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� áá¬ âà¨¢ ¥âáï ¯ à ¡®«¨ç¥áª ï  ¯¯à®ªá¨-
¬ æ¨ï ¬®¤¥«¨ ¢§ ¨¬®¯à®­¨ª îé¥£® ¤¢¨¦¥­¨ï
¤¢ãå ¢ï§ª¨å ­¥á¦¨¬ ¥¬ëå ¦¨¤ª®áâ¥©. �®ª -
§ ­® áãé¥áâ¢®¢ ­¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï ­ 
«î¡®¬ ª®­¥ç­®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨.

�«îç¥¢ë¥ á«®¢ : ¤¢ãåä §­ ï á¬¥áì, ¯ à -
¡®«¨ç¥áª ï  ¯¯à®ªá¨¬ æ¨ï, à §à¥è¨¬®áâì.

The parabolic approximation for the model
of interpenetrative motion of two viscous 
uids
is considered. The existence of the generalized
solution for any �nite time horizon is proved.

Key words: two-phase mixture, parabolic
approximation, solvability.

1. �®áâ ­®¢ª  § ¤ ç¨.
� à ¡®â¥ ¨§ãç ¥âáï á«¥¤ãîé ï ª¢ §¨«¨­¥©-

­ ï á¨áâ¥¬  ãà ¢­¥­¨© á®áâ ¢­®£® â¨¯ :
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(2)∑2
i=1 si = 1, ϕ1 = K(s1)(v2 − v1) = −ϕ2,

p2 − p1 = pc(s1, θ),
(3)

2∑

i=1
ciρ

0
i si(

∂θ

∂t
+ vi

∂θ

∂x
) = ∂

∂x
(χ(s1) ∂θ

∂x
), (4)

à¥è ¥¬ ï ¢ ®¡« áâ¨ (x, t) ∈ QT = 
 × (0, T ),

 = (0, 1), ST = ∂
 × (0, T ), ¯à¨ ªà ¥¢ëå ­ -
ç «ì­ëå ¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨ïå (i = 1, 2)

vi |ST
= ∂s1

∂x |ST
= ∂θ

∂x |ST
=

1∫

0

p1(x, t)dx = 0,

vi |t=0= v0
i (x), s1 |t=0= s0(x), θ |t=0= θ0(x).

(5)
�¤¥áì ε ∈ [0, 1] ¨ ¯à¨ ε = 0 ¤ ­­ ï ­ ç «ì­®-

ªà ¥¢ ï § ¤ ç  ®¯¨áë¢ ¥â ®¤­®¬¥à­®¥ ¤¢¨¦¥­¨¥
¬¥¦¤ã ­¥¯à®­¨æ ¥¬ë¬¨ â¥¯«®¨§®«¨à®¢ ­­ë¬¨

áâ¥­ª ¬¨ ¤¢ãåä §­®© á¬¥á¨ ¢ï§ª¨å ¦¨¤ª®áâ¥©
[1, 2]. � íâ®¬ ¤¢¨¦¥­¨¨ vi, si, pi { á®®â¢¥â-
áâ¢¥­­® áª®à®áâì, ®¡ê¥¬­ ï ª®­æ¥­âà æ¨ï ¨ ¤ -
¢«¥­¨¥ i-© ä §ë; θ {  ¡á®«îâ­ ï â¥¬¯¥à âãà 
áà¥¤ë (θ1 = θ2 = θ); g { ¢­¥è­ïï á¨« ; ¯®áâ®-
ï­­ë¥ ρ0

i > 0, µi > 0, ci > 0 { á®®â¢¥âáâ¢¥­-
­® ¨áâ¨­­ ï ¯«®â­®áâì, ª®íää¨æ¨¥­â ¤¨­ ¬¨ç¥-
áª®© ¢ï§ª®áâ¨ ¨ â¥¯«®¥¬ª®áâì i-© ä §ë ¯à¨ ¯®-
áâ®ï­­®¬ ®¡ê¥¬¥; ª®íää¨æ¨¥­â ¢§ ¨¬®¤¥©áâ¢¨ï
ä § K(s1), ª®íää¨æ¨¥­â â¥¯«®¯à®¢®¤­®áâ¨ á¬¥-
á¨ χ(s1) ¨ à §­®áâì ¤ ¢«¥­¨© pc(s1, θ) { § ¤ ­-
­ë¥ äã­ªæ¨¨. �áª®¬ë¬¨ ï¢«ïîâáï äã­ªæ¨¨
(si(x, t), vi(x, t), pi(x, t), θ(x, t)).

