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� à ¡®â¥ ¯®«ãç¥­® ­¥ª®â®à®¥ ®¯¨á ­¨¥ ¢¨¤ 
â®¦¤¥áâ¢ ª®«ìæ  ¬ âà¨æ ¢â®à®£® ¯®àï¤ª  ­ ¤
ª®«ìæ®¬ � «ã .

�«îç¥¢ë¥ á«®¢ : ª®«ìæ  á â®¦¤¥áâ¢ ¬¨,
¬­®£®®¡à §¨ï ª®«¥æ, ¬ âà¨æë ­ ¤ ª®­¥ç­ë¬¨
ª®«ìæ ¬¨, ª®«ìæ  � «ã .

In this paper we obtain a certain description
for identities of the second order matrix ring over
a Galois ring.

Key words: rings with identities, varieties of
rings, matrices over �nite rings, Galois rings.

� à ¡®â¥ [1] ­ ©¤¥­ ¡ §¨á â®¦¤¥áâ¢ ª®«ìæ 
¬ âà¨æ ¢â®à®£® ¯®àï¤ª  ­ ¤ ª®«ìæ®¬ � «ã  å -
à ªâ¥à¨áâ¨ª¨ p2. � ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã-
¥âáï áâà®¥­¨¥ â®¦¤¥áâ¢ ª®«ìæ  ¬ âà¨æ ¢â®à®£®
¯®àï¤ª  ­ ¤ ª®«ìæ®¬ � «ã  å à ªâ¥à¨áâ¨ª¨ pn

¯à¨ ¯à®¨§¢®«ì­®¬ ­ âãà «ì­®¬ n ≥ 3.
�¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¡®§­ ç¥­¨ï. �®«®-

¦¨¬ R
(m,n)
p = M2(GR(pm, n)) { ª®«ìæ® ¬ -

âà¨æ ¢â®à®£® ¯®àï¤ª  ­ ¤ ª®«ìæ®¬ � «ã , An
p =

M2(GF (pn)) { ª®«ìæ® ¬ âà¨æ ¢â®à®£® ¯®àï¤ª 
­ ¤ ª®­¥ç­ë¬ ¯®«¥¬. �ãáâì, ¤ «¥¥, ¬­®£®®¡à -
§¨¥ A(m,n)

p = var R
(m,n)
p ¨ N (m,n)

p { ­¨«ì¯®â¥­â-
­®¥ ¯®¤¬­®£®®¡à §¨¥ A(m,n)

p .
� ª ®¡ëç­®, T (R) { ¨¤¥ « â®¦¤¥áâ¢ ª®«ì-

æ  R, J(R) { à ¤¨ª « �¦¥ª®¡á®­  ª®«ìæ  R,
LR(S) { «¨­¥©­ ï ®¡®«®çª  ¬­®¦¥áâ¢  S ­ ¤
ª®«ìæ®¬ R.

�â¢¥à¦¤¥­¨¥ 1. �­¤¥ªá ­¨«ì¯®â¥­â­®-
áâ¨ ¬­®£®®¡à §¨ï N (m,n)

p à ¢¥­ 2m.
�®ª § â¥«ìáâ¢®. � à ¡®â¥ [2] ¯®ª § ­®, çâ®

¬­®£®ç«¥­

f1(x, y) = (x−xq2)(y−yq2)(1−[x, y]q−1) ∈ T (An
p ),

q = pn.
�âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡ëå í«¥¬¥­â®¢

a, b ∈ R
(m,n)
p f1(a, b) ∈ J(R(m,n)

p ). � ª ª ª
J(R(m,n)

p )m = 0, â®
∏m

i=1 f1(ai, bi) = 0 ¤«ï «î-
¡ëå í«¥¬¥­â®¢ ai, bi ∈ R

(m,n)
p (i = 1,m). �«¥¤®-

¢ â¥«ì­®,

g(�x, �y) =
m∏

i=1
f1(xi, yi) ∈ T (R(m,n)

p ).

�­®£®ç«¥­ g ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

g(�x, �y) = x1y1x2y2 . . . xmym + h(�x, �y),

£¤¥ h { áã¬¬  ®¤­®ç«¥­®¢ áâ¥¯¥­¨ ≥ 2m + 1.

