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Dupen Cyclides Geometry which has n Principal
Curvatures in Euclidean Space En+1

�¨¯¥à¯®¢¥àå­®áâì ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­-
áâ¢¥ En+1 ­ §ë¢ ¥âáï æ¨ª«¨¤®© �î¯¥­ , ¥á«¨
®­  ¨¬¥¥â £« ¢­ë¥ ªà¨¢¨§­ë, ¯®áâ®ï­­ë¥ ¢¤®«ì
á®®â¢¥âáâ¢ãîé¨å £« ¢­ëå à á¯à¥¤¥«¥­¨©.
� ¯à¥¤« £ ¥¬®© áâ âì¥ ¨§ãç ¥âáï æ¨ª«¨¤ 
�î¯¥­  ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ En+1,
¨¬¥îé ï n à §«¨ç­ëå £« ¢­ëå ªà¨¢¨§­.

�«îç¥¢ë¥ á«®¢ : æ¨ª«¨¤ë �î¯¥­ , ª®­¨ç¥-
áª®¥ á¥ç¥­¨¥, íªáæ¥­âà¨á¨â¥â.

The hypersurface in Euclidean space En+1 is
called Dupen cyclide if it has principal curvatures
constant along appropriate principal distribu-
tions. The present paper studies Dupen cyclide
in Euclidean space En+1 which has n principal
curvatures.

Key words: cyclide Dupin, cone, eccentricity.

� áá¬®âà¨¬ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥
En+1 æ¨ª«¨¤ã �î¯¥­  M [1{7] { £¨¯¥à¯®¢¥àå-
­®áâì, ã ª®â®à®© £« ¢­ë¥ ªà¨¢¨§­ë ki ¯®áâ®-
ï­­ë ¢¤®«ì á®®â¢¥âáâ¢ãîé¨å ¨¬ £« ¢­ëå ­ -
¯à ¢«¥­¨© Xi. �«ãç ©, ª®£¤  £¨¯¥à¯®¢¥àå­®áâì
¨¬¥¥â ¤¢¥ £« ¢­ë¥ ªà¨¢¨§­ë, à áá¬®âà¥­ ¢ [2,
4{7], âà¨ £« ¢­ë¥ ªà¨¢¨§­ë { ¢ [3]. �à¨¬¥à®¬
â ª¨å ¯®¢¥àå­®áâ¥© ï¢«ïîâáï æ¨ª«¨¤ë �î¯¥­ 
¢ E3 [5].

�§¢¥áâ­®, çâ® ã æ¨ª«¨¤ë �î¯¥­  ¢ E3 «¨-
­¨¨ ªà¨¢¨§­ë ¥áâì ®ªàã¦­®áâ¨, ä®ªãáë fi =
r + 1

ki
n ª®­£àãí­æ¨¨ ­®à¬ «¥© n, £¤¥ r { à ¤¨ãá-

¢¥ªâ®à â¥ªãé¥© â®çª¨ ¯®¢¥àå­®áâ¨, ®¯¨áë¢ ¥â
ä®ª «ì­ë¥ ªà¨¢ë¥ ¢â®à®£® ¯®àï¤ª  «¨¡® ¯àï-
¬ãî ¨ ®ªàã¦­®áâì [5, á. 382],   ¯«®áª®áâ¨
®ªàã¦­®áâ¥© ªà¨¢¨§­ë ®¤­®£® á¥¬¥©áâ¢  ¯à®å®-
¤ïâ ç¥à¥§ ä¨ªá¨à®¢ ­­ãî ¯àï¬ãî «¨¡® ¯ à «-
«¥«ì­ë (â¥®à¥¬  � ­­£¥©¬ ) [4].

� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¨áá«¥¤ã¥âáï £¨¯¥à-
¯®¢¥àå­®áâì M , ¨¬¥îé ï n à §«¨ç­ëå, ­¥ à ¢-
­ëå ­ã«î £« ¢­ëå ªà¨¢¨§­, ¯à¨ç¥¬ «¨­¨¨ ªà¨-
¢¨§­ë ®¡à §ãîâ £®«®­®¬­ãî á¥âì.

�®ª § ­ë á«¥¤ãîé¨¥ â¥®à¥¬ë.
������� 1. �á«¨ æ¨ª«¨¤  �î¯¥­  ¨¬¥-

¥â £®«®­®¬­ãî á¥âì «¨­¨© ªà¨¢¨§­ë, â® «¨­¨¨
ªà¨¢¨§­ë Si ¥áâì ®ªàã¦­®áâ¨.

