
���������� � ��������

��� 514.765

�.�. �ì¢®¢ 
� á«ãç ©ëå ¥ç¥âª¨å ®â®è¥¨ïå
íª¢¨¢ «¥â®áâ¨ ¨ â®«¥à â®áâ¨

M.A. Lvova
About Equivalence and Tolerance Stochastic
Fuzzy Relations

� áâ âì¥ à áá¬ âà¨¢ îâáï ¥ç¥âª¨¥ ®â-
®è¥¨ï â®«¥à â®áâ¨, ¨å âà §¨â¨¢®¥
§ ¬ëª ¨¥, ¢¥à®ïâ®áâë¥ á¢®©áâ¢  âà §¨â¨¢-
®£® § ¬ëª ¨ï.
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The paper considers fuzzy tolerance relations,
their transitive closure and probability properties
of transitive closure.
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�à¨ á®æ¨®«®£¨ç¥áª¨å ¨«¨ íª®®¬¨ç¥áª¨å ¨á-
á«¥¤®¢ ¨ïå ç áâ® ¢®§¨ª ¥â § ¤ ç  ª« áá¨ä¨-
ª æ¨¨ ®¡ê¥ªâ®¢. �  áâ®ïé¥¥ ¢à¥¬ï ¢ ¯®¤®¡ëå
§ ¤ ç å ãá¯¥è® ¨á¯®«ì§ãîâáï ¬¥â®¤ë ¨ ¯®ï-
â¨ï ¥ç¥âª®© â¥®à¨¨ ¬®¦¥áâ¢ [1, 2]. �¤® ¨§
ª«îç¥¢ëå ¯®ïâ¨© â¥®à¨¨ ¥ç¥âª¨å ¬®¦¥áâ¢
{ ¥ç¥âª®¥ ®â®è¥¨¥ â®«¥à â®áâ¨. � ¤ -
®© à ¡®â¥ ®¡áã¦¤ îâáï ¯à®¡«¥¬ë, á¢ï§ ë¥
á âà §¨â¨¢ë¬ § ¬ëª ¨¥¬ ¥ç¥âª®£® ®â®è¥-
¨ï â®«¥à â®áâ¨, ¨ ¢®§¨ª îé¨å áâ â¨áâ¨ç¥-
áª¨å § ª®®¬¥à®áâ¥©.

�¯à¥¤¥«¥¨¥ 1. �¥ç¥âª¨¬ â®«¥à âë¬
®â®è¥¨¥¬   X  §ë¢ ¥âáï äãªæ¨ï θ : X ×
X → [0, 1], ®¡« ¤ îé ï á¢®©áâ¢ ¬¨:

1. θ(x, y) = θ(y, x);
2. x = y =⇒ θ(x, y) = 1.

�¥«¨ç¨  θ(x, y) ¨â¥à¯à¥â¨àã¥âáï ª ª ¬¥à 
áå®¤áâ¢  ®¡ê¥ªâ®¢ x, y ∈ X, ¢¥«¨ç¨  r(x, y) =
1− θ(x, y) { á®®â¢¥âáâ¢¥® ª ª ¬¥à  ¥áå®¤áâ¢ 
®¡ê¥ªâ®¢.

�¯à¥¤¥«¥¨¥ 2. �¥ç¥âª®¥ â®«¥à â®¥ ®â-
®è¥¨¥   X  §ë¢ ¥âáï ¥ç¥âª¨¬ ®â®è¥¨¥¬
íª¢¨¢ «¥â®áâ¨, ¥á«¨ ¤®¯®«¨â¥«ì® ¢ë¯®«ï-
¥âáï  ªá¨®¬  âà §¨â¨¢®áâ¨:

3. θ(x, y) ≥ min {θ(x, y), θ(y, z)} ∀x, y, z ∈ X.
�¯à¥¤¥«¥¨¥ 3. �à §¨â¨¢ë¬ § ¬ëª -

¨¥¬ ¥ç¥âª®£® ®â®è¥¨ï â®«¥à â®áâ¨ θ  
¬®¦¥áâ¢¥ X  §ë¢ ¥âáï  ¨¬¥ìè¥¥ ¥ç¥âª®¥
®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ θ â ª®¥, çâ® θ ⊇ θ,
â.¥.