�®íâ®¬ã ¤«ï «î¡®£® ª®«ìæ  K ∈ N (m,n)
p ¢ë-

¯®«­ï¥âáï à ¢¥­áâ¢® K2m = (0).
�®ª ¦¥¬, çâ® x1 . . . x2m−1 6∈ T (N (m,n)

p ).
�ãáâì í«¥¬¥­â a = e12 + pe21 ∈ R

(m,n)
p . �®£¤ 

a2 = pe,

a2m−1 = a2(m−1) · a = (pe)m−1 · a =

= pm−1(e12 + pe21) = pm−1e12 6= 0

¨
a2m = (pe)m = pme = 0.

� ª¨¬ ®¡à §®¬, ª®«ìæ® K = 〈a〉 ∈ N (m,n)
p ¨

x1 . . . x2m−1 6∈ T (K).
�â¢¥à¦¤¥­¨¥ 2. �ãáâì F { á¢®¡®¤­®¥

ª®«ìæ® ¬­®£®®¡à §¨ï N (m,n)
p . �®£¤  å à ªâ¥à¨-

áâ¨ª  ª®«ìæ  F t ¯à¨ t = 1, 2m− 1 à ¢­  pm−[ t
2 ].

�®ª § â¥«ìáâ¢®. �­ «®£¨ç­® ãâ¢¥à¦¤¥-
­¨î 1, f1(a, b) ∈ J(R(m,n)

p ) ¤«ï «î¡ëå í«¥¬¥­â®¢
a, b ∈ R

(m,n)
p . �«¥¤®¢ â¥«ì­®,

g(�x, �y) = pm−k
k∏

i=1
f1(xi, yi) ∈ T (R(m,n)

p )

¤«ï «î¡®£® k = 1,m− 1. �­®£®ç«¥­ g ¯¥à¥¯¨-
è¥¬ ¢ ¢¨¤¥

g(�x, �y) = pm−kx1y1 . . . xkyk + pm−kh(�x, �y),

£¤¥ h { áã¬¬  ®¤­®ç«¥­®¢ áâ¥¯¥­¨ ≥ 2k+1. �®£¤ 

g1(�x, �y) =

= pm−kx1y1 . . . xkyk + pm−kh1(�x, �y) ∈ T (R(m,n)
p )

¤«ï ­¥ª®â®à®£® ¬­®£®ç«¥­  h1, ï¢«ïîé¥£®áï
áã¬¬®© ®¤­®ç«¥­®¢ áâ¥¯¥­¨ ≥ 2m.
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�®íâ®¬ã pm−kx1y1 . . . xkyk ∈ T (N (m,n)
p ) ¨

pm−kx1y1 . . . xkykxk+1 ∈ T (N (m,n)
p ). �® ¥áâì

pm−[ t
2 ]x1 . . . xt ∈ T (N (m,n)

p ).

�®ª ¦¥¬, çâ® pm−[ t
2 ]−1x1 . . . xt 6∈ T (N (m,n)

p ).
�ãáâì í«¥¬¥­â a = e12 + pe21 ∈ R

(m,n)
p . �®£¤ 

at = a2·[ t
2 ] · at−2·[ t

2 ] = p[ t
2 ]e · at−2·[ t

2 ].

�«¥¤®¢ â¥«ì­®, ¥á«¨ t ≡ 0 (mod 2), â®

pm−[ t
2 ]−1at = pm−[ t

2 ]−1 · p[ t
2 ]e = pm−1e 6= 0,

  ¥á«¨ t ≡ 1 (mod 2), â®

pm−[ t
2 ]−1at = pm−[ t

2 ]−1 · p[ t
2 ]a =

= pm−1a = pm−1e12 6= 0.

�«¥¤®¢ â¥«ì­®, ª®«ìæ® K = 〈a〉 ∈ N (m,n)
p ¨

pm−[ t
2 ]−1x1 . . . xt 6∈ T (K).

�¥¬¬  1. �ãáâì (0) 6= K { ­¨«ì¯®â¥­â­®¥
¯®¤ª®«ìæ® ¢ An

p . �®£¤  K ≤ LGF (q)(a), £¤¥ a {

®¤¨­ ¨§ á«¥¤ãîé¨å í«¥¬¥­â®¢:
(

1 β
−β−1 −1

)

(β ∈ GF (q)), e12, e21.
�®ª § â¥«ìáâ¢®. � á¨«ã â®¦¤¥áâ¢ 

f1(x, y) = 0 ª®«ìæ  An
p , K2 = (0). �ãáâì

0 6= a1, a2 ∈ K. �®£¤  a2
1 = a2

2 = 0. �®íâ®¬ã
tr ai = det ai = 0 (i = 1, 2). �«¥¤®¢ â¥«ì­®, í«¥-
¬¥­â ai (i = 1, 2) ¨¬¥¥â ®¤¨­ ¨§ ¢¨¤®¢: αie12,
αie21 ¨«¨ αi ·

(
1 βi

−β−1
i −1

)
(αi, βi ∈ GF (q)).