�¡®§­ ç¨¬ ç¥à¥§ f i
j «¨­¨î, ª®â®àãî ®¯¨è¥â

ä®ªãá fj ¢¤®«ì i-â®© «¨­¨¨ ªà¨¢¨§­ë.
������� 2. �á«¨ ®ªàã¦­®áâì Si ­¥

¥áâì ­®à¬ «ì­®¥ á¥ç¥­¨¥, â® «¨­¨¨ f i
j , j =

1, ..., n, j 6= i { á¥ç¥­¨ï ª®­ãá  Ki á ¢¥àè¨­®© fi,
­ ¯à ¢«ïîé¥© Si. �á«¨ ®ªàã¦­®áâì Si { ­®à-

¬ «ì­®¥ á¥ç¥­¨¥, â® «¨­¨¨ f i
j , j = 1, ..., n, j 6= i

{ ¯àï¬ë¥.
������� 3. �¨à¥ªâà¨áë ª®­¨ç¥áª¨å á¥-

ç¥­¨© f i
j , f

j
i , ­¥ ï¢«ïîé¨åáï ®ªàã¦­®áâï¬¨ ¨

¯àï¬ë¬¨, ®àâ®£®­ «ì­ë.
������� 4. �á«¨ ª®­ãáë Ki, Kj ¯à¨­ ¤-

«¥¦ â 3-¯à®áâà ­áâ¢ã, â® íªáæ¥­âà¨á¨â¥âë
ej
i , e

i
j ª®­¨ç¥áª¨å á¥ç¥­¨© f j

i , f i
j , ®â«¨ç­ëå ®â

¯àï¬®© ¨ ®ªàã¦­®áâ¨, á¢ï§ ­ë á®®â­®è¥­¨¥¬
ei
j × ej

i = 1.
������� 5 (®¡®¡é¥­­ ï â¥®à¥¬ 

� ­­£¥©¬ ). �á«¨ ª®­¨ç¥áª®¥ á¥ç¥­¨¥ f i
j {

­¥ ®ªàã¦­®áâì ¨ ­¥ ¯àï¬ ï, â® ¯«®áª®áâ¨
®ªàã¦­®áâ¥© Si ªà¨¢¨§­ë ¢¤®«ì j-â®© «¨­¨¨
ªà¨¢¨§­ë ®¡à §ãîâ ¯ãç®ª, ®áì ª®â®à®£® ¯ à «-
«¥«ì­  ¤¨à¥ªâà¨á¥ ªà¨¢®© f i

j .
1. �������� �������. � áá¬®âà¨¬

£« ¤ªãî £¨¯¥à¯®¢¥àå­®áâì M ¢ ¥¢ª«¨¤®¢®¬ ¯à®-
áâà ­áâ¢¥ En+1.

�¡®§­ ç¨¬ F (M) { R- «£¥¡àã ¤¨ää¥à¥­-
æ¨àã¥¬ëå ­  M äã­ªæ¨©; T q

s { F -¬®¤ã«ì ¤¨ä-
ä¥à¥­æ¨àã¥¬ëå ­  M â¥­§®à­ëå ¯®«¥© â¨¯ 
(q, s); χ(M) {  «£¥¡àã �¨ ¢¥ªâ®à­ëå ¯®«¥© ­ 
M , ∂ { ¤¨ää¥à¥­æ¨à®¢ ­¨¥; <,> { áª «ïà­®¥
¯à®¨§¢¥¤¥­¨¥ ¢ En.

�®à¬ã«ë � ãáá -�¥©­£ àâ¥­  £¨¯¥à¯®¢¥àå-
­®áâ¨ M ¨¬¥îâ ¢¨¤ [8, á. 36]

∂XY = ∇XY + γ(X,Y )n,

∂Xn = −AX,
(1)

£¤¥ A ∈ T 1
1 (M), X, Y ∈ χ(M), γ ∈ T 0

2 (M),
γ(X,Y ) = g(AX, Y ) { ¢â®à ï äã­¤ ¬¥­â «ì­ ï
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ä®à¬ ; A { ®¯¥à â®à �¥©­£ àâ¥­ ; ∇{ á¢ï§­®áâì
�¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ g(X, Y ) =< X, Y >.