1. θ (x, y) ≥ θ (x, y) ∀x, y ∈ X;

2. θ { ¥ç¥âª®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨;
3. ¥á«¨ θ1(x, y) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ 1 ¨ 2, â®

θ1(x, y) ≥ θ(x, y) ∀x, y ∈ X.
�«ï ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  X ¨¬¥¥âáï

áâ ¤ àâ ï ¯à®æ¥¤ãà  ¯®áâà®¥¨ï âà §¨â¨¢-
®£® § ¬ëª ¨ï, ¨¬¥®:

θ = θ ∪ θ2 ∪ θ3 ∪ . . . ,

£¤¥ ®â®è¥¨¥ θk = θ ◦ . . . ◦ θ ¯®«ãç¥® ¨§ ®â®-
è¥¨ï θ k{ªà â®© max min ª®¬¯®§¨æ¨¥©. �®¬-
¯®§¨æ¨ï max min ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©:

θ1 ◦ θ2 (x, y) = max
z

min {θ1 (x, z) , θ2 (z, y)} .

�¥®à¥¬  1. �á«¨ θ { ¥ç¥âª®¥ â®«¥à â®¥
®â®è¥¨¥   ª®¥ç®¬ ¬®¦¥áâ¢¥ X, á®¤¥à¦ -
é¥¬ N í«¥¬¥â®¢, â®

1. θ = θN−1;
2. äãªæ¨ï θ : X × X → [0, 1] ¯à¨¨¬ ¥â

¥ ¡®«¥¥ N − 1 à §«¨çëå § ç¥¨©, ®â-
«¨çëå ®â 1, íâ® ç¨á«® ®¡®§ ç ¥âáï q

(
θ
)
,

q
(
θ
) ≤ N − 1.

�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ å®-
à®è® ¨§¢¥áâ®. �®ª ¦¥¬ ¢â®à®¥.

�®ª ¦¥¬, çâ® ¤«ï «î¡ëå x, y, z ∈ X å®âï ¡ë
¤¢  § ç¥¨ï äãªæ¨¨ ¯à¨ ¤«¥¦®áâ¨ θ ¥ç¥â-
ª®© íª¢¨¢ «¥â®áâ¨ θ ¨§ âà¥å § ç¥¨© θ (x, y),
θ (y, z), θ (z, x) á®¢¯ ¤ îâ.

�ãáâì, ¤«ï ®¯à¥¤¥«¥®áâ¨

θ (x, y) ≥ θ (y, z) ≥ θ (z, x) .

∗� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ���� (£à â ü08-01-98001),   â ª¦¥ ��� ý� ãçë¥
¨  ãç®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨®¢ æ¨®®© �®áá¨¨þ   2009{2013 ££. (£®á. ü02.740.11.0457).
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� á«ãç ©ëå ¥ç¥âª¨å ®â®è¥¨ïå . . .

� ª ª ª θ ï¢«ï¥âáï ¥ç¥âª¨¬ ®â®è¥¨¥¬
íª¢¨¢ «¥â®áâ¨, â® ®® ã¤®¢«¥â¢®àï¥â á¢®©-
áâ¢ ¬ á¨¬¬¥âà¨ç®áâ¨ ¨ âà §¨â¨¢®áâ¨, ¨ ¯®-
íâ®¬ã ¨¬¥¥¬:

1. θ (z, x) = θ (x, z);
2. θ (x, z) ≥ min (θ (x, y) , θ (y, z)).
�®£« á® ¤®¯ãé¥¨î θ (y, z) ≤ θ (x, y). �®-

íâ®¬ã min (θ (x, y) , θ (y, z)) = θ (y, z). �§ ãá«®-
¢¨© 1, 2 ¯®«ãç ¥¬ θ (z, x) ≥ θ (y, z). � ¤àã-
£®© áâ®à®ë, ¨¬¥¥¬ θ (z, x) ≤ θ (y, z) . � ç¨â,
θ (z, x) = θ (y, z).