�¥è¥­¨¥ (si(x, t), vi(x, t), pi(x, t), θ(x, t)) § -
¤ ç¨ (1){(5) ¯à¨ ε = 0 ¯®«ãç ¥âáï ª ª
¯à¥¤¥« ¯à¨ ε → +0 ¯®á«¥¤®¢ â¥«ì­®áâ¥©
{sε

i (x, t)}, {vε
i (x, t)}, {pε

i (x, t)}, θε(x, t)}.
� §à¥è¨¬®áâì § ¤ ç¨ (1){(5) ¯à¨ ª ¦¤®¬

ε > 0 ¢ à §«¨ç­ëå äã­ªæ¨®­ «ì­ëå ¯à®áâà ­-
áâ¢ å ãáâ ­®¢«¥­  ¢ [3] ¨ ®¯¨à ¥âáï ­  á«¥¤ã-
îéãî ¢á¯®¬®£ â¥«ì­ãî § ¤ çã (¢ ¤ «ì­¥©è¥¬
{ § ¤ ç  Aε) ¤«ï äã­ªæ¨© sε(x, t) = sε

1(x, t),
uε(x, t) = β1vε

1(x, t) − β2vε
2(x, t), (βi = µi/µ,

µ = µ1 + µ2), pε
1(x, t), θε(x, t):

∂sε

∂t
+ ∂

∂x
(a(sε)uε)− ε

∂2sε

∂x2 = 0, (6)

∗� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥  ­ «¨â¨ç¥áª®© ¢¥¤®¬áâ¢¥­­®© æ¥«¥¢®© ¯à®£à ¬¬ë "� §¢¨â¨¥ ­ ãç-
­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ë (2009{2010 £®¤ë)" (ª®¤ ¯à®¥ªâ  ü 2.2.2.4/4278),   â ª¦¥ ¯à¨ ¯®¤¤¥à¦ª¥ ä¥¤¥à «ì­®©
æ¥«¥¢®© ¯à®£à ¬¬ë "� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨" ­  2009{2013 £®¤ë.
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i s
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(8)

∑2
i=1 ciρ

0
i s

ε
i (∂θε

∂t + vε
i

∂θε

∂x ) = ∂
∂x (χ(sε)∂θε

∂x ),

vε
i = vε

i (sε, uε),
(9)

uε |ST = ∂sε

∂x |ST = ∂θε

∂x |ST =
1∫

0

pε
1(x, t)dx = 0,

uε(x, 0) = u0(x), sε(x, 0) = s0(x),

θε(x, 0) = θ0(x).
(10)

�¤¥áì ¨á¯®«ì§®¢ ­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

a(s) = s(1− s)
aµ

, aµ(s) = β1(1− s) + β2s,

ν = µ

ρ0 , ρ0 = ρ0
1 + ρ0

2, ν1 = νβ1β2, b0(s) = aµ(s)
aρ(s) ,

aρ(s) = α1(1− s) + α2s, αi = ρ0
i

ρ0 , i = 1, 2;

a1(s) = α1(1− s)2 − α2s2

a2
µ

, a′1(s) ≡ da1
ds

,

a2(s) = b0(s)a1(s) + a(s)b′0(s)
b0(s) ,

a3(s) = 1
2a′1(s)b0(s)+a′(s)b′0(s)

b0(s) , g0 ≡ (α1−α2)g,

χ0(s) = c1ρ
0
1s + c2ρ

0
2(1− s), c0 = c1ρ

0
1 − c2ρ

0
2.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ s ∈ [0, 1] ¢á¥ íâ¨
äã­ªæ¨¨ ï¢«ïîâáï ®£à ­¨ç¥­­ë¬¨. � ¤ «ì­¥©-
è¥¬ ¢®§­¨ª îâ à §«¨ç­ë¥ ª®¬¡¨­ æ¨¨ äã­ª-
æ¨©, § ¢¨áïé¨å ®â s. � áâì ¨§ ­¨å ®¡« ¤ ¥â ãª -
§ ­­ë¬¨ á¢®©áâ¢ ¬¨,   ç áâì ¬®¦¥â ¨¬¥âì ®á®-
¡¥­­®áâ¨ ¯à¨ s = 0 ¨ s = 1 (­ ¯à¨¬¥à, äã­ªæ¨¨

pc(s, θ), χ(s) ¨ ¨å ¯à®¨§¢®¤­ë¥). �á¥ íâ¨ á¢®©-
áâ¢  äã­ªæ¨© ãâ®ç­ïîâáï ¯® å®¤ã ¨§«®¦¥­¨ï.