�ë¯®«­ïîâáï ãà ¢­¥­¨ï � ãáá -�®¤ ææ¨

R(X, Y )Z = γ(Y,Z)AX − γ(X,Z)AY,

dA(X,Y ) = 0,
(2)

£¤¥ R(X, Y )Z = ∇X∇Y Z − ∇Y∇XZ − ∇[X,Y ]Z
â¥­§®à ªà¨¢¨§­ë á¢ï§­®áâ¨ ∇, dA(X,Y ) =
∇XAY −∇Y AX−A[X, Y ] { ¢­¥è­¨© ¤¨ää¥à¥­-
æ¨ « ¯®«ï A ¢ á¢ï§­®áâ¨ ∇.

�¡®§­ ç¨¬ ç¥à¥§ Xi ®àâë £« ¢­ëå ­ ¯à ¢«¥-
­¨©, ki { £« ¢­ë¥ ªà¨¢¨§­ë. �®£¤  AXi = kiXi.
� áá¬®âà¨¬ dA(Xi, Xj) = 0, i 6= j.

�¬¥¥¬

dA(Xi, Xj) = ∇Xi
AXj −∇Xj

AXi−

A[Xi, Xi] = (Xikj)Xj + kj∇XiXj − (Xjki)Xi−
ki∇Xj

Xi − ki(∇Xi
Xj −∇Xj

Xi)i−
kj(∇XiXj −∇Xj Xi)j − ks(∇XiXj −∇Xj Xi)s = 0,

£¤¥ Zj j-â ï á®áâ ¢«ïîé ï ¯®«ï Z.
�à¨à ¢­¨¢ ï ­ã«î à §«¨ç­ë¥ á®áâ ¢-

«ïîé¨¥, ¨¬¥¥¬

(∇XiXj)i = Xjki

kj − ki
Xi, i 6= j, (3)

(kj − ks)(∇XiXj)s − (ki − ks)(∇Xj Xi)s = 0,

i 6= j, s 6= i, j.
(4)

�®âà¥¡ã¥¬ £®«®­®¬­®áâì á¥â¨, â.¥. ¯®âà¥¡ã-
¥¬, çâ®¡ë ª ¦¤®¥ (n − 1)-à á¯à¥¤¥«¥­¨¥, ®¯à¥-
¤¥«ï¥¬®¥ n − 1 £« ¢­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨, ¡ë«®
¨­¢®«îâ¨¢­®¥. �®£¤  [9, á. 19]

[Xi, Xj ]s = 0, i 6= j, s 6= i, j.

�¬¥¥¬

(∇XiXj)s − (∇Xj Xi)s = 0,

i 6= j, s 6= i, j.
(5)

�à¨ ki 6= kj ¨§ (4), (5) ¯®«ãç¨¬

(∇XiXj)s = 0, s 6= i, j, i 6= j.

� ª ª ª Xi ®àâë, â® (∇XiXj)j = 0, i 6= j.
� ª¨¬ ®¡à §®¬,

∇XiXj = �jiXi, �ji = Xjki

kj − ki
, i 6= j. (6)

�¨ää¥à¥­æ¨àãï à ¢¥­áâ¢  < Xi, Xj >= 0
¢¤®«ì Xi, ¯®«ãç¨¬

∇XiXi = −
∑

s6=i

�siXs. (7)

� áá¬®âà¨¬ ãà ¢­¥­¨ï � ãáá  (2)
R(Xj , Xi)Xi = kikjXj , i 6= j, ¨á¯®«ì§ãï (6), (7).

�¬¥¥¬

R(Xj , Xi)Xi = ∇Xj∇XiXi −∇Xi∇Xj Xi−

∇∇Xj
Xi

Xi +∇∇Xi
Xj

Xi =

∇Xj
(−

∑

s6=i

�siXs)−∇Xi
�ijXj−

�ij∇Xj Xi + �ji∇XiXi =

−
∑

s 6=i

(Xj�si)Xs −
∑

s 6=i,j

�si�sjXj−

�ji(−
∑

s 6=i,j

�sjXs)− (Xi�ij)Xj−

�ij�jiXi − (�ij)2Xj−
�ji

∑

s 6=i

�siXs = kikjXj .