�«¥¤®¢ â¥«ì®, ¯à¨ N = 3 ãâ¢¥à¦¤¥¨¥ â¥®-
à¥¬ë ¢¥à®. �ãáâì â¥®à¥¬  ¢¥à  ¤«ï ¢á¥å
N ≤ K. �®ª ¦¥¬, çâ® â®£¤  ®  ¢¥à  ¨ ¤«ï
N = K + 1.

�ë¡¥à¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â x0 ∈ X ¨
à áá¬®âà¨¬ áã¦¥¨¥ R0 ¥ç¥âª®© íª¢¨¢ «¥â-
®áâ¨ R á ®¡« áâìî ®¯à¥¤¥«¥¨ï (X\{x0}) ×
(X\{x0}). �¨á«® à §«¨çëå, ®â«¨çëå ®â 1,
§ ç¥¨© äãªæ¨¨ ¯à¨ ¤«¥¦®áâ¨ µR0 ¥ ¡®«ì-
è¥ K − 1 (¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨). �ãáâì
áãé¥áâ¢ã¥â x1 ∈ (X\{x0}) â ª®©, çâ® θ (x0, x1)
¥ à ¢® ¨ª ª®¬ã ¨§ íâ¨å K − 1 § ç¥¨©. �®-
£¤ , ¯® «¥¬¬¥, ¤«ï «î¡®£® y ∈ (X\{x0}) ¨«¨
θ (x0, y) = θ (x0, x1), ¨«¨ θ (x0, y) = θ (y, x1). �«¥-
¤®¢ â¥«ì®, ç¨á«® à §«¨çëå, ®â«¨çëå ®â 1,
§ ç¥¨© äãªæ¨¨ ¯à¨ ¤«¥¦®áâ¨ θ ¥ ¡®«ì-
è¥ K. �¥®à¥¬  1 ¤®ª §  .

�ãáâì θ (mi, mj) { ¥ç¥âª®¥ ®â®è¥¨¥ íª¢¨-
¢ «¥â®áâ¨, § ¤ ®¥   3-í«¥¬¥â®¬ ¬®¦¥-
áâ¢¥ M = {m1, m2, m3}. �à¨ íâ®¬ θ (m1, m2) =
η1, θ (m1, m3) = η2, θ (m2, m3) = η3 { á«ãç ©-
ë¥ ¢¥«¨ç¨ë á á®¢¬¥áâ®© äãªæ¨¥© à á¯à¥¤¥-
«¥¨ï Gη1,η2,η3 (x, y, z), ¯à¨¨¬ îé¨¥ § ç¥¨ï
  ®âà¥§ª¥ [0, 1].

�¡®§ ç¨¬ ç¥à¥§ Gη1, η2(x, y) á®¢¬¥áâãî
äãªæ¨î à á¯à¥¤¥«¥¨ï á«ãç ©ëå ¢¥«¨-
ç¨ η1, η2; Gη1, η3(x, z) { á®¢¬¥áâãî äãª-
æ¨î à á¯à¥¤¥«¥¨ï á«ãç ©ëå ¢¥«¨ç¨ η1, η3;
Gη2,η3(y, z) { á®¢¬¥áâãî äãªæ¨î à á¯à¥¤¥«¥-
¨ï á«ãç ©ëå ¢¥«¨ç¨ η2, η3; Gη1(x) { äãªæ¨ï
à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë η1; Gη2(y)
{ äãªæ¨ï à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë
η2; Gη3(z) { äãªæ¨ï à á¯à¥¤¥«¥¨ï á«ãç ©®©
¢¥«¨ç¨ë η3.