�¯à¥¤¥«¥­¨¥ 1. �¨«ì­ë¬ à¥è¥­¨¥¬ § -
¤ ç¨ Aε ­ §ë¢ ¥âáï á®¢®ªã¯­®áâì äã­ªæ¨©
(sε(x, t), uε(x, t), pε

1(x, t), θε(x, t)) ¨§ ¯à®áâà ­áâ¢

(sε, uε, θε) ∈ L∞(0, T ; W 1
2 (
)) ∩ L2(0, T ; W 2

2 (
)),

(∂sε

∂t
,
∂uε

∂t
,
∂θε

∂t
,
∂pε

1
∂x

) ∈ L2(QT ),

pε
1 ∈ L∞(0, T ; L2(
)),

ã¤®¢«¥â¢®àïîé¨å ãà ¢­¥­¨ï¬ (6){(9) ¯®çâ¨
¢áî¤ã ¢ QT = 
× (0, T ) ¨ ¯à¨­¨¬ îé¨å § ¤ ­-
­ë¥ £à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ §­ ç¥­¨ï ¢ á¬ëá«¥
á«¥¤®¢ äã­ªæ¨© ¨§ ãª § ­­ëå ª« áá®¢.

�¯à¥¤¥«¥­¨¥ 2. �« áá¨ç¥áª¨¬ à¥è¥­¨¥¬
§ ¤ ç¨ Aε ­ §ë¢ ¥âáï á®¢®ªã¯­®áâì äã­ªæ¨©
(sε(x, t), uε(x, t), pε

1(x, t), θε(x, t)), ¥á«¨ ®­¨ ®¡« -
¤ îâ ­¥¯à¥àë¢­ë¬¨ ¯à®¨§¢®¤­ë¬¨, ¢å®¤ïé¨¬¨
¢ ãà ¢­¥­¨ï (6){(9), ¨ ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨-
ï¬, ­ ç «ì­ë¬ ¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬ ª ª ­¥-
¯à¥àë¢­ë¥ ¢ QT äã­ªæ¨¨.

�¥®à¥¬  1 [3]. �ãáâì ¤ ­­ë¥ § ¤ ç¨ Aε

ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ £« ¤ª®áâ¨:

(s0, u0, θ0) ∈ W 1
2 (
), g ∈ L2(0, T ; L2(
)),

0 < m0 ≤ s0(x) ≤ M0 < 1,

0 < k−1
1 ≤ θ0(x) ≤ k1 < ∞,

¨ ãá«®¢¨ï¬ á®£« á®¢ ­¨ï u0(0) = u0(1) = 0. �à®-
¬¥ â®£® K(s), pc(s, θ), χ(s) { ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢, ¯à¨-
ç¥¬

K(s) = K0(s)(s(1− s))−β , β ≥ 1,

K0(s) ∈ [k−1
0 , k0],

0 < k0 = const < ∞, K0(s) ∈ C1[0, 1];

|∂pc(s, θ)
∂s

| ≤ k1
s(1− s) , (∂pc(s, θ)

∂θ
)2 ≤ k1χ(s)

s(1− s) ,

p2
c(s, θ) ≤ k1( 1

s(1− s) )β ,

k−1
1 (s(1− s))n ≤ χ(s) ≤ k1(s(1− s))n,

n = const, k1 = const > 0.

�®£¤  ¯à¨ ª ¦¤®¬ ε > 0 áãé¥áâ¢ã¥â ¥¤¨­-
áâ¢¥­­®¥ á¨«ì­®¥ à¥è¥­¨¥ (sε(x, t), uε(x, t),
pε

1(x, t), θε(x, t)) § ¤ ç¨ Aε, ª®â®à®¥ ®¡« ¤ ¥â
á¢®©áâ¢ ¬¨:

(sε, uε, θε) ∈ L∞(0, T ; W 1
2 (
)) ∩ L2(0, T ; W 2

2 (
)),

26



� ¯ à ¡®«¨ç¥áª®©  ¯¯à®ªá¨¬ æ¨¨ ®¤­®© ¬®¤¥«¨ ¤¢ãåä §­®© á¬¥á¨

(∂sε

∂t
,
∂uε

∂t
,
∂θε

∂t
,
∂pε

1
∂x

) ∈ L2(QT ),

pε
1 ∈ L∞(0, T ; L2(
)),

¯à¨ç¥¬ ­ ©¤ãâáï ç¨á«  0 < m(1) < M (1) < 1,
0 < m(2) < M (2) < ∞ â ª¨¥, çâ®

0 < m(1) ≤ sε(x, t) ≤ M (1) < 1,

0 < m(2) ≤ θε(x, t) ≤ M (2) < ∞, (x, t) ∈ QT .

