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�«ï ¯à®¨§¢®«ì®£® ª« áá  M £àã¯¯ ®¡®-
§ ç¨¬ ç¥à¥§ L(M) ª« áá ¢á¥å £àã¯¯ G, ¢
ª®â®àëå ®à¬ «ì®¥ § ¬ëª ¨¥ «î¡®£® í«¥¬¥-
â  ¯à¨ ¤«¥¦¨â M ; qM { ª¢ §¨¬®£®®¡à §¨¥,
¯®à®¦¤¥®¥ M . � à ¡®â¥ ¤®ª § ® áãé¥-
áâ¢®¢ ¨¥ ª« áá  K â ª®£®, çâ® ¢® ¢áïª®©
£àã¯¯¥ ¨§ K æ¥âà «¨§ â®à «î¡®£® í«¥¬¥â ,
¥ ¯à¨ ¤«¥¦ é¥£® æ¥âàã íâ®© £àã¯¯ë, {
 ¡¥«¥¢  ¯®¤£àã¯¯ , ® ª« áá L(qK) á®¤¥à¦¨â
¨«ì¯®â¥âãî £àã¯¯ã áâã¯¥¨ 4.

�«îç¥¢ë¥ á«®¢ : ª¢ §¨¬®£®®¡à §¨¥, ª« á-
áë �¥¢¨, ¨«ì¯®â¥âë¥ £àã¯¯ë.

For an arbitrary class of M groups, denote by
L(M) class of all groups G for which the normal
closure of any element belongs to M ; qM is the
quasi-variety generated by M . In this paper we
prove that there is the class K such that in every
group of K the centralizer of each element outside
the center of the group is an abelian subgroup and
L(qK) contains a nilpotent group of class 4.

Key words: quasivariety, Levi classes, nilpo-
tent groups.

�«ï ¥ª®â®à®£® ª« áá  M £àã¯¯ ®¡®§ ç¨¬
ç¥à¥§ L(M) ª« áá ¢á¥å £àã¯¯ G, ¢ ª®â®àëå ®à-
¬ «ì®¥ § ¬ëª ¨¥ (x)G «î¡®£® í«¥¬¥â  x ¨§
G ¯à¨ ¤«¥¦¨â M. �« áá L(M) ¡ã¤¥¬  §ë-
¢ âì ª« áá®¬ �¥¢¨, ¯®à®¦¤¥ë¬ M. �« ááë
�¥¢¨ ¡ë«¨ ¢¢¥¤¥ë ¢ [1] ¯®¤ ¢«¨ï¨¥¬ â¥®à¥¬ë
�¥¢¨ [2], ¢ ª®â®à®© ¤   ª« áá¨ä¨ª æ¨ï £àã¯¯
á  ¡¥«¥¢ë¬¨ ®à¬ «ìë¬¨ § ¬ëª ¨ï¬¨ ¢¨¤ 
(x)G. � à ¡®â¥ [3] ¤®ª § ®, çâ® ¥á«¨ M { ¬®-
£®®¡à §¨¥ £àã¯¯, â® L(M) { â ª¦¥ ¬®£®®¡à §¨¥
£àã¯¯. �á«¨ M { ª¢ §¨¬®£®®¡à §¨¥ £àã¯¯, â®,
á®£« á® [4], L(M) ï¢«ï¥âáï ª¢ §¨¬®£®®¡à §¨-
¥¬ £àã¯¯.

�¥à¥§ Nc ®¡®§ ç¨¬ ¬®£®®¡à §¨¥ ¨«ì¯®-
â¥âëå £àã¯¯ áâã¯¥¨ ≤ c, ç¥à¥§ Fn(M) { á¢®-
¡®¤ãî £àã¯¯ã ¢ ª¢ §¨¬®£®®¡à §¨¨ M à £  n.
� ª ®¡ëç®, ¯®¤ qK ¡ã¤¥¬ ¯®¨¬ âì ª¢ §¨¬®-
£®®¡à §¨¥, ¯®à®¦¤¥®¥ ª« áá®¬ £àã¯¯ K. �á«¨
ª« áá K = {G} á®¤¥à¦¨â «¨èì ®¤ã £àã¯¯ã G,
â® ¢¬¥áâ® qK ¡ã¤¥¬ ¯¨á âì ¯à®áâ® qG. � [5] ¤®-
ª § ®, çâ® ª« áá L(N2) á®¢¯ ¤ ¥â á ¬®£®®¡à -
§¨¥¬ 3-í£¥«¥¢ëå £àã¯¯.