�¥®à¥¬  2. �¯à ¢¥¤«¨¢® á®®â®è¥¨¥:

Gη1, η2, η3(x, y, z) =

=





Gη1,η2(x, y) + Gη1, η3(x, z)−Gη1(x), x ≤ y, z,

Gη1, η2(x, y) + Gη2,η3(y, z)−Gη2(y), y ≤ z, x,

Gη1, η3(x, z) + Gη2,η3(y, z)−Gη3(z), z ≤ y, x.

�®ª § â¥«ìáâ¢®. � á¨«ã âà §¨â¨¢®áâ¨
á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ ; η2 ≥ min (η1, η3), η3 ≥
min (η1, η2). � áá¬®âà¨¬ âà¨ á«ãç ï.

I. �à¨ x ≤ y, x ≤ z. �®¡ëâ¨¥ (η1 < x) ⊆
(min (η2, η3) < x), â ª ª ª ¯® ®¯à¥¤¥«¥¨î ¥-
ç¥âª®£® ®â®è¥¨ï η1 ≥ min (η2, η3) (âà §¨â¨¢-
®áâì). � á¢®î ®ç¥à¥¤ì

(min (η2, η3) < x) = (η2 < x) ∪ (η3 < x).

� ª ª ª x ≤ y, x ≤ z,

(η2 < x) ∪ (η3 < x) ⊆ (η2 < y) ∪ (η3 < z).

� ª¨¬ ®¡à §®¬,

(η1 < x) ⊂ (η2 < y) ∪ (η3 < z),

á«¥¤®¢ â¥«ì®, á®¡ëâ¨ï

((η1 < x) ∪ (η2 < y) ∪ (η3 < z))

¨ (η2 < y)∪(η3 < z) á®¢¯ ¤ îâ, ¨ ¨å ¢¥à®ïâ®áâ¨
à ¢ë:

P ((η1 < x) ∪ (η2 < y) ∪ (η3 < z)) =
= P ((η2 < y) ∪ (η3 < z)).

� ¤àã£®© áâ®à®ë, ¢¥à®ïâ®áâì ®¡ê¥¤¨¥¨ï
á®¡ëâ¨© (η1 < x) ∪ (η2 < y) ∪ (η3 < z) à ¢ :

P ((η1 < x) ∪ (η2 < y) ∪ (η3 < z)) =
= P (η1 < x) + P (η2 < y) + P (η3 < z)−

−P ((η1 < x)∩(η2 < y))−P ((η1 < x)∩(η3 < z))−
− P ((η2 < y) ∩ (η3 < z))+
+ P ((η1 < x) ∩ (η2 < y) ∩ (η3 < z))

�¥à®ïâ®áâì ®¡ê¥¤¨¥¨ï á®¡ëâ¨© (η2 < y)∪
(η3 < z) à ¢ :

P ((η2 < y) ∪ (η3 < z)) = P (η2 < y)+
+ P (η3 < z)− P ((η2 < y) ∩ (η3 < z)).

�à¨à ¢ï¢ ¯à ¢ë¥ ç áâ¨ ¤¢ãå ¯à¥¤ë¤ãé¨å
¢ëà ¦¥¨© ¨ ¯à®¨§¢¥¤ï ¯à®áâ¥©è¨¥ ¯à¥®¡à §®-
¢ ¨ï, ¯®«ãç¨¬:

P (η1 < x)− P ((η1 < x) ∩ (η2 < y))−
− P ((η1 < x) ∩ (η3 < z))+
+ P ((η1 < x) ∩ (η2 < y) ∩ (η3 < z)) = 0

¨«¨

Gη1,η2,η3(x, y, z) =
= Gη1,η2(x, y) + Gη1,η3(x, z)−Gη1(x).

II. �à¨ y ≤ z, y ≤ x. � «®£¨ç® ¯®«ãç ¥¬:

Gη1,η2,η3(x, y, z) =
= Gη1,η2(x, y) + Gη2,η3(y, z)−Gη2(y).
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III. �à¨ z ≤ y, z ≤ x.