� ª ª ª a1a2 = 0, â® í«¥¬¥­âë a1 ¨ a2 ¨¬¥îâ
®¤¨­ ª®¢ë© ¢¨¤. �à¥¤¯®«®¦¨¬, çâ®

ai = αi

(
1 βi

−β−1
i −1

)
(i = 1, 2).

�®£¤ 

a1a2 = α1α2·(β2−β1)
(

β−1
2 1

−(β1β2)−1 −β−1
1

)
= 0.

�®íâ®¬ã β1 = β2 ¨ a2 ∈ LGF (q)(a1). �¥¬¬ 
¤®ª § ­ .

�ãáâì Bt { ¯®¤¬­®¦¥áâ¢® á¢®¡®¤­®£® ª®«ìæ 
Zpm [x1, . . . , xt], á®áâ®ïé¥¥ ¨§ í«¥¬¥­â®¢ ¢¨¤ 

xα(1) . . . xα(t) − xβ(1) . . . xβ(t) (α, β ∈ St)

â ª¨å, çâ®

{α(i) | 1 ≤ i ≤ t, i ≡ 1(mod 2)} =

= {β(i) | 1 ≤ i ≤ t, i ≡ 1(mod 2)}.

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï
�¥®à¥¬  1. B2m−1 ⊂ T (N (m,n)

p ).
�®ª § â¥«ìáâ¢®. �ãáâì í«¥¬¥­âë

a1, . . . , a2m−1 ∈ R
(m,n)
p ¨ ª®«ìæ® K =

〈a1, . . . , a2m−1〉 ∈ N (m,n)
p . � ¯®¬­¨¬, çâ®

R
(m,n)
p = R(m,n)

p /J(R(m,n)
p ) ∼= An

p

¨ �a { ®¡à § í«¥¬¥­â  a ∈ R
(m,n)
p ¯à¨ ¥áâ¥áâ¢¥­­®¬

£®¬®¬®àä¨§¬¥ R
(m,n)
p → R

(m,n)
p . � ª ª ª ª®«ìæ®

K ­¨«ì¯®â¥­â­®, â® K { ­¨«ì¯®â¥­â­®¥ ¯®¤ª®«ì-
æ® ¢ R

(m,n)
p .

�á«¨ K = (0), â® K ⊆ J(R(m,n)
p ) ¨ Km = 0.

�®íâ®¬ã B2m−1 ⊂ T (K).
�ãáâì K 6= (0). �®£¤ , ¢ á¨«ã «¥¬¬ë 1,

K ≤ LGF (q)(�a) ¤«ï ­¥ª®â®à®£® í«¥¬¥­â  a ∈
R

(m,n)
p .

�à¥¤¯®«®¦¨¬, çâ® K ≤ LGF (q)(e12) (á«ãç ©,
ª®£¤  �K ≤ LGF (q)(e21), à áá¬ âà¨¢ ¥âáï  ­ «®-
£¨ç­®). �®£¤  ¬®¦­® áç¨â âì, çâ®

ai =
(

pαi
11 βi + pαi

12
pαi

21 pαi
22

)
,

£¤¥ αi
ke, βi ∈ GR(pm, n) (i = 1, 2m− 1). �­¤ãª-

æ¨¥© ¯® m ¯®ª ¦¥¬, çâ®

a1 . . . a2m−1 =

=
(

0 pm−1β1α2
21β3α4

21 . . . β2m−3α
2m−2
21 β2m−1

0 0

)
.

�àï¬ë¬ ¢ëç¨á«¥­¨¥¬ ¬®¦­® ¯®ª § âì, çâ®
a1a2a3 =

(
0 pβ1α2

21β3
0 0

)
. �à¥¤¯®«®¦¨¬, çâ®

âà¥¡ã¥¬®¥ à ¢¥­áâ¢® ¢ë¯®«­¥­® ¯à¨ m = k.
�à®¢¥à¨¬ ¥£® ¨áâ¨­­®áâì ¯à¨ m = k + 1. � -
¬¥â¨¬, çâ®

a1a2 . . . a2k−1 =

=
(

0 pk−1β1α2
21 . . . α2k−1

21 β2k−1
0 0

)
+ pkb

¤«ï ­¥ª®â®à®£® b ∈ R
(k+1,n)
p . �à®¬¥ â®£®,

a2ka2k+1 ∈ J(R(k+1,n)
p ). �®£¤ 

a1a2 . . . a2k−1a2ka2k+1 =

=
(

0 pk−1β1α2
21 . . . α2k−1

21 β2k−1
0 0

)
·a2k ·a2k+1 =

=
(

0 pk−1β1α2
21 . . . α2k−1

21 β2k−1
0 0

)
·

·
(

pα2k
11 β2k + pα2k

12
pα2k

21 pα2k
22

)
· a2k+1 =
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=
(

0 pkβ1α2
21 . . . α2k−1

21 β2k−1α2k
21β2k+1

0 0

)
.

