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� áá¬ âà¨¢ ¥âáï ¯á¥¢¤®áä¥à¨ç¥áª ï ª®­-
£àãí­æ¨ï ª¢ §¨í««¨¯â¨ç¥áª®£® ¯à®áâà ­áâ¢  ¨
ãáâ ­ ¢«¨¢ ¥âáï ¥¥ á¢ï§ì á ®â®¡à ¦¥­¨¥¬ ¤¢ãå
¥¢ª«¨¤®¢ëå ¯«®áª®áâ¥©.

�«îç¥¢ë¥ á«®¢ : ª¢ §¨í««¨¯â¨ç¥áª®¥ ¯à®-
áâà ­áâ¢®, ª®­£àãí­æ¨ï.

The article deals with pseudo-spherical congru-
ence of elliptical lines in quasi-elliptic space and
shows its connection with re
ection of two Eucle-
dean planes.

Key words: quasi-elliptic space, congruence.

�¢ §¨í««¨¯â¨ç¥áª®¥ ¯à®áâà ­áâ¢® S1
3 ¢¯¥à-

¢ë¥ à áá¬ âà¨¢ « �. �«ïèª¥. �­ ¯®ª § «, çâ®
¬¥âà¨ª®© íâ®£® ¯à®áâà ­áâ¢  ®¡« ¤ ¥â £àã¯¯ 
¤¢¨¦¥­¨© ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ R2 ¨ ¢ë¤¢¨­ã«
¨¤¥î ¨§®¡à ¦¥­¨ï í««¨¯â¨ç¥áª¨å ¯àï¬ëå íâ®-
£® ¯à®áâà ­áâ¢  ¯ à ¬¨ â®ç¥ª ¤¢ãå ¥¢ª«¨¤®¢ëå
¯«®áª®áâ¥© R2 [1, 2]. � à ¡®â¥ [3] ª¢ §¨í««¨¯â¨-
ç¥áª®¥ ¯à®áâà ­áâ¢® ®¯à¥¤¥«ï¥âáï ª ª ¬¥âà¨§®-
¢ ­­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢®,  ¡á®«îâ ª®-
â®à®£® á®áâ®¨â ¨§ ¯ àë ¬­¨¬®-á®¯àï¦¥­­ëå
¯«®áª®áâ¥© ( ¡á®«îâ­ëå ¯«®áª®áâ¥©) ¨ ¯ àë
¬­¨¬®-á®¯àï¦¥­­ëå â®ç¥ª ( ¡á®«îâ­ëå â®ç¥ª)
­  «¨­¨¨ ¯¥à¥á¥ç¥­¨ï  ¡á®«îâ­ëå ¯«®áª®áâ¥©
( ¡á®«îâ­®© ¯àï¬®©). � ¬ ¦¥ ¯®áâà®¥­  ¨­â¥à-
¯à¥â æ¨ï ª¢ §¨í««¨¯â¨ç¥áª®£® ¯à®áâà ­áâ¢  ­ 
¯ à¥ ¥¢ª«¨¤®¢ëå ¯«®áª®áâ¥©. �áïª®© í««¨¯â¨-
ç¥áª®© ¯àï¬®© ¯à®áâà ­áâ¢  S1

3 áâ ¢¨âáï ¢ á®-
®â¢¥âáâ¢¨¥ ¯ à  â®ç¥ª ­  ¤¢ãå ¢¯®«­¥ ®àâ®£®-
­ «ì­ëå ¯«®áª®áâïå R+

2 ¨ R−2 ¥¢ª«¨¤®¢  ¯à®-
áâà ­áâ¢  R4 ¨ ­ å®¤ïâáï á®®â­®è¥­¨ï, á¢ï§ë-
¢ îé¨¥ ¬¥âà¨ç¥áª¨¥ ¨­¢ à¨ ­âë ¤¢ãå í««¨¯â¨-
ç¥áª¨å ¯àï¬ëå á à ááâ®ï­¨ï¬¨ ¬¥¦¤ã â®çª ¬¨,
¨§®¡à ¦ îé¨¬¨ íâ¨ ¯àï¬ë¥ ­  ¯«®áª®áâïå R+

2
¨ R−2 .