�âªã¤ 

Xj�si = �ji(�sj − �si), (8)

i, j, s { à §­ë¥,

Xj�ji + Xi�ij + (�ij)2 + (�ji)2+
∑

s 6=i,j

�si�sj + kikj = 0. (9)

� ¢¥­áâ¢  R(Xi, Xj)Xk = 0, ª®£¤  i, j, k {
à §­ë¥, ­¥ ¤ îâ ¤®¯®«­¨â¥«ì­ëå á®®â­®è¥­¨©.

� ª ª ª M { æ¨ª«¨¤  �î¯¥­ , â® Xiki = 0.
�à¨¬¥­¨¬ ®¯¥à æ¨î áª®¡ª¨ XiXjkj −

XjXikj − [Xi, Xj ]kj = 0.
� ª ª ª

[Xi, Xj ] = ∇XiXj −∇Xj Xi = �jiXi − �ijXj ,

¯®«ãç¨¬ XjXikj = −�jiXikj .
�¨ää¥à¥­æ¨àã¥¬ à ¢¥­áâ¢  �ij = Xikj

ki−kj

¢¤®«ì Xj .
�¬¥¥¬

Xj�ij = 0, i 6= j. (10)
�à®¬¥ â®£®, ¤¨ää¥à¥­æ¨àãï (9) ¢¤®«ì Xi,

¯®«ãç¨¬

XiXi�ij = −�ij(�2
ij + �2

ji+
+

∑

s 6=i,j

�2
si + k2

i + 3Xi�ij). (11)

2. �������������� ������� 1. �¡®-
§­ ç¨¬ ç¥à¥§ r à ¤¨ãá-¢¥ªâ®à â®çª¨ m ∈ M ,
fi = r + 1

ki
n.
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� ª ª ª ∂Xifi = 0, â® á«¥¤ã¥â, çâ® ­®à¬ «¨
£¨¯¥à¯®¢¥àå­®áâ¨ M ¢¤®«ì ¨­â¥£à «ì­®£® ¬­®-
£®®¡à §¨ï Si à á¯à¥¤¥«¥­¨ï Xi ÿÿ¯à®å®¤ïâ ç¥à¥§
­¥¯®¤¢¨¦­ãî â®çªã fi.

� ª¨¬ ®¡à §®¬, Si ¯à¨­ ¤«¥¦¨â £¨¯¥àáä¥à¥
à ¤¨ãc  Ri = | 1

ki
|.

�®ª ¦¥¬, çâ® Si ¥áâì ®ªàã¦­®áâì.
�®¯à¨ª á îé ïáï ¯«®áª®áâì πi ª Si ®¯à¥¤¥-

«ï¥âáï ¢¥ªâ®à ¬¨ Xi, t
i = ∂Xi

Xi.
�¬¥¥¬ ¢ á¨«ã (1), (7)

∂Xi
Xi = ∇Xi

Xi + kin = −
∑

s6=i

�siXs + kin.

� â ª ª ª ¢ á¨«ã (1), (10)

∂Xi
ti = −(

∑

s 6=i

�2
si)Xi,

â® πi ¯®áâ®ï­­ .
�«¥¤®¢ â¥«ì­®, Si ¯à¨­ ¤«¥¦¨â £¨¯¥àáä¥à¥

¨ 2-¯«®áª®áâ¨ πi, â.¥. Si { ®ªàã¦­®áâì.

πi(Si) = {Xi,−
∑

s 6=i

�siXs + kin}. (12)

�¥­âà Ci ®ªàã¦­®áâ¨ Si ¨¬¥eâ ¢¨¤

Ci = r + 1
ρ2

i

ti,

ρ2
i =

∑

s 6=i

�2
si + k2

i .
(13)

�¥©áâ¢¨â¥«ì­®, Xiρ = 0, ti⊥Xi.
3. �������������� ������� 2.

�á«¨ ®ªàã¦­®áâì Si ­¥ ¥áâì ­®à¬ «ì­®¥ á¥ç¥-
­¨¥, â® «¨­¨¨ f i

j , j = 1, ..., n, j 6= i à á¯®«®¦¥-
­ë ­  ª®­ãá¥ Ki á ¢¥àè¨­®© fi, ­ ¯à ¢«ïîé¥©
Si. �®ª ¦¥¬, çâ® f i

j { ¯«®áª ï «¨­¨ï. �¬¥¥¬
fj = r + 1

kj
n.