� ª¨¬ ®¡à §®¬, âà¥¡ã¥¬®¥ à ¢¥­áâ¢® ¢ë¯®«-
­ï¥âáï ¤«ï ¢á¥å m ≥ 2. �à¨ç¥¬ ¯à®¨§¢¥¤¥-
­¨¥ í«¥¬¥­â®¢ a1, . . . , a2m−1 ­¥ ¨§¬¥­ï¥âáï ¯à¨
¯¥à¥áâ ­®¢ª¥ á®¬­®¦¨â¥«¥©, ¨¬¥îé¨å ®¤¨­ ª®-
¢ãî ç¥â­®áâì ¨­¤¥ªá . �«¥¤®¢ â¥«ì­®, B2m−1 ⊂
T (K).

�ãáâì K ≤ LGF (q)(�a), £¤¥ a =(
1 β

−β−1 −1

)
(β ∈ GR(pm, n)). �®£¤  ¬®¦­®

áç¨â âì, çâ® ai = αia + pbi, £¤¥ αi ∈ GR(pm, n),
bi ∈ R

(m,n)
p . � ¬¥â¨¬, çâ® a2 = 0 ¨ pmR

(m,n)
p =

(0). �®íâ®¬ã

a1 . . . a2m−1 =

=
2m−1∏

i=1
(αia + pbi) =

= α1a · pb2 · α3a · pb4 . . . pb2m−2 · α2m−1a =

=
m∏

i=1
α2i−1 · pm−1 · ab2ab4 . . . ab2m−2a.

�ãáâì bi = (γi
kj) (γi

kj ∈ GR(pm, n)). �®£¤ 

abi =
(

δi εi

−δi/β −εi/β

)
,

£¤¥ δi = γi
11 + βγi

21, εi = γi
12 + βγi

22.
�® ¨­¤ãªæ¨¨ «¥£ª® ¯®ª § âì, çâ®

ab2ab4 . . . ab2m−2a =
m−1∏

i=1
(δ2i − (ε2i/β)) · a.

�® ¥áâì

a1 . . . a2m−1 =
m∏

i=1
α2i−1·pm−1·

m−1∏

i=1
(δ2i−(ε2i/β))·a.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¯à®¨§¢¥¤¥­¨¥
í«¥¬¥­â®¢ a1, . . . , a2m−1 ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¯¥à¥-
áâ ­®¢ª¥ á®¬­®¦¨â¥«¥©, ¨¬¥îé¨å ®¤¨­ ª®¢ãî
ç¥â­®áâì ¨­¤¥ªá . �«¥¤®¢ â¥«ì­®, B2m−1 ⊂
T (K).

� ª¨¬ ®¡à §®¬, B2m−1 ⊂ T (K) ¤«ï «î¡®£®
­¨«ì¯®â¥­â­®£® ª®«ìæ  K ≤ R

(m,n)
p . � ª ª ª

¬­®£®®¡à §¨¥ N (m,n)
p ¯®à®¦¤ ¥âáï ­¨«ì¯®â¥­â-

­ë¬¨ ¯®¤ª®«ìæ ¬¨ ª®«ìæ  R
(m,n)
p , â® B2m−1 ⊂

T (N (m,n)
p ).

�¥¬¬  2. �ãáâì ¯®«¨«¨­¥©­ë© ¬­®-
£®ç«¥­ f(x1, . . . , x2m−1) ∈ T (N (m,n)

p ). �®£¤ 
f ∈ LZpm (B2m−1) + pLZpm (xσ(1) . . . xσ(2m−1)|σ ∈
S2m−1).

�®ª § â¥«ìáâ¢®. �ãáâì f(x1, . . . , x2m−1) =∑
σ∈S2m−1

ασxσ(1) . . . xσ(2m−1). �¯à¥¤¥«¨¬ ®â­®-
è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ ­  ¬­®¦¥áâ¢¥ ¯®¤áâ ­®-
¢®ª St (3 ≤ t ≤ 2m − 1), ¯®«®¦¨¢ α ∼ β
(α, β ∈ St), ¥á«¨ ¬­®£®ç«¥­

xα(1) . . . xt − xβ(1) . . . xβ(t) ∈ Bt.