� ¯à®áâà ­áâ¢¥ S1
3 à áá¬®âà¨¬ ¯®¤¢¨¦­ë©

à¥¯¥à R = {A0, A1, A2, A3} ­¥ª®â®à®£® £¥®¬¥-
âà¨ç¥áª®£® ®¡à § , ¯à¨ íâ®¬ â®çª¨ A0 ¨ A1 ¯®-
«ïà­® á®¯àï¦¥­ë ®â­®á¨â¥«ì­® ¯ àë  ¡á®«îâ-
­ëå ¯«®áª®áâ¥© ¨ ¨å ª®®à¤¨­ âë ­®à¬¨à®¢ ­ë,
â®çª¨ A2 ¨ A3 «¥¦ â ­   ¡á®«îâ­®© ¯àï¬®©,
®­¨ ¯®«ïà­® á®¯àï¦¥­ë ®â­®á¨â¥«ì­® ¯ àë  ¡-
á®«îâ­ëå â®ç¥ª ¨ ¨å ª®®à¤¨­ âë â ª¦¥ ­®à¬¨-
à®¢ ­ë. �à ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯¥à¥-

¬¥é¥­¨© à¥¯¥à  R ¨¬¥îâ ¢¨¤

dA0 = ω1
0A1 + ω2

0A2 + ω3
0A3,

dA1 = −ω1
0A0 + ω2

1A2 + ω3
1A3,

dA2 = ω3
2A3,

dA3 = −ω3
2A2.

(1)

�¨ää¥à¥­æ¨àãï (1) ¢­¥è­¨¬ ®¡à §®¬, ¯®«ã-
ç¨¬ ãà ¢­¥­¨ï áâàãªâãàë

Dω1
0 = 0, Dω2

3 = 0,

Dωj
i = [ωk

i ωj
k] (¢® ¢á¥å ®áâ ¢è¨åáï á«ãç ïå)

ª¢ §¨í««¨¯â¨ç¥áª®£® ¯à®áâà ­áâ¢ .
� á®®â¢¥âáâ¢¨¨ á ¯®áâà®¥­­®© ¨­â¥à¯à¥â -

æ¨¥© ª¢ §¨í««¨¯â¨ç¥áª®£® ¯à®áâà ­áâ¢  ­  ¯ à¥
¥¢ª«¨¤®¢ëå ¯«®áª®áâ¥© à¥¯¥àã R ¯à®áâà ­áâ¢ 
S1

3 ®â¢¥ç îâ ¢ ¯à®áâà ­áâ¢¥ R4 ­  ¯«®áª®áâïå
R+

2 ¨ R−2 ¤¢  à¥¯¥à  {X+, ~e1, ~e2} ¨ {X−, ~e3, ~e4},
¢ ª®â®àëå ¡ §¨áë {~e1, ~e2} ¨ {~e3, ~e4} ®àâ®­®à¬¨-
à®¢ ­­ë¥.

�à ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯¥à¥¬¥é¥-
­¨© à¥¯¥à®¢ {X+, ~e1, ~e2} ¨ {X−, ~e3, ~e4} ¢ ¯«®-
áª®áâïå R+

2 ¨ R−2 ¨¬¥îâ, ª ª ¨§¢¥áâ­®, ¢¨¤:

dX+ = ~ω1~e1 + ~ω2~e2, dX− = ~ω3~e3 + ~ω4~e4,
d~e1 = ~ω2

1~e2, d~e3 = ~ω4
3~e4,

d~e2 = −~ω2
1~e1 d~e4 = −~ω4

3~e3
(2)

á ãà ¢­¥­¨ï¬¨ áâàãªâãàë:

D~ω1 = −[~ω2 ~ω2
1 ], D~ω2 = [~ω1 ~ω2

1 ], D~ω2
1 = 0

D~ω3 = −[~ω4 ~ω4
3 ], D~ω4 = [~ω3 ~ω4

3 ], D~ω4
3 = 0.

�¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ¨­ä¨­¨â¥§¨-
¬ «ì­ëå ¯¥à¥¬¥é¥­¨© ¯®¤¢¨¦­®£® à¥¯¥à  ¯à®-
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áâà ­áâ¢  S1
3 ¨ ¯®¤¢¨¦­ëå à¥¯¥à®¢ ¯«®áª®-

áâ¥© R+
2 ¨ R−2 á¢ï§ ­ë á®®â­®è¥­¨ï¬¨:

~ω1 = −ω2
1 + ω3

0 , ~ω2 = ω2
0 + ω3

1
~ω3 = −ω2

1 − ω3
0 , ~ω4 = ω2

0 − ω3
1 ;

~ω2
1 = ω1

0 − ω3
2 , ~ω4

3 = ω1
0 + ω3

2 .
(3)

�ã¤¥¬ ­ §ë¢ âì ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©-
áâ¢® L = L(u1, u2) í««¨¯â¨ç¥áª¨å ¯àï¬ëå L
ª®­£àãí­æ¨¥© í««¨¯â¨ç¥áª¨å ¯àï¬ëå, ¯àï¬ë¥
L(u1, u2) { «ãç ¬¨ ª®­£àãí­æ¨¨.

