¥áª¨¥  ¡¥-
«¥¢ë £àã¯¯ë, â®, á®£« á­® [8], ª ¦¤ ï ¨§
­¨å à §« £ ¥âáï ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ á¢®-
¨å ¯à¨¬ à­ëå ª®¬¯®­¥­â. �ãáâì π1, π2 {
¯à®¥ªâ¨à®¢ ­¨ï £àã¯¯ ϕ(A), ψ(A) ­  á¢®¨ p-
ª®¬¯®­¥­âë. �¢¨¤ã ϕ(xn1) 6= e, ψ(xr1) 6= e
¨¬¥¥¬: π1(ϕ(xn1)) 6= e, π2(ψ(xr1)) 6= e. � ª
ª ª π1(ϕ(A)) ∈ N ∧ R, ¨«¨ π2(ψ(A)) ∈ N ∧ R,
â® x 6∈ domN∧R

A (H). �®«ãç¥­­®¥ ¯à®â¨¢®à¥-
ç¨¥ ®§­ ç ¥â, çâ® ¢ á«ãç ïå (1), (2) ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë ¤®ª § ­®.
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�áâ «®áì à áá¬®âà¥âì á«ãç © (3). �ãáâì p
¤¥«¨â (n, r). �®áª®«ìªã n, r ¤¥«ïâ | x |, â® (n, r)
¤¥«¨â | x | ¨ | x |= pst, £¤¥ (p, t) = 1.

�«ï ­ ç «  ¡ã¤¥¬ áç¨â âì, çâ® xt { í«¥¬¥­â
¡¥áª®­¥ç­®© p-¢ëá®âë. �á«¨ Zp∞ /∈ N , â® ¤«ï
«î¡®£® £®¬®¬®àä¨§¬  ϕ : A → N ∈ N â ª®£®,
çâ® H ⊆ kerϕ, ¢ë¯®«­¥­® ϕ(xt) = e. �«¥¤®¢ -
â¥«ì­®, xt ∈ domN

A (H). �â® ¯à®â¨¢®à¥ç¨â â®¬ã,
çâ® n { ­ ¨¬¥­ìè¥¥ ­ âãà «ì­®¥ ç¨á«® á íâ¨¬
á¢®©áâ¢®¬.

�­ ç¨â, Zp∞ ∈ N ∧ R. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥
T = gr(a ∈ A | (| a |, p) = 1). � æ¥¯®çª¥ £®¬®-
¬®àä¨§¬®¢ ϕ : A → A → A/T ∈ q(Zp∞) ⊆ N ∧R
¨¬¥¥¬ ϕ(xt) 6= e. �­ ç¨â, x /∈ domN∧R

A (H). �à®-
â¨¢®à¥ç¨¥. �â ª, xt ­¥ ï¢«ï¥âáï í«¥¬¥­â®¬ ¡¥á-
ª®­¥ç­®© p-¢ëá®âë.

�ãáâì k { ­ ¨¬¥­ìè¥¥ ­ âãà «ì­®¥ ç¨á«® á®
á¢®©áâ¢®¬ xt /∈ A

pk

. �®£¤  Zpk ∈ N ∧ R. �¥©-
áâ¢¨â¥«ì­®, ¥á«¨ Zpk /∈ N , â® ¤«ï «î¡®£® £®¬®-
¬®àä¨§¬  ϕ : A → N ∈ N ¢ë¯®«­¥­® ϕ(xt) = e
¨ xt ∈ domN

A (H), çâ® ­¥¢¥à­®.
�­®¢ì à áá¬®âà¨¬ æ¥¯®çªã £®¬®¬®àä¨§¬®¢

ϕ : A → A → A/A
pk

∈ N ∧ R. �á­®, çâ®
ϕ(xt) 6= e. �­ ç¨â, x /∈ domN∧R

A (H). �®«ã-
ç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ®§­ ç ¥â, çâ® (n, r) = 1 ¨
x ∈ domN

A (H)domR
A (H). �¥¬¬  ¤®ª § ­ .