�á«¨ ¤®¯®«­¨â¥«ì­®

(s0, u0, θ0) ∈ C2+α(
), g ∈ Cα,α/2(QT ),

pc(s, θ) ¨ χ(s) { ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­-
æ¨àã¥¬ë¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢, ¢ë¯®«­¥-
­ë ãá«®¢¨ï á®£« á®¢ ­¨ï ¯¥à¢®£® ¯®àï¤ª  ¤ ­-
­ëå § ¤ ç¨, â® ¢ QT áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥
ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ Aε, ã¤®¢«¥â¢®àï-
îé¥¥ ãá«®¢¨ï¬

(sε, uε, θε) ∈ C2+α,1+α/2(QT ), pε
1 ∈ C1+α,α/2(QT ),

¯à¨ç¥¬ ­ ©¤ãâáï ç¨á«  0 < m(3) < M (3) < 1,
0 < m(4) < M (4) < ∞ â ª¨¥, çâ®

0 < m(3) ≤ sε(x, t) ≤ M (3) < 1,

0 < m(4) ≤ θε(x, t) ≤ M (4) < ∞, (x, t) ∈ QT .

�ãé¥áâ¢®¢ ­¨¥ á¨«ì­®£® ¨ ª« áá¨ç¥áª®£® à¥-
è¥­¨© § ¤ ç¨ Aε ¯à¨ ª ¦¤®¬ ε > 0 ¨ ­  ¤®-
áâ â®ç­® ¬ «®¬ ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨ ¤®ª §ë¢ -
¥âáï á ¯®¬®éìî â¥®à¥¬ë � ­ å  ® á¦¨¬ îé¥¬
®¯¥à â®à¥. � â¥¬ ãáâ ­ ¢«¨¢ îâáï  ¯à¨®à­ë¥
®æ¥­ª¨ à¥è¥­¨© § ¤ ç¨ Aε, § ¢¨áïé¨¥ â®«ìª® ®â
¯ à ¬¥âà  ε > 0, ¤ ­­ëå § ¤ ç¨ ¨ ¢¥«¨ç¨­ë T
¨­â¥à¢ «  ¢à¥¬¥­¨, ­® ­¥ § ¢¨áïé¨¥ ®â ¯à®¬¥-
¦ãâª  áãé¥áâ¢®¢ ­¨ï «®ª «ì­®£® à¥è¥­¨ï. �®-
á«¥ íâ®£® «®ª «ì­®¥ à¥è¥­¨¥ ¯à®¤®«¦ ¥âáï ­ 
¢¥áì ¯à®¬¥¦ãâ®ª [0, T ].

�¢¨¤ã á¨«ì­®© ­¥«¨­¥©­®áâ¨ ãà ¢­¥­¨© á¨-
áâ¥¬ë (6){(9) ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¨á¯®«ì-
§®¢ ­¨ï ¤®¯®«­¨â¥«ì­®£® ãà ¢­¥­¨ï ¤«ï ¯à®¨§-
¢®¤­®© ª®­æ¥­âà æ¨¨ sε

x. �¤®¡­ë¬ ®ª § «®áì ¨á-
¯®«ì§®¢ ­¨¥ äã­ªæ¨¨ Rε(x, t) = (µ/a(sε))sε

x +
b(sε)uε, ã¤®¢«¥â¢®àïîé¥© ãà ¢­¥­¨î

∂Rε

∂t + Uε ∂Rε

∂x = − 1
2a′′(sε)uεRε ∂sε

∂x +

+ε∂Bε

∂x + gε
1,

(11)

£¤¥

Uε = a′(sε)uε, b(sε) = ρ0 aρ(sε)
aµ(sε) , Bε = µ

a(sε)
∂2sε

∂x2 ,

gε
1 = −(β2ρ

0
1 − β1ρ

0
2) a(sε)

aµ(sε)uε(∂uε

∂x
+

+β1(1− sε)− β2sε

aµ(sε) uε ∂sε

∂x
) + ρ0g0−

− K(sε)
a(sε)a2

µ(sε)uε + ∂pε
c(sε, θε)
∂x

.

�«¥¤áâ¢¨¥¬ (11) ï¢«ï¥âáï ãà ¢­¥­¨¥
(ρε(x, t) = a(sε)(Rε)2)

∂ρε

∂t
+ ∂

∂x
(Uερε) = 2a(sε)Rεgε

1 + εDε, (12)

Dε = a′(sε)(Rε)2 ∂2sε

∂x2 + 2a(sε)Rε ∂Bε

∂x
.