�à¨á®¥¤¨­¨¬ ª ª ¦¤®¬ã «ãçã ª®­£àãí­æ¨¨
à¥¯¥à R = {A0, A1, A2, A3} â ª, çâ® â®çª¨ A0 ¨
A1 ¯à¨­ ¤«¥¦ â «ãçã,   â®çª¨ A2 ¨ A3 {  ¡-
á®«îâ­®© ¯àï¬®©. �ë¡¨à ï ä®à¬ë ω2

0 ¨ ω3
0 § 

¡ §¨á­ë¥, § ¯¨è¥¬:

ω2
1 = aω2

0 + bω3
0 , ω3

1 = b′ω2
0 + cω3

0 . (4)

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨å ¤ ¥â

δa = −(a2 + bb′ + 1)π1
0 + (b + b′)π3

2 ,
δb = −b(a + c)π1

0 − (a− c)π3
2 ,

δb′ = −b′(a + c)π1
0 − (a− c)π3

2 ,
δc = −(1 + bb′ + c2)π1

0 − (b + b′)π3
2 .

�®«ãç¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï
¤®¯ãáª îâ á«¥¤ãîéãî ä¨ªá æ¨î R0 à¥¯¥à :

a = 0, π3
2 = 0, b + b′ 6= 0. (5)

�®£¤  ¨¬¥¥¬

ω2
1 = bω3

0 , ω3
1 = b′ω2

0 . (6)

�¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ω1
0 ¨ ω3

2 , § ¢¨áï-
é¨¥ ¢ íâ®¬ á«ãç ¥ â®«ìª® ®â ¯¥à¢¨ç­ëå ¯ à ¬¥-
âà®¢, ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

ω1
0 = pω2

0 + qω3
0 , ω3

2 = hω2
0 + kω3

0 (7)

¨ â®£¤  ­ ©¤¥¬ ®á­®¢­ãî á¨áâ¥¬ã ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨©

db = (q(1 + bb′)− k(b + b′)) ω2
0 ,

db′ = (p(1 + bb′) + h(b + b′)) ω3
0 . (8)

�ã­ªæ¨¨ p, q, h, k ¨ b, b′ á®áâ ¢«ïîâ ¯®«­ãî
á¨áâ¥¬ã ¨­¢ à¨ ­â®¢ ª®­£àãí­æ¨¨, â.¥. ®¯à¥¤¥-
«ïîâ ª®­£àãí­æ¨î í««¨¯â¨ç¥áª¨å ¯àï¬ëå L =
L(t) á â®ç­®áâìî ¤® ¯®«®¦¥­¨ï ¢ ¯à®áâà ­áâ¢¥.

�®¤¢¨¦­®¬ã à¥¯¥àã R ª®­£àãí­æ¨¨ í««¨¯â¨-
ç¥áª¨å ¯àï¬ëå L = L(t) ®â¢¥ç îâ ­  ¯«®áª®áâïå
R+

2 , R−2 ¤¢  à¥¯¥à  {L+, ~e1, ~e2} ¨ {L−, ~e3, ~e4}, ¤¥-
à¨¢ æ¨®­­ë¥ ãà ¢­¥­¨ï ª®â®àëå ¨¬¥îâ ¢¨¤ (2).
� ª ª ª ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ~ω1, ~ω2, ~ω3,
~ω4 | £« ¢­ë¥, â®, ¯à¨­ï¢ ¯¥à¢ë¥ ¤¢¥ ¨§ ­¨å § 
¡ §¨á­ë¥, ¯®«®¦¨¬

~ω3 = α~ω1 + β~ω2,

~ω4 = β′~ω1 + γ~ω2. (9)

�®á¯®«ì§®¢ ¢è¨áì à ¢¥­áâ¢ ¬¨ (3), á¢ï§ë¢ -
îé¨¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ωj

i (i, j =
0, 1, 2, 3) à¥¯¥à  R á ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ä®à-
¬ ¬¨ ~ωk (k = 1, 2, 3, 4), ~ω2