∂ifj = Xi − Xikj

(kj)2 n− ki

kj
Xi =

kj − ki

(kj)2 (kjXi + �ijn).

tij = kjXi + �ijn { ª á â¥«ì­ë© ¢¥ªâ®à ª f i
j .

∂it
i
j = −�ijkjXi − kj

∑

s 6=i

�siXs+

kikjn + (Xi�ij)n.

�á«¨ �ij 6= 0, â®

∂it
i
j = Xi�ij

�ij
tij−

kj((Xi�ij

�ij
+ �ij)Xi − kin +

∑

s6=i

�siXs).

�¡®§­ ç¨¬

T i
j = (Xi�ij

�ij
+ �ij)Xi − kin+

+
∑

s 6=i

�siXs.
(14)

� ª ª ª, ¢ á¨«ã (6), (7), (10), (11),

∂iT
i
j = −(Xi�ij

�ij
+ �ij)T i

j ,

â® á«¥¤ã¥â, çâ® á®¯à¨ª á îé ïáï π(f i
j) ¯«®á-

ª®áâì ª f i
j , ®¯à¥¤¥«ï¥¬ ï ¢¥ªâ®à ¬¨ tij , T

i
j , ¯®-

áâ®ï­­ , â.¥. f i
j , j = 1, ..., n, j 6= i { ª®­¨ç¥áª¨¥

á¥ç¥­¨ï.
�¬¥¥¬

π(f i
j) = {kjXi + �ijn,

(Xi�ij

�ij
+ �ij)Xi − kin +

∑

s 6=i

�siXs}. (15)

�á«¨ �ij = 0, â® ¨§ (6) á«¥¤ã¥â Xikj = 0. � -
ª¨¬ ®¡à §®¬, tij = kjXi, ∂it

i
j = −kj(

∑
s 6=i �siXs−

kin), â.¥. ¯«®áª®áâ¨ π(Si), π(f i
j) ¯ à ««¥«ì­ë,  

f i
j { ®ªàã¦­®áâì.

�á«¨ ®ªàã¦­®áâì Si { ­®à¬ «ì­®¥ á¥ç¥­¨¥,
â® ¨§ (12) á«¥¤ã¥â, çâ® �ji = 0, �si = 0, s =
1, ..., n, s 6= i, j. �á¯®«ì§ãï (9), ¯®«ãç¨¬ Xi�ij =
−�2

ij − kikj .
�¬¥¥¬ ∂it

i
j = −�ijkjXi + kikjn + (Xi�ij)n =

−�ijt
i
j , â.e. «¨­¨¨ f i

j , j = 1, ..., n, j 6= i { ¯àï¬ë¥.
� ¬¥ç ­¨¥. � ª ª ª ª ¦¤®¥ (n − 1)-à á¯à¥-

¤¥«¥­¨¥

δj(m) = (X1, ..., Xj−1, Xj+1, ..., Xn)m,m ∈ M

¨­¢®«îâ¨¢­®¥, â® ¢¤®«ì ¨­â¥£à «ì­®£® ¬­®£®-
®¡à §¨ï à á¯à¥¤¥«¥­¨ï δj(m) â®çª  fj ®¯¨è¥â
(n − 1)-¯®¢¥àå­®áâì. � ª¨¬ ®¡à §®¬, £¨¯¥à-
¯®¢¥àå­®áâì M ï¢«ï¥âáï ®¤­®¢à¥¬¥­­® n à §
®£¨¡ îé¥© á¥¬¥©áâ¢  £¨¯¥àáä¥à, æ¥­âàë ª®â®-
àëå ®¯¨áë¢ îâ n (n− 1)-¯®¢¥àå­®áâ¥© (fj), â.¥.
£¨¯¥à¯®¢¥àå­®áâì M ¥áâì n à § ª ­ «®¢ ï.