� ­ áâ®ïé¥© à ¡®â¥ ¨§ãç îâáï á¢®©áâ¢  à¥-
è¥­¨© § ¤ ç¨ Aε.

2. �¯à¨®à­ë¥ ®æ¥­ª¨. �®¬¯ ªâ­®áâì.
�¥¬¬  1. �«ï à¥è¥­¨© § ¤ ç¨ Aε á¯à ¢¥¤-

«¨¢ë á«¥¤ãîé¨¥ ®æ¥­ª¨:

0 < m ≤ sε(x, t) ≤ M < 1, x ∈ 
,

0 < m(1) ≤ θε(x, t) ≤ M (1) < ∞, x ∈ 
.

||ρε(t)||2 + ||∂θε

∂x
(t)||2 +

t∫

0

( max
x∈[0,1]

|∂θε

∂x
(x, τ)|+

+||∂θε

∂τ
(τ)||2 + ||∂

2θε

∂x2 (τ)||2)dτ+

+‖∂sε

∂x
(t)u(t)‖

2
+ ‖∂uε

∂x
(t)‖

2
+

t∫

0

(‖∂uε

∂τ
(τ)‖

2
+

+(
1∫

0

|∂
2uε

∂x2 (x, τ)|dx)2)dτ ≤ C.

�®áâ®ï­­ë¥ C, m, M , m(1), M (1) § ¢¨áïâ ®â
¤ ­­ëå § ¤ ç¨ ¨ ­¥ § ¢¨áïâ ®â ε; ||u(t)|| { ­®à¬ 
u(x, t) ¢ L2(
).

�®ª § â¥«ìáâ¢®. �æ¥­ª¨ ¤«ï sε, uε, θε ¯®-
«ãç¥­ë ¢ [3]. �«ï ®æ¥­ª¨ ρε ãà ¢­¥­¨¥ (12) ¯à¥¤-
áâ ¢¨¬ ¢ ¢¨¤¥

∂ρε

∂t
+ ∂

∂x
(Uερε) + εA2 − ε

∂2ρε

∂x2 = F ε, (13)

£¤¥

A2 = 2a(sε)
(

∂Rε

∂x

)2
+ |a′′(sε)|a

2(sε)
µ2 (Rε)4,

F ε = 2a(sε)gε
1R

ε + εF ε
0 ,

F ε
0 = ∂

∂x

( 1
µ

a′(sε)b(sε)uε(Rε)2
)
−

−′′ a
2

µ2 (Rε)3b(sε)uε − 2Rε ∂2

∂x2 (a(sε)b(sε)uε)+
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+ 2
µ

a′(sε)b(sε)uεRε(a(sε)
µ

∂Rε

∂x
+ a′(sε)Rε ∂sε

∂x
)−

2
µ

a′(sε)b(sε)uεRε ∂

∂x
(a(sε)b(sε)uε)+

+ 1
µ

a′(sε)(Rε)2 ∂

∂x
(a(sε)b(sε)uεuε).

�á¯®«ì§ãï à ¢­®¬¥à­ãî ¯® ε ®£à ­¨ç¥­­®áâì
uε(x, t) ¨ sε(x, t), ¯®«ãç¨¬

|F ε
0 | ≤ C(|Rε ∂uε

∂x
|+|Rε ∂Rε

∂x
|+|Rε|3+(Rε)2|∂uε

∂x
|+

+(Rε)2 + |Rεg0|+ |Rε ∂uε

∂x
|),

2a(sε)|gε
1R

ε| ≤ C(ρε + |Rε ∂uε

∂x
|+ |Rε|+ |g0R

ε|),
£¤¥ ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ®â ε.

�«¥¤®¢ â¥«ì­®, F ε ∈ L1(QT ).
�®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢ë à ¢­®¬¥à­ë¥ ¯®

ε ®æ¥­ª¨ ¢¨¤ 
1∫

0

|ρε|1+√εdx + ε

t∫

0

1∫

0

|ρε|
√

ε(
√

ε(∂Rε

∂x
)2+

+(ρε)2)dxdt ≤ C(1 +
1∫

o

(ρε|t=0)1+√εdx).