Gη1, η2, η3(x, y, z) =
= Gη1, η3(x, z) + Gη2, η3(y, z)−Gη3(z).

�®¡à ¢ ¢á¥ âà¨ á«ãç ï ¢ ®¤® á®®â®è¥¨¥,
¯®«ãç¨¬ ¨áª®¬®¥ ãâ¢¥à¦¤¥¨¥. �¥®à¥¬  2 ¤®ª -
§  .

�¢¥¤¥¬ ®¡®§ ç¥¨ï, ª®â®àë¥ ¡ã¤ãâ ¨á-
¯®«ì§®¢ âìáï ¢® ¢á¥å ¯®á«¥¤ãîé¨å â¥®à¥¬ å:
θ (mi, mj) { ¥ç¥âª®¥ ®â®è¥¨¥ â®«¥à â-
®áâ¨, § ¤ ®¥   3-í«¥¬¥â®¬ ¬®¦¥áâ¢¥
M = {m1,m2,m3}. �ãáâì θ (m1,m2) = ξ1,
θ (m1,m3) = ξ2, θ (m2,m3) = ξ3 { á«ãç ©ë¥ ¢¥-
«¨ç¨ë á á®¢¬¥áâ®© äãªæ¨¥© à á¯à¥¤¥«¥¨ï
Fξ1,ξ2,ξ3 (x, y, z), ¯à¨¨¬ îé¨¥ § ç¥¨ï   ®â-
à¥§ª¥ [0, 1].

�®®â¢¥âáâ¢¥® Fξ1,ξ2(x, y), Fξ1,ξ3(x, z),
Fξ2,ξ3(y, z) | á®¢¬¥áâë¥ äãªæ¨¨ à á¯à¥¤¥«¥-
¨ï ¯ à á«ãç ©ëå ¢¥«¨ç¨ ξ1, ξ2, ξ1, ξ3, ξ2, ξ3.

�ãáâì �θ-âà §¨â¨¢®¥ § ¬ëª ¨¥ θ
�θ (m1,m2) = η1, �θ (m1,m3) = η2, �θ (m2,m3) = η3.
�¡®§ ç¨¬ ç¥à¥§ Gη1, η2, η3(x, y, z) á®¢¬¥áâãî
äãªæ¨î à á¯à¥¤¥«¥¨ï η1, η2, η3.

�®®â¢¥âáâ¢¥® Gη1,η2(x, y), Gη1,η3(x, z),
Gη2,η3(y, z) { á®¢¬¥áâë¥ äãªæ¨¨ à á¯à¥¤¥«¥-
¨ï ¯ à á«ãç ©ëå ¢¥«¨ç¨ η1, η2, η1, η3, η2, η3;
�ãªæ¨¨ Gη1(x), Gη2(y), Gη3(z) { äãªæ¨¨ à á-
¯à¥¤¥«¥¨ï á«ãç ©ëå ¢¥«¨ç¨ η1, η2, η3.

�¥®à¥¬  3. �¯à ¢¥¤«¨¢® à ¢¥áâ¢®:

Gη1, η2, η3(x, y, z) =

=





Fξ1, ξ2, ξ3(x, x, z) + Fξ1, ξ2, ξ3(x, y, x)−
−Fξ1, ξ2, ξ3(x, x, x), x ≤ y, x ≤ z,

Fξ1, ξ2, ξ3(x, y, y) + Fξ1, ξ2, ξ3(y, y, z)−
−Fξ1, ξ2, ξ3(y, y, y), y ≤ z, y ≤ x,

Fξ1, ξ2, ξ3(x, z, z) + Fξ1, ξ2, ξ3(z, y, z)−
Fξ1,ξ2,ξ3(z, z, z), z ≤ y, z ≤ x.

.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1;

η1 = max(ξ1, min(ξ2, ξ3)),
η2 = max(ξ2, min(ξ1, ξ3)),
η3 = max(ξ3, min(ξ1, ξ2)).