�¥¬¬  3 ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ à¥§ã«ìâ -
â  ¨§ [6], ¤®ª § ­­®£® ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ®
A/domM

A (H) { ª®­¥ç­®-¯®à®¦¤¥­­ ï £àã¯¯ .
�¥®à¥¬  2. �ãáâì M { ¯à®¨§¢®«ì­®¥ ª¢ -

§¨¬­®£®®¡à §¨¥  ¡¥«¥¢ëå £àã¯¯, A { £àã¯¯ ,
H ≤ A. �®£¤  ¬­®¦¥áâ¢® L(A, H,M) =
{domN

A (H) | N ∈ Lq(M)} ®¡à §ã¥â à¥è¥â-

ªã ®â­®á¨â¥«ì­® â¥®à¥â¨ª®-¬­®¦¥áâ¢¥­­®£®
¢ª«îç¥­¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì N ,R ∈ Lq(M).
�® «¥¬¬¥ 1 ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ à ¢¥­áâ¢®:
domN∨R

A (H) = domN
A (H) ∩ domR

A (H). �®ª ¦¥¬,
çâ® â®ç­ ï ¢¥àå­ïï £à ­ì domN

A (H) ∨ domR
A (H)

áãé¥áâ¢ã¥â.
�¢¨¤ã «¥¬¬ë 3 ¤®áâ â®ç­® à áá¬®âà¥âì á«ã-

ç ©, ª®£¤  Z /∈ N , Z ∈ R ¨ £àã¯¯  A ­¥ ï¢«ï¥âáï
¯¥à¨®¤¨ç¥áª®©. � ä¨ªá¨àã¥¬ í«¥¬¥­â x ∈ A â -
ª®©, çâ® | x |= ∞. � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥
ª¢ §¨¬­®£®®¡à §¨¥ F ∈ Lq(M), ã¤®¢«¥â¢®àïî-
é¥¥ ãá«®¢¨î domF

A(H) ⊇ domN
A (H)domR

A (H).
�ãáâì ¬­®£®®¡à §¨¥ N § ¤ ¥âáï â®¦¤¥áâ¢®¬

xn = 1. �® «¥¬¬¥ 2 domN
A (H) = AndomM

A (H).
�­ ç¨â, xn ∈ domF

A(H).
�á«¨ Z ∈ F , â®, à áá¬®âà¥¢ æ¥¯®çªã £®¬®-

¬®àä¨§¬®¢ ϕ : A → A → A/τ(A) ∈ qZ ⊆ R,
¯®«ãç¨¬ ϕ(xn) 6= e ¨ xn /∈ domF

A(H).
�â ª, Z /∈ F . �­ ç¨â, F { ¬­®£®®¡à §¨¥,

§ ¤ ­­®¥ â®¦¤¥áâ¢®¬ xk = 1 ¤«ï ­¥ª®â®à®£®
k ∈ N. �® «¥¬¬¥ 2 domF

A(H) = AkdomM
A (H).

�âáî¤  A(n,k) ⊆ AkdomM
A (H). � á¨-

«ã ¢ª«îç¥­¨ï A(n,k) ⊇ Ak ¨¬¥¥¬ à ¢¥­áâ¢®
A(n,k)domM

A (H) = domF
A(H), ¨§ ª®â®à®£® ¢ëâ¥-

ª ¥â ª®­¥ç­®áâì ¬­®¦¥áâ¢ 
{
domF

A(H) | domF
A(H) ⊇ domN

A (H)domR
A (H)

}
.

�¡®§­ ç¨¬ ¥£® í«¥¬¥­âë domFi

A (H), i ∈ I, £¤¥
I | ª®­¥ç­®¥ ¬­®¦¥áâ¢®. �®£« á­® «¥¬¬¥ 1⋂

i∈I domFi

A (H) = dom∨i∈IFi

A (H), çâ® ¢«¥ç¥â à -
¢¥­áâ¢® domN

A (H) ∨ domR
A (H) = dom∨i∈IFi

A (H).
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