�§ (13) ¨¬¥¥¬ (¢¥àå­¨© ¨­¤¥ªá ε ®¯ãáª ¥âáï):

1
1 + δ

∂ρ1+δ

∂t
+ 1

1 + δ

∂

∂x
(Uρ1+δ) + δ

1 + δ
ρδ ∂U

∂x
+

+ερδA2 − ε
∂

∂x
(ρδρx) + +εδ(∂ρ

∂x
)2ρδ−1 = Fρδ,

£¤¥ δ { ¯®«®¦¨â¥«ì­ë© ¯ à ¬¥âà.
�®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® x ∈ [0, 1] ¤«ï âà¥-

âì¥£® á« £ ¥¬®£® «¥¢®© ç áâ¨ ¨¬¥¥¬

δ

1 + δ

1∫

0

ρ1+δ|∂U

∂x
|dx ≤ δ(max

x
(|a′ ∂u

∂x
|)+

+ 1
µ

max
x
|a′′abu2|)

1∫

0

ρ1+δdx+

+ε

2

1∫

o

|a′′|
µ

ρ2dx + 2 δ2

εµ
max

0≤x≤1
(|a′′|au2)

1∫

0

ρ1+δdx.

�ë¡¨à ï δ2 = ε ¨ ãç¨âë¢ ï ®æ¥­ª¨ ¯à ¢®©
ç áâ¨ (13), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã �à®­ã®«« 

¤«ï äã­ªæ¨¨
1∫
0

ρ1+δdx ¨ â¥¬ á ¬ë¬ ª ãâ¢¥à¦¤¥-
­¨î «¥¬¬ë.

�®«ãç¥­­ë¥ ¢ «¥¬¬¥ 1 à ¢­®¬¥à­ë¥ ®æ¥­-
ª¨ ¯®§¢®«ïîâ ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨
{uε}ε>0, {sε}ε>0, {θε}ε>0, {pε

1}ε>0, {vε
i }ε>0, i =

1, 2 â ª¨¥, çâ®

uε → u, sε → s, θε → θ, vε
i → vi

¢ ­®à¬¥ L2(0, T ; L2(
));

pε
1 → p1,

∂sε

∂x
→ ∂s

∂x
,

∂θε

∂x
→ ∂θ

∂x
,

∂uε

∂x
→ ∂u

∂x
,

∂vε
i

∂x
→ ∂vi

∂x

á« ¡® ¢ C(0, T ; L2(
));

∂uε

∂t
→ ∂u

∂t
,

∂vε
i

∂t
→ ∂vi

∂t
,

∂sε

∂t
→ ∂s

∂t
,

∂θε

∂t
→ ∂θ

∂t
,

∂2θε

∂x2 → ∂2θ

∂x2

á« ¡® ¢ L2(0, T ; L2(
)).
�à¥¤¥«ì­ë¥ äã­ªæ¨¨ u, s, p1 ¯à¨­ ¤«¥¦ â

¯à®áâà ­áâ¢ ¬, ãª § ­­ë¬ ¢ ®¯à¥¤¥«¥­¨¨ 1. �á-
¯®«ì§ãï ãà ¢­¥­¨ï (7) ¨ (9), ¤®¯®«­¨â¥«ì­® ¯®-
«ãç ¥¬ [3]:

sε → s, uε → u, θε → θ

¢ ­®à¬¥ C(0, T ; C(
)),

∂uε

∂x
→ ∂u

∂x
,

∂θε

∂x
→ ∂θ

∂x

¢ ­®à¬¥ L2(0, T ; L2(
)).
�®«ãç¥­­ë¥ ®æ¥­ª¨ ­  ¤ ­­®¬ íâ ¯¥ ¯®§¢®-

«ïîâ ¯¥à¥©â¨ ®¡ëç­ë¬ ®¡à §®¬ (¯®á«¥ ã¬­®¦¥-
­¨ï ­  ¯à®¡­ãî äã­ªæ¨î ¨ ¨­â¥£à¨à®¢ ­¨ï ¯®
QT ) ª ¯à¥¤¥«ã ¢ ãà ¢­¥­¨ïå (6), (8), (9) (á®-
®â¢¥âáâ¢¥­­® ¤«ï sε, pε

1 ¨ θε). � ãà ¢­¥­¨¨
(7) (¤«ï uε) ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢® ¢á¥å á« -
£ ¥¬ëå, ªà®¬¥ c(sε)(uε ∂sε

∂x )2, c(sε) = b0(sε)
a3

µ(sε)a(sε) ,
¯à®¢®¤¨âáï áâ ­¤ àâ­® ¢¢¨¤ã á¨«ì­®© áå®¤¨¬®-
áâ¨ sε, uε, θε, ¨ ∂uε

∂x , ∂θε

∂x á®®â¢¥âáâ¢¥­­® ¢
C(0, T ; C(
)), L2(0, T ; L2(
)) ¨ ­¥¯à¥àë¢­®áâ¨
∂pε

c

∂s (sε, θε), ∂pε
c

∂θ (sε, θε). �«ï ãª § ­­®£® á« £ ¥-
¬®£® ¢ á¨«ã á¢®©áâ¢ á« ¡ëå ¯à¥¤¥«®¢ ¨¬¥¥¬, çâ®
¯à¨ ε → +0

∫

QT

c(sε)(uε ∂sε

∂x
)2ψdxdt ≥

∫

QT

c(s)(u ∂s

∂x
)2ψdxdt.