� áá¬®âà¨¬ á®¡ëâ¨ï:

A = (η1 < x) = (max(ξ1, min(ξ2, ξ3)) < x) =
= ((ξ1 < x) ∧ (ξ2 < x ∨ ξ3 < x)),

B = (η2 < y) = (max(ξ2, min(ξ1, ξ3)) < y) =
= ((ξ2 < y) ∧ (ξ1 < y ∨ ξ3 < y)),

C = (η3 < z) = (max(ξ3, min(ξ1, ξ2)) < z) =
= ((ξ3 < z) ∧ (ξ1 < z ∨ ξ2 < z)).

� ©¤¥¬ ¢¥à®ïâ®áâì ¯à®¨§¢¥¤¥¨ï á®¡ëâ¨©
P (A ∩B ∩ C) = Gη1,η2,η3(x, y, z).

�à¨ x ≤ y ≤ z, ¨¬¥¥¬:

Gη1,η2,η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ2 < x ∨ ξ3 < x)) =
= P (ξ1 < x, ξ2 < x, ξ3 < x)+
+ P (ξ1 < x, ξ2 < x, x < ξ3 < z)+
+ P (ξ1 < x, x < ξ2 < y, ξ3 < x) =
= Fξ1, ξ2, ξ3(x, x, x) + Fξ1, ξ2, ξ3(x, x, z)−
− Fξ1, ξ2, ξ3(x, x, x) + Fξ1, ξ2, ξ3(x, y, x)−
− Fξ1, ξ2, ξ3(x, x, x) = Fξ1, ξ2, ξ3(x, x, z)+
+ Fξ1, ξ2, ξ3(x, y, x)− Fξ1, ξ2, ξ3(x, x, x).

� «®£¨çë¬¨ ¢ëª« ¤ª ¬¨ ¯®«ãç¨¬:

�à¨ y ≤ z ≤ x: Gη1, η2, η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ1 < y ∨ ξ3 < y)) =
= Fξ1, ξ2, ξ3(x, y, y) + Fξ1, ξ2, ξ3(y, y, z)−
− Fξ1, ξ2, ξ3(y, y, y).
�à¨ z ≤ x ≤ y: Gη1, η2, η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ1 < z ∨ ξ2 < z)) =
= Fξ1, ξ2, ξ3(x, z, z) + Fξ1, ξ2, ξ3(z, y, z)−
− Fξ1, ξ2, ξ3(z, z, z).
�à¨ z ≤ y ≤ x: Gη1, η2, η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ1 < z ∨ ξ2 < z)) =
= Fξ1, ξ2, ξ3(x, z, z) + Fξ1,ξ2,ξ3(z, y, z)−
− Fξ1, ξ2, ξ3(z, z, z).
�à¨ y ≤ x ≤ z: Gη1, η2, η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ1 < y ∨ ξ3 < y)) =
= Fξ1, ξ2, ξ3(x, y, y) +ξ1, ξ2, ξ3 (y, y, z)−
− Fξ1, ξ2, ξ3(y, y, y).
�à¨ x ≤ z ≤ y: Gη1, η2, η3(x, y, z) =
= P (ξ1 < x, ξ2 < y, ξ3 < z, (ξ2 < x ∨ ξ3 < x)) =
= Fξ1, ξ2, ξ3(x, x, z) + Fξ1, ξ2, ξ3(x, y, x)−
− Fξ1, ξ2, ξ3(x, x, x).

� ª¨¬ ®¡à §®¬: Gη1, η2, η3(x, y, z) =

=





Fξ1, ξ2, ξ3(x, x, z) + Fξ1, ξ2, ξ3(x, y, x)−
−Fξ1, ξ2, ξ3(x, x, x), x ≤ y, x ≤ z,

Fξ1, ξ2, ξ3(x, y, y) + Fξ1, ξ2, ξ3(y, y, z)−
−Fξ1, ξ2, ξ3(y, y, y), y ≤ z, y ≤ x,

Fξ1, ξ2, ξ3(x, z, z) + Fξ1, ξ2, ξ3(z, y, z)−
Fξ1,ξ2,ξ3(z, z, z), z ≤ y, z ≤ x.