1 , ~ω4
3 á®®â¢¥âáâ¢ãîé¨å

à¥¯¥à®¢ ­  ¯«®áª®áâïå R+
2 , R−2 ,   â ª¦¥ à §«®-

¦¥­¨ï¬¨ (4), (9), ¯®«ãç¨¬
(

α β
β′ γ

)
=

( −a −1− b
1− b′ −c

) ( −a 1− b
1 + b′ c

)−1

¨
(

a b
b′ c

)
=

(
1− α β
−β′ 1 + γ

)−1 ( −β −1− α
1− γ −β′

)
.

�â¨ ä®à¬ã«ë (¢ëà ¦ îâ á¢ï§ì ¬¥¦¤ã ®¯¥-
à â®à ¬¨

(
α β
β′ γ

)
¨

(
a b
b′ c

)
á®®â¢¥âáâ¢¥­­®

�ª®¡¨ ¨ �ã¬¬¥à .
�«ï ª ­®­¨ç¥áª®£® à¥¯¥à  R0 ¢ë¯®«­ïîâáï

á®®â­®è¥­¨ï (5) ¨ ¯®íâ®¬ã

α =
b + 1
b− 1, γ =

1− b′

1 + b′
, β = β′ = 0. (10)

� §«®¦¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë ~ω2
1 ¨

~ω4
3 ¯® ¡ §¨á­ë¬ ä®à¬ ¬ ~ω1 ¨ ~ω2

~ω2
1 = λ ~ω1 + µ ~ω2

~ω4
3 = ν ~ω1 + ρ ~ω2. (11)

�®£¤  ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

λ =
q − k

1− b
, µ =

p− h

1 + b′
,

ν =
q + k

1− b
, ρ =

p + h

1 + b′
.

(12)

� à ¡®â¥ [4] ­ ©¤¥­ë ®á­®¢­ë¥ ä®à¬ã«ë ª®­-
£àãí­æ¨¨ í««¨¯â¨ç¥áª¨å ¯àï¬ëå. �â­¥á¥¬ ª®­-
£àãí­æ¨î í««¨¯â¨ç¥áª¨å ¯àï¬ëå ª ª ­®­¨ç¥-
áª®¬ã à¥¯¥àã R0 (a=c=0). �®£¤  ¢ë¢¥¤¥­­ë¥
ä®à¬ã«ë ¨ ãà ¢­¥­¨ï ¯à¨¬ãâ á«¥¤ãîé¨© ¢¨¤.

� à ¬¥âà à á¯à¥¤¥«¥­¨ï p:

2p

1 + p2 = 2(b′(ω2
0)2 − b(ω3

0)2)
(1 + b′2)(ω2

0)2 + (1 + b2)(ω3
0)2 ,

�« ¢­ë¥ ¯ à ¬¥âàë λ1,2 = th2θ1,2:

λ1 = 2b

1 + b2 , λ2 = − 2b′

1 + b′2
.

�¡áæ¨áá  v æ¥­âà  (£®à«®¢®© â®çª¨)

tg2v = 2(b + b′)ω2
0 ω3

0
(1− b′2)(ω2

0)2 + (1− b2)(ω3
0)2 .
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�á«¨ ω2
0 = 0 ¨«¨ ω3

0 = 0, â® tg2v = 0. �­ ç¨â,
¢¥àè¨­  A0 ª ­®­¨ç¥áª®£® à¥¯¥à  ­ å®¤¨âáï ¢
£®à«®¢®© â®çª¥ «ãç  ª®­£àãí­æ¨¨.

�¡áæ¨ááë v1 ¨ v2 £à ­¨ç­ëå â®ç¥ª:

tg2v1,2 = ± b + b′√
1− b2

√
1− b′2

.

�¡áæ¨ááë f1 ¨ f2 ä®ªãá®¢:

tgf1,2 = ± 1√
bb′

.

� ááâ®ï­¨¥ ¬¥¦¤ã δ ä®ªãá ¬¨:

cos δ = bb′ − 1
bb′ + 1 .

�£®« ϕ ¬¥¦¤ã ä®ª «ì­ë¬¨ ¯«®áª®áâï¬¨:

cos ϕ = −b + b′

b + b′
.