�¥¬ á ¬ë¬ ¤«ï ¯à¥¤¥«ì­ëå äã­ªæ¨© ¬®¦­®
¯®«ãç¨âì ­¥à ¢¥­áâ¢® [3]

∫

QT

(u∂u

∂t
ψ + νb0(s)(∂u

∂x
)2ψ + νb0(s)u∂u

∂x

∂ψ

∂x
+
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� ¯ à ¡®«¨ç¥áª®©  ¯¯à®ªá¨¬ æ¨¨ ®¤­®© ¬®¤¥«¨ ¤¢ãåä §­®© á¬¥á¨

+ψ(ν1
b0(s)

a3
µ(s)a(s) (u ∂s

∂x
)2+

+ a0(s)
a1+β(s)u2 + ua2(s)u∂u

∂x
− ν(b0(s)a′(s)

a(s) +

+b′0(s))∂u

∂x

∂s

∂x
+ a3(s)u2 ∂s

∂x
− b0(s)g0−

−b0(s)
ρ0

∂pc(s, θ)
∂x

)dxdt ≤ 0,

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®© ­¥®âà¨æ â¥«ì­®© äã­ª-
æ¨¨ ψ ∈ C(0, T ; W 1

2 (
)).
�à ¢­¥­¨¥ ¤«ï Rε ¯à¥¤áâ ¢¨¬ ¢ ¤¨¢¥à£¥­â-

­®¬ ¢¨¤¥

(Rε)t + (UεRε)x = 1
2µ

a′′(sε)uερε−

− 1
2µ

a′′(sε)a(sε)b(sε)(uε)2Rε+

+a′(sε)uε
xRε + εBε

x + gε
1.

�â® ãà ¢­¥­¨¥ ã¬­®¦¨¬ ­  äã­ªæ¨î ψ, ã¤®-
¢«¥â¢®àïîéãî ãá«®¢¨ï¬: ψ|ST

= 0, ψ|t=T = 0,
ψx, ψt ∈ L2(QT ). �®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® x ∈
[0, 1] ¨ t ∈ [0, T ] ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

∫




Rεψ|T0 dx−
∫

QT

(Rεψt + UεRεψx+

+ 1
2µa′′(sε)uερεψ−

− 1
2µa′′(sε)a(sε)b(sε)(uε)2Rεψ+

+a′(sε)uε
xRεψ + gε

1ψ − εBεψx)dxdt.

(14)

�ãáâì sx, R = µ
a(s)sx+b(s)u { á« ¡ë¥ ¯à¥¤¥«ë

sε
x ¨ Rε ¢ L2(QT ). �®á«¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ 

¯à¨ ε → +0 ¨§ (14) ¯®«ãç¨¬
∫




Rψ|T0 dx−
∫

QT

(Rψt + URψx+

+ 1
2µa′′(s)uρψ − 1

2µa′′(s)a(s)b(s)u2Rψ+

+a′(s)uxRψ + g1ψ)dxdt,

(15)

£¤¥ ρ ®§­ ç ¥â á« ¡ë© ¯à¥¤¥« ρε ¢ [C(QT )]∗ {
¯à®áâà ­áâ¢® ¬¥à �®à¥«ï ­  QT [4, á. 52, 373]
(¥á«¨ Q { ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® ¨§ RM , â®
¯à®áâà ­áâ¢® ¬¥à �®à¥«ï M(Q) ®â®¦¤¥áâ¢«ï¥â-
áï á ¤¢®©áâ¢¥­­ë¬ ª ¡ ­ å®¢ã ¯à®áâà ­áâ¢ã ­¥-
¯à¥àë¢­ëå äã­ªæ¨© C(Q); ¯à®áâà ­áâ¢® M(Q)
ª®¬¯ ªâ­® ¢ª« ¤ë¢ ¥âáï ¢ ­¥£ â¨¢­®¥ ¯à®áâà ­-
áâ¢® W−k,p′(Q), kp > M , 1/p + 1/p′ = 1).