.

�¥®à¥¬  3 ¤®ª §  .
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� á«ãç ©ëå ¥ç¥âª¨å ®â®è¥¨ïå . . .

�«ï äãªæ¨© à á¯à¥¤¥«¥¨ï Gη1,η2(x, y),
Gη1,η3(x, z), Gη2,η3(y, z) ¯ à á«ãç ©ëå ¢¥«¨ç¨
η1, η2, η1, η3, η2, η3, ¢¥à 

�¥®à¥¬  4. �¯à ¢¥¤«¨¢ë à ¢¥áâ¢ :

Gη1,η2(x, y) =





Fξ1,ξ2,ξ3(x, y, x) + Fξ1,ξ2(x, x)−
−Fξ1,ξ2,ξ3(x, x, x), ¯à¨ x ≤ y,
Fξ1,ξ2,ξ3(x, y, y) + Fξ1,ξ2(y, y)−
−Fξ1,ξ2,ξ3(y, y, y), ¯à¨ y ≤ x.

Gη1,η3(x, z) =





Fξ1,ξ2,ξ3(x, x, z) + Fξ1,ξ3(x, x)−
−Fξ1,ξ2,ξ3(x, x, x), ¯à¨ x ≤ z,

Fξ1,ξ2,ξ3(x, z, z) + Fξ1,ξ3(z, z)−
−Fξ1,ξ2,ξ3(z, z, z), ¯à¨ z ≤ x.

Gη2,η3(y, z) =





Fξ1,ξ2,ξ3(y, y, z) + Fξ2,ξ3(y, y)−
−Fξ1,ξ2,ξ3(y, y, y), ¯à¨ y ≤ z,

Fξ1,ξ2,ξ3(z, y, z) + Fξ2,ξ3(z, z)−
−Fξ1,ξ2,ξ3(z, z, z), ¯à¨ z ≤ y.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1;

η1 = max(ξ1, min(ξ2, ξ3)),
η2 = max(ξ2, min(ξ1, ξ3)).

� áá¬®âà¨¬ á®¡ëâ¨ï:

A = (η1 < x) = (max(ξ1, min(ξ2, ξ3)) < x) =
= ((ξ1 < x) ∧ (ξ2 < x ∨ ξ3 < x)),

B = (η2 < y) = (max(ξ2, min(ξ1, ξ3)) < y) =
= ((ξ2 < y) ∧ (ξ1 < y ∨ ξ3 < y)).

� ©¤¥¬ ¢¥à®ïâ®áâì ¯à®¨§¢¥¤¥¨ï á®¡ëâ¨©
P (A ∩B) = Gη1,η2(x, y).

�à¨ x ≤ y, ¨¬¥¥¬: Gη1,η2(x, y) =
= P (ξ1 < x, ξ2 < y, (ξ2 < x ∨ ξ3 < x)) =
= P (ξ1 < x, ξ2 < x, ξ3 < x)+
+ P (ξ1 < x, x < ξ2 < y, ξ3 < x)+
+ P (ξ1 < x, ξ2 < x, x < ξ3) =
= Fξ1,ξ2,ξ3(x, x, x) + Fξ1,ξ2,ξ3(x, y, x)−
− Fξ1,ξ2,ξ3(x, x, x) + Fξ1,ξ2(x, x)−
− Fξ1,ξ2,ξ3(x, x, x) =
= Fξ1,ξ2,ξ3(x, y, x) + Fξ1,ξ2(x, x)−
− Fξ1,ξ2,ξ3(x, x, x).

� «®£¨ç®  å®¤¨¬:

�à¨ y ≤ x, ¨¬¥¥¬: Gη1,η2(x, y) =
= Fξ1,ξ2,ξ3(x, y, y) + Fξ1,ξ2(y, y)−
− Fξ1,ξ2,ξ3(y, y, y).