4. �������������� ������� 3. � á-
á¬®âà¨¬ ¢¥ªâ®à

T i
j = (Xi�ij

�ij
+ �ij)Xi − kin +

∑

s 6=i

�siXs,

¯ à ««¥«ì­ë© ¯«®áª®áâ¨ π(f i
j) ª®­¨ç¥áª®£® á¥-

ç¥­¨ï f i
j . � ¬¥ç ¥¬, çâ® ®­ ¯ à ««¥«¥­ â ª¦¥

¯«®áª®áâ¨ π(Si) ®á­®¢ ­¨ï ª®­ãá  Ki. � â ª
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ª ª ¤¨à¥ªâà¨á  ª®­¨ç¥áª®£® á¥ç¥­¨ï ¯ à ««¥«ì-
­  ¯àï¬®© ¯¥à¥á¥ç¥­¨ï ¯«®áª®áâ¨ íâ®£® á¥ç¥­¨ï
¨ ¯«®áª®áâ¨ ®á­®¢ ­¨ï ª®­ãá , â® á«¥¤ã¥â, çâ®
T i

j ®¯à¥¤¥«ï¥â ­ ¯à ¢«¥­¨¥ ¤¨à¥ªâà¨áë ªà¨¢®©
f i

j .
�à¥¤áâ ¢¨¬ T i

j ¢ ¢¨¤¥

T i
j = (Xi�ij

�ij
+ �ij)Xi − kin+

∑

s 6=i,j

�siXs + �jiXj .

� á¨«ã (9) ¨¬¥¥¬ < T i
j , T

j
i >= 0, â.¥. ¤¨à¥ª-

âà¨áë ª®­¨ç¥áª¨å á¥ç¥­¨© f i
j , f

j
i , ­¥ ï¢«ïîé¨å-

áï ®ªàã¦­®áâï¬¨ ¨ ¯àï¬ë¬¨, ®àâ®£®­ «ì­ë.
5. �������������� ������� 4. �¡®-

§­ ç¨¬ ç¥à¥§ α ã£®«, ®¡à §®¢ ­­ë© ¯«®áª®áâìî
π(f i

j), á®¤¥à¦ é¥© f i
j , á ¯«®áª®áâìî π(Si) ®á­®-

¢ ­¨ï ª®­ãá  Ki,   ç¥à¥§ β { ã£®«, ®¡à §®¢ ­­ë©
®¡à §ãîé¥© ª®­ãá  n á ¯«®áª®áâìî ®á­®¢ ­¨ï
π(Si).

�¯à¥¤¥«¨¬ íªáæ¥­âà¨á¨â¥â ei
j ¤«ï ª®­¨ç¥á-

ª®£® á¥ç¥­¨ï f i
j [10, á. 227]

ei
j = sin α

sin β
.

� ª ª ª π(Si), π(f i
j) ¯à¨­ ¤«¥¦ â 3-¯à®áâ-

à ­áâ¢ã E3 = {Xi,
∑

s 6=i �siXs, n}, â® ­®à¬ «¨
N i, N i

j ª π(Si), π(f i
j) ¯à¨­ ¤«¥¦ é¨¥ E3, ¨¬¥îâ

¢¨¤
N i = ki

∑

s 6=i

�siXs +
∑

s 6=i

(�2
si)n, (16)

N i
j = −�ij

∑

s 6=i

(�2
si)Xi + kj

∑

s 6=i

(�2
si)n+

(Xi�ij + �2
ij + kikj)

∑

s 6=i

�siXs.
(17)

�¬¥¥¬

sin β = cos(π

2 − β) = < N i, n >

|N i| ,

cos α =
< N i, N i

j >

|N i||N i
j |

,

< N i
j , N

i >= (Xi�ij + �2
ij+

+kikj)ki

∑

s 6=i

�2
si + kj(

∑

s 6=i

�2
si)2,

|N i|2 = k2
i

∑

s 6=i

�2
si + (

∑

s 6=i

�2
si)2,

|N i
j |2 = (�2

ij + k2
j )(

∑

s 6=i

�2
si)2+

(Xi�ij + �2
ij + kikj)2

∑

s 6=i

�2
si.

cos2α =(
(ki(Xi�ij + �2

ij + kikj) + kj

∑

s 6=i

�2
si)2

)/

(
(k2

i +
∑

s 6=i

�2
si)((Xi�ij + �2

ij + kikj)2+

(k2
j + �2

ij)
∑

s 6=i

�2
si)

)
,

sin2 α =( ∑

s 6=i

�2
si((Xi�ij + �2

ij)2 + �2
ij(k2

j +
∑

s 6=i

�2
si))

)/

(
(k2

i +
∑

s 6=i

�2
si)((Xi�ij+�2

ij+kikj)2+(k2
j +�2

ij)
∑

s 6=i

�2
si)

)
,

sin2 β =
∑

s 6=i �2
si

k2
i +

∑
s 6=i �2

si

.