�ãáâì wα(x) = α−Nw( |x|α ) { ï¤à® ãáà¥¤­¥­¨©
¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ x ∈ 
 ⊂ RN ,

w(r) ∈ D(
) { ¯à®áâà ­áâ¢® ¡¥áª®­¥ç­® ¤¨ä-
ä¥à¥­æ¨àã¥¬ëå äã­ªæ¨©, w(r) ≥ 0, suppw ⊂
(−1, 1),

∫

R

w(r)dr = 1, w(−r) = w(r) ¤«ï ¢á¥å

r ∈ R. �ãáâì wh(t) = h−1w( |t|h ) { ï¤à® ãáà¥¤-
­¥­¨© ¯® ¢à¥¬¥­¨. �®£¤  ãáà¥¤­¥­¨ï äã­ªæ¨¨
u(x, t), ¯à®¤®«¦¥­­®© ­ã«¥¬ ¢­¥ æ¨«¨­¤à  QT =

 × (0, T ), ¯® ¢à¥¬¥­¨ ¨ ¯à®áâà ­áâ¢¥­­ë¬ ¯¥-
à¥¬¥­­ë¬ ¨¬¥îâ ¢¨¤

uh(x, t) =
T∫

0

u(x, τ)wh(τ − t)dτ,

uα(x, t) =
∫




u(y, t)wα(y − x)dy,

�®«®¦¨¬ ψ = a(s)Rhαψ1(x, t), ψ1|ST = 0,
ψ1(x, T ) = 0, ψ1 ≥ 0. �®á«¥ áâ ­¤ àâ­ëå ¯à¥-
®¡à §®¢ ­¨© ¨ ¯à¥¤¥«ì­ëå ¯¥à¥å®¤®¢ ¯à¨ h →
+0 ¨ α → +0 ¨§ (15) ¢ë¢®¤¨¬

∫




R2a(s)ψ1|T0 dx−
∫

QT

(ρψ1t + Uρψ1x+

+ 1
1µa′′(s)aRu(ρ− ρ)ψ1+

+2g1a(s)Rψ1)dxdt,

(16)

£¤¥
2g1a(s)Rψ1 = (A1 + A2ρ)ψ1,

A1 = 2a(s)(β2ρ
0
1 − β1ρ

0
2)ua

µ
(ux + a

µ
bu2)+

+2a(s)ρ0g0 − 2Ku

a2
µ

+ 2a(s)pcθθx,

A2 = 2a(s) a

µ
(p′cs−(β2ρ

0
1−β1ρ

0
2)u2 a

µ

β1(1− s)− β2s

a2
µ

).

�¡à â¨¬áï ª ãà ¢­¥­¨î (12) ¤«ï ρε. �á¯®«ì-
§ãï à ¢­®¬¥à­ãî ¯® ε ®£à ­¨ç¥­­®áâì uε(x, t) ¨
sε(x, t), ¤«ï ¯à ¢®© ç áâ¨ (12) ¢ë¢®¤¨¬

|F ε
0 | ≤ C(|Rεuε

t |+ |RεRε
x|+ |Rε|3+

+(Rε)2|uε
x|+ (Rε)2 + |Rεuε

x|),
£¤¥ ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ®â ε ¨, á«¥¤®¢ â¥«ì-
­®, F ε ∈ L1(QT ).

�à ¢­¥­¨¥ (12) ã¬­®¦¨¬ ­  ψ1 ¨ ¯à®¨­â¥£à¨-
àã¥¬ ¯® QT . �®á«¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯à¨
ε → +0 ¯®«ãç¨¬

∫




R2a(s)ψ1|T0 dx + lim
ε→+0

∫

QT

A2
εψ1dxdt =

=
∫

QT

(ρψ1t + Uρψ1x+

+(A1 + A2ρ)ψ1)dxdt.

(17)
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�à ¢­¨¢ ï (16) ¨ (18), ¨¬¥¥¬

0 ≤ lim
ε→+0

∫

QT

A2
εdxdt =

=
∫

QT

(ρ− ρ)(ψ1t + Uψ1x+

+(A2 − 1
2a′′aRu)ψ1)dxdt.

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ψ1 ¨ á¢®©áâ¢  ρ ≥ ρ
á« ¡ëå ¯à¥¤¥«®¢ ¢ë¯ãª«ëå äã­ªæ¨© ¨§ ¯®á«¥¤-
­¥£® à ¢¥­áâ¢  á«¥¤ã¥â, çâ® ρ = ρ ¯.¢. ¢ QT .
�«¥¤®¢ â¥«ì­®, Rε → R á¨«ì­® ¢ L2(QT ) [4{5],
â.¥. ãà ¢­¥­¨¥ (7) ¢ë¯®«­ï¥âáï ¢ á« ¡®¬ á¬ëá«¥.
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