�«¥¤®¢ â¥«ì®, ¢ á¨«ã á¨¬¬¥âà¨¨ ¯®«ãç ¥¬:

Gη1,η2(x, y) =





Fξ1,ξ2,ξ3(x, y, x) + Fξ1,ξ2(x, x)−
−Fξ1,ξ2,ξ3(x, x, x), ¯à¨ x ≤ y,
Fξ1,ξ2,ξ3(x, y, y) + Fξ1,ξ2(y, y)−
−Fξ1,ξ2,ξ3(y, y, y), ¯à¨ y ≤ x.

Gη1,η3(x, z) =





Fξ1,ξ2,ξ3(x, x, z) + Fξ1,ξ3(x, x)−
−Fξ1,ξ2,ξ3(x, x, x), ¯à¨ x ≤ z,

Fξ1,ξ2,ξ3(x, z, z) + Fξ1,ξ3(z, z)−
−Fξ1,ξ2,ξ3(z, z, z), ¯à¨ z ≤ x.

Gη2,η3(y, z) =





Fξ1,ξ2,ξ3(y, y, z) + Fξ2,ξ3(y, y)−
−Fξ1,ξ2,ξ3(y, y, y), ¯à¨ y ≤ z,

Fξ1,ξ2,ξ3(z, y, z) + Fξ2,ξ3(z, z)−
−Fξ1,ξ2,ξ3(z, z, z), ¯à¨ z ≤ y.

�¥®à¥¬  4 ¤®ª §  .
�¥®à¥¬  5. �¯à ¢¥¤«¨¢ë à ¢¥áâ¢ :

Gη1(x) = Fξ1,ξ3(x, x) + Fξ1,ξ2(x, x)− Fξ1,ξ2,ξ3(x, x, x),
Gη2(y) = Fξ2,ξ3(y, y) + Fξ1,ξ2(y, y)− Fξ1,ξ2,ξ3(y, y, y),
Gη3(z) = Fξ1,ξ3(z, z) + Fξ2,ξ3(z, z)− Fξ1,ξ2,ξ3(z, z, z).

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1;

η1 = max(ξ1, min(ξ2, ξ3)).

� áá¬®âà¨¬ á®¡ëâ¨¥:

A = (η1 < x) = (max(ξ1, min(ξ2, ξ3)) < x) =
= ((ξ1 < x) ∧ (ξ2 < x ∨ ξ3 < x)).

� ©¤¥¬ äãªæ¨î à á¯à¥¤¥«¥¨ï, â.¥. ¢¥à®-
ïâ®áâì á®¡ëâ¨ï P (A) = Gη1(x).

Gη1(x) = P (max(ξ1, min(ξ2, ξ3)) < x) =
= P (ξ1 < x, (ξ2 < x ∨ ξ3 < x)) =
= P (ξ1 < x, ξ2 < x, ξ3 < x)+
+ P (ξ1 < x, x < ξ2, ξ3 < x)+
+ P (ξ1 < x, ξ2 < x, x < ξ3) =
= Fξ1,ξ2,ξ3(x, x, x) + Fξ1,ξ3(x, x)−
− Fξ1,ξ2,ξ3(x, x, x) + Fξ1,ξ2(x, x)−
− Fξ1,ξ2,ξ3(x, x, x) =
= Fξ1,ξ3(x, x) + Fξ1,ξ2(x, x)− Fξ1,ξ2,ξ3(x, x, x).

� «®£¨ç®  ©¤¥¬ ¤¢¥ ¤àã£¨¥ äãªæ¨¨ à á-
¯à¥¤¥«¥¨ï

Gη2(y) = Fξ2,ξ3(y, y) + Fξ1,ξ2(y, y)− Fξ1,ξ2,ξ3(y, y, y).
Gη3(z) = Fξ1,ξ3(z, z) + Fξ2,ξ3(z, z)− Fξ1,ξ2,ξ3(z, z, z).

�¥®à¥¬  5 ¤®ª §  .
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