�¡®§­ ç¨¬ ç¥à¥§ Mt ­¥ª®â®à®¥ ¬­®¦¥áâ¢® ¯à¥¤-
áâ ¢¨â¥«¥© ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨, á®¤¥à¦ -
é¥¥ â®¦¤¥áâ¢¥­­ãî ¯®¤áâ ­®¢ªã e. �®£¤  ¬­®-
£®ç«¥­ f ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

f(x1, . . . , x2m−1) =

= g(x1, . . . , x2m−1)+
∑

σ∈M2m−1

βσxσ(1) . . . xσ(2m−1),

£¤¥ g ∈ LZpm (B2m−1), βσ ∈ Zpm .
� ¬¥â¨¬, çâ® g ∈ T (N (m,n)

p ). �®£¤ 

h(x1, . . . , x2m−1) =
∑

σ∈M2m−1

βσxσ(1) . . . xσ(2m−1) ∈ T (N (m,n)
p ).

�ãáâì ai =
(

pαi
11 βi + pαi

12
pαi

21 pαi
22

)
, £¤¥

αi
ke, βi ∈ GR(pm, n) (i = 1, 2m− 1).

� ª ¨ ¢ â¥®à¥¬¥ 1, ª®«ìæ® K =
〈a1, . . . , a2m−1〉 ∈ N (m,n)

p . �«¥¤®¢ â¥«ì­®,

h(a1, . . . , a2m−1) =
∑

σ∈M2m−1

βσaσ(1) . . . aσ(1) = 0.

�®«®¦¨¬ α2i
21 = 1 (i = 1,m− 1), α2i−1

21 = 0
(i = 1,m), βi = 1 (i = 1, 2m− 1). �®£¤ 

a1 . . . a2m−1 = pm−1e12

¨
aσ(1) . . . aσ(2m−1) = 0

¯à¨ σ 6= e. �®íâ®¬ã

0 = h(a1, . . . , a2m−1) = βep
m−1e12.

� ª¨¬ ®¡à §®¬, βe ≡ 0 (mod p). �­ «®£¨ç­®
¯®«ãç ¥¬, çâ® βσ ≡ 0 (mod p) ¤«ï «î¡®© ¯®¤áâ -
­®¢ª¨ σ ∈ M2m−1.

�¥®à¥¬  2. �ãáâì ¯®«¨«¨­¥©­ë© ¬­®£®ç«¥­
f(x1, . . . , xt) ∈ T (N (m,n)

p ) (3 ≤ t ≤ 2m−1). �®£¤ 
f ∈ LZpm (Bt) + pLZpm (xσ(1) . . . xσ(t)|σ ∈ St).

�®ª § â¥«ìáâ¢®. � ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥
«¥¬¬ë 2, ¬­®£®ç«¥­ f ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

f(x1, . . . , xt) = g(x1, . . . , xt)+
∑

σ∈Mt

βσxσ(1) . . . xσ(t),

£¤¥ g ∈ LZpm (Bt).
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� «¥¥ ¬­®£®ç«¥­

h = f · xt+1 . . . x2m−1 ∈ T (N (m,n)
p ).

�®£¤  ¬­®£®ç«¥­

r(x1, . . . , xt) =

=
∑

σ∈Mt

βσxσ(1) . . . xσ(t)xt+1 . . . x2m−1 ∈ T (N (m,n)
p ).

� á¨«ã «¥¬¬ë 2, βσ ≡ 0 (mod p) ¤«ï «î¡®£®
σ ∈ Mt.

�§ â¥®à¥¬ë 2 ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â
�«¥¤áâ¢¨¥ 1. �ãáâì ¬­®£®ç«¥­

f(x1, . . . , xt) ∈ T (A(m,n)
p ) (3 ≤ t ≤ 2m − 1) ¯à¥¤-

áâ ¢¨¬ ¢ ¢¨¤¥

f(x1, . . . , xt) = g(x1, . . . , xt) + h(x1, . . . , xt),

£¤¥ g { ¯®«¨«¨­¥©­ë© ¬­®£®ç«¥­;   h { áã¬¬ 
®¤­®ç«¥­®¢ áâ¥¯¥­¨ ≥ 2m. �®£¤  g ∈ LZpm (Bt)
+ pLZpm (xσ(1) . . . xσ(t)|σ ∈ St).
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