�à ¢­¥­¨ï £« ¢­ëå «¨­¥©ç âëå ¯®¢¥àå­®-
áâ¥©:

(1− b′2)(ω2
0)2 − (1− b2)(ω3

0)2 = 0.

�à ¢­¥­¨ï à á¯à¥¤¥«¨â¥«ì­ëå «¨­¥©ç âëå
¯®¢¥àå­®áâ¥©:

ω2
0ω3

0 = 0

�à ¢­¥­¨ï â®àá®¢:

b′(ω2
0)2 − b(ω3

0)2 = 0.

� á®®â¢¥âáâ¢¨¨ á ãáâ ­®¢«¥­­®© ¨­â¥à¯à¥â -
æ¨¥© ª®­£àãí­æ¨ï í««¨¯â¨ç¥áª¨å ¯àï¬ëå ¯à®-
áâà ­áâ¢  S1

3 ¨§®¡à ¦ ¥âáï ¢ ¥¢ª«¨¤®¢®¬ ¯à®-
áâà ­áâ¢¥ R4 ¤¢ã¬¥à­®© ¯®¢¥àå­®áâìî L∗ =
L∗(u1, u2) ¨ ®¯à¥¤¥«ï¥â ®â®¡à ¦¥­¨¥ ­¥ª®-
â®à®© ®¡« áâ¨ ¯«®áª®áâ¨ R+

2 ­  ­¥ª®â®àãî
®¡« áâì ¯«®áª®áâ¨ R−2 .

� à ¡®â å [4, 5] à áá¬®âà¥­ë ª®­£àãí­æ¨¨ í«-
«¨¯â¨ç¥áª¨å ¯àï¬ëå, ¢ë¤¥«¥­ë â ª¨¥ á¯¥æ¨ «ì-
­ë¥ ª« ááë ª®­£àãí­æ¨©, ª ª ­®à¬ «ì­ ï, ¯á¥¢-
¤®­®à¬ «ì­ ï, ¨§®âà®¯­ ï ¯® ¯ à ¬¥âàã à á-
¯à¥¤¥«¥­¨ï ¨ ¨§®âà®¯­ ï ¯® æ¥­âàã ª®­£àãí­-
æ¨¨, ¨ ãáâ ­®¢«¥­  ¨å á¢ï§ì á ®â®¡à ¦¥­¨ï¬¨
¤¢ãå ¥¢ª«¨¤®¢ëå ¯«®áª®áâ¥©. � à ¡®â¥ [6] ­ -
àï¤ã á ãª § ­­ë¬¨ ¢ëè¥ ª« áá ¬¨ ª®­£àãí­æ¨©
®¯à¥¤¥«¥­ë ¯á¥¢¤®áä¥à¨ç¥áª¨¥ ª®­£àãí­æ¨¨.

�á¥¢¤®áä¥à¨ç¥áª®© ª®­£àãí­æ¨¥© í««¨¯â¨-
ç¥áª¨å ¯àï¬ëå ­ §ë¢ ¥âáï ª®­£àãí­æ¨ï, ã ª®-
â®à®© ä®ª «ì­®¥ à ááâ®ï­¨¥ ¨ ã£®« ¬¥¦¤ã ä®-
ª «ì­ë¬¨ ¯«®áª®áâï¬¨ ¯®áâ®ï­­ë.

�â­¥á¥¬ ª®­£àãí­æ¨î ª ª ­®­¨ç¥áª®¬ã à¥¯¥-
àã R0 (a = c = 0). �®£¤  ¨§ ä®à¬ã« ¤«ï ­ å®-
¦¤¥­¨ï à ááâ®ï­¨ï δ ¬¥¦¤ã ä®ªãá ¬¨ ¨ ã£« 

ϕ ¬¥¦¤ã ä®ª «ì­ë¬¨ ¯«®áª®áâï¬¨, ¤¨ää¥à¥­-
æ¨àãï ¨å, ¯®«ãç¨¬, çâ® ¤«ï ¯á¥¢¤®áä¥à¨ç¥áª®©
ª®­£àãí­æ¨¨

b = const, b′ = const. (13)

�ëïá­¨¬, ª ª¨¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â ®â®¡à -
¦¥­¨¥ ¯«®áª®áâ¨ R+

2 ­  ¯«®áª®áâì R−2 , á®®â¢¥â-
áâ¢ãîé¥¥ ¯á¥¢¤®áä¥à¨ç¥áª®© ª®­£àãí­æ¨¨. � ª
ª ª ®¯¥à â®à �ª®¡¨ I =