�â ª,

(ei
j)2 =

(
(Xi�ij + �2

ij)2 + �2
ij(k2

j +
∑

s6=i

�2
si)

)/

(
(Xi�ij + �2

ij + kikj)2 + (k2
j + �2

ij)
∑

s 6=i

�2
si

)
.

�á«¨ ª®­ãáë Ki,Kj , i 6= j ¯à¨­ ¤«¥¦ â
3-¯à®áâà ­áâ¢ã E3 = (Xi, Xj , n), â®

�si = 0, �sj = 0, s = 1, ..., n, s 6= i, j.

�á¯®«ì§ãï (10), ¯®«ãç¨¬

ei
j =

√
(Xi�ij + �2

ij)2 + �2
ij(k2

j + �2
ji)

/

√
(Xi�ij + �2

ij + kikj)2 + (k2
j + �2

ij)�2
ji,

ei
j =

√
(Xi�ij + �2

ij)2 + �2
ij(k2

j + �2
ji)

/

√
(Xj�ji + �2

ji)2 + �2
ji(k2

i + �2
ij).

� ª¨¬ ®¡à §®¬, ei
j × ej

i = 1.
� ª ª ª ¢ íâ®¬ á«ãç ¥ ¢¥ªâ®àë

N i
j = −�ij�jiXi + kj�jin+

(Xi�ij + �2
ij + kikj)Xj ,

N j
i = −�ji�ijXj + ki�ijn+
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(Xj�ji + �2
ji + kjki)Xi

¢ á¨«ã (10) ®àâ®£®­ «ì­ë, â® ¯«®áª®áâ¨
π(f i

j), π(f j
i ) ª®­¨ç¥áª¨å á¥ç¥­¨© f i

j , f
j
i ¯¥à¥á¥-

ª îâáï ¯® ¯àï¬®© ®àâ®£®­ «ì­®.
6. �������������� ������� 5.

�á«¨ ªà¨¢ ï f i
j ­¥ ®ªàã¦­®áâì, â® �ij 6= 0. � á-

á¬®âà¨¬ ¢¥ªâ®à T i
j = (Xi�ij

�ij
+ �ij)Xi − kin +∑

s 6=i �siXs, ¯ à ««¥«ì­ë© ¯«®áª®áâ¨ ®ªàã¦-
­®áâ¨ Si ¨ ¯ à ««¥«ì­ë© ¤¨à¥ªâà¨á¥ ªà¨¢®© f i

j .
�¬¥¥¬, ¨á¯®«ì§ãï (6), (7), (10)

∂Xj T
i
j = XjXi�ij

�ij
Xi+

(Xi�ij

�ij
+ �ij)�ijXj+

∑

s 6=i,j

(Xj�si)Xs + (Xj�ji)Xj+

∑

s 6=i,j

�si�sjXj + �ji(−
∑

s 6=j

�sjXs + kjn)−

�ji(kj − ki)n + kikjXj .

� ª ª ª

XjXi�ij = XiXj�ij +∇Xj Xi�ij−

∇Xi
Xj�ij = −�jiXi�ij ,

â® ¢ á¨«ã (8), (11) ¯®«ãç¨¬

∂Xj
T i

j = −�jiT
i
j .

� áá¬®âà¨¬ â®çªã

P = r − 1
�ij

Xi,

¯à¨­ ¤«¥¦ éãî π(Si).
�¬¥¥¬, ¨á¯®«ì§ãï (1), (6), (10)

∂�j P = Xj − 1
�ij

(∇Xj Xi + γ(XiXj)n) = 0.

� ª¨¬ ®¡à §®¬, ¯à¨ �ij 6= 0 ¯«®áª®áâ¨ π(Si)
¢¤®«ì j-â®© «¨­¨¨ ªà¨¢¨§­ë ¨¬¥îâ ®¡éãî ¯àï-
¬ãî

di
j = {P, (Xi�ij

�ij
+ �ij)Xi − kin +

∑

s 6=i

�siXs},

ª®â®à ï ¯ à ««¥«ì­  ¤¨à¥ªâà¨áe ªo­¨ç¥áª®£®
á¥ç¥­¨ï f i

j .
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