(
α β
β′ γ

)
ã¤®¢«¥â¢®-

àï¥â á®®â­®è¥­¨ï¬ (5) ¨ ¯à¨ íâ®¬ b = const,
b′ = const, â® ¯à¨å®¤¨¬ ª ¢ë¢®¤ã: ®â®¡à ¦¥­¨¥
¯«®áª®áâ¨ R+

2 ­  ¯«®áª®áâì R−2 , á®®â¢¥âáâ¢ã-
îé¥¥ ¯á¥¢¤®áä¥à¨ç¥áª®© ª®­£àãí­æ¨¨, ¨§¬¥­ï-
¥â ¯«®é ¤¨ ®¡« áâ¥© ¢ ¯®áâ®ï­­®¬ ®â­®è¥-
­¨¨.

�â¬¥â¨¬ ¥é¥ ®¤­® á¢®©áâ¢® ¯á¥¢¤®áä¥à¨ç¥-
áª®© ª®­£àãí­æ¨¨: ®â­®è¥­¨ï ªà¨¢¨§­ k+ ¨
k− «¨­¨© ¯«®áª®áâ¥© R+

2 ¨ R−2 , á®®â¢¥âáâ¢ã-
îé¨å à á¯à¥¤¥«¨â¥«ì­ë¬ «¨­¥©ç âë¬ ¯®¢¥àå-
­®áâï¬ ¯á¥¢¤®áä¥à¨ç¥áª®© ª®­£àãí­æ¨¨, ¯®áâ®-
ï­­ë. �®ª ¦¥¬ íâ®.

� á¯à¥¤¥«¨â¥«ì­ë¥ «¨­¥©ç âë¥ ¯®¢¥àå­®áâ¨
¯á¥¢¤®áä¥à¨ç¥áª®© ª®­£àãí­æ¨¨ ®¯à¥¤¥«ïîâáï
¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨ï¬¨ ω2

0 = 0,
ω3

0 = 0. �§ ä®à¬ã« (6) ¨ (9),   â ª¦¥ (3) ­ ©¤¥¬
¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï «¨­¨© ­  ¯«®á-
ª®áâïå R+

2 ¨ R−2 , á®®â¢¥âáâ¢ãîé¨å à á¯à¥¤¥«¨-
â¥«ì­ë¬ «¨­¥©ç âë¬ ¯®¢¥àå­®áâï¬

~ω1 = 0, ~ω2 = 0. (14)

�à¨¢¨§­ë k+ ¨ k− íâ¨å «¨­¨©, ®¯à¥¤¥«ï¥¬ë¥
¢ ®¡é¥¬ á«ãç ¥ ä®à¬ã« ¬¨

k+ =
~ω2

1√
(~ω1)2 + (~ω2)2

, k− =
~ω4

3√
(~ω3)2 + (~ω4)2

,

¡ã¤ãâ à ¢­ë

¯à¨ ~ω1 = 0: k+ =
~ω2

1
~ω2 = µ, k− =

~ω4
3

~ω4 =
ρ

γ
;

¯à¨ ~ω2 = 0: k+ =
~ω2

1
~ω2 = λ, k− =

~ω4
3

~ω3 =
ν

α
.

�®á¯®«ì§®¢ ¢è¨áì (14), ­ ©¤¥¬, çâ®

¯à¨ ~ω1 = 0 : k+ =
p− h

1 + b′
, k− =

p + h

1− b′
;

¯à¨ ~ω2 = 0 : k+ =
q − k

1− b
, k− =

q + k

1 + b
.

� ª ª ª db = 0, db′ = 0, â® ¨§ ãà ¢­¥­¨© (8)
¨¬¥¥¬

¨q(1 + bb′)− k(b + b′) = 0
p(1 + bb′) + h(b + b′) = 0
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¨ ¯®íâ®¬ã

q = Mk, p = Mh,

£¤¥ M =
b + b′

1 + bb′
.

� «¥¥ ­ ©¤¥¬
(

k+

k−

)

~ω1=0
= M − 1

M + 1 · 1− b′

1 + b′
;

(
k+

k−

)

~ω2=0
= M − 1

M + 1 · 1 + b

1− b
.

¨ â®£¤  ¯®«ãç¨¬
(

k+

k−

)

~ω1=0
= b + 1

b− 1 ,

(
k+

k−

)

~ω2=0
= b′ − 1

b′ + 1 .
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