� [4] ¯®ª § ®, çâ® ¥á«¨ K { ¯à®¨§¢®«ì®¥
¬®¦¥áâ¢® ¨«ì¯®â¥âëå £àã¯¯ áâã¯¥¨ 2 ¡¥§
í«¥¬¥â®¢ ¯®àï¤ª®¢ 2 ¨ 5, ¨ æ¥âà «¨§ â®à «î-
¡®£® í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£® æ¥âàã ª -
¦¤®© £àã¯¯ë ¨§ K, {  ¡¥«¥¢  ¯®¤£àã¯¯ , â®
L(qK) ⊆ N3. � [6] ¤ ë© à¥§ã«ìâ â ¡ë« ãá¨«¥
¨ ¤®ª §     «®£¨ç ï â¥®à¥¬  ¤«ï ¯à®¨§¢®«ì-
®£® ¬®¦¥áâ¢  ¨«ì¯®â¥âëå £àã¯¯ áâã¯¥¨ 2
¡¥§ í«¥¬¥â®¢ ¯®àï¤ª  2.

� [7] ãáâ ®¢«¥®, çâ® ¥á«¨ K { ¯à®¨§¢®«ì-
ë© ª« áá ¨«ì¯®â¥âëå áâã¯¥¨ ≤ 2 £àã¯¯
¡¥§ ªàãç¥¨ï, á®¤¥à¦ é¨© ¥ ¡¥«¥¢ã £àã¯¯ã, ¨
¢® ¢áïª®© £àã¯¯¥ ¨§ K æ¥âà «¨§ â®à «î¡®£®
í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£® æ¥âàã íâ®© £àã¯-
¯ë, ï¢«ï¥âáï  ¡¥«¥¢®© ¯®¤£àã¯¯®©, â® L(qK) á®-
¢¯ ¤ ¥â á ª¢ §¨¬®£®®¡à §¨¥¬ ¨«ì¯®â¥âëå
£àã¯¯ áâã¯¥¨ ≤ 3 ¡¥§ ªàãç¥¨ï. �§ [7] â ª-
¦¥ á«¥¤ã¥â, çâ® ¥á«¨ K { ¯à®¨§¢®«ìë© ª« áá
¨«ì¯®â¥âëå áâã¯¥¨ ≤ 2 £àã¯¯ íªá¯®¥âë p
(p { ¯à®áâ®¥ ç¨á«®, p 6= 2), á®¤¥à¦ é¨© ¥ ¡¥-
«¥¢ã £àã¯¯ã, ¨ ¢® ¢áïª®© £àã¯¯¥ ¨§ K æ¥âà -
«¨§ â®à «î¡®£® í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£®
æ¥âàã íâ®© £àã¯¯ë, ï¢«ï¥âáï  ¡¥«¥¢®© ¯®¤£àã¯-
¯®©, â® L(qK) á®¢¯ ¤ ¥â á ¬®£®®¡à §¨¥¬ ¨«ì-
¯®â¥âëå £àã¯¯ áâã¯¥¨ ≤ 3 íªá¯®¥âë p.

�®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á ® â®¬, ¢á¥-
£¤  «¨ ª« áá L(qK), £¤¥ K { ¯à®¨§¢®«ìë© ª« áá
¨«ì¯®â¥âëå áâã¯¥¨ ≤ 2 £àã¯¯ â ª®©, çâ®
¢® ¢áïª®© £àã¯¯¥ ¨§ K æ¥âà «¨§ â®à «î¡®£®
í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£® æ¥âàã íâ®© £àã¯-
¯ë, {  ¡¥«¥¢  ¯®¤£àã¯¯ , ï¢«ï¥âáï ¨«ì¯®â¥â-
ë¬ áâã¯¥¨ ≤ 3, ª ª íâ® ¡ë«® ¢ à ¡®â å [4, 6, 7].

�  áâ®ïé¥© à ¡®â¥ ¤®ª § ® áãé¥áâ¢®¢ ¨¥
ª« áá  K â ª®£®, çâ® ¢® ¢áïª®© £àã¯¯¥ ¨§ K æ¥â-
à «¨§ â®à «î¡®£® í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥-
£® æ¥âàã íâ®© £àã¯¯ë, {  ¡¥«¥¢  ¯®¤£àã¯¯ ,
® ª« áá L(qK) á®¤¥à¦¨â ¨«ì¯®â¥âãî £àã¯¯ã
áâã¯¥¨ 4.

� ¯®¬¨¬ ¥ª®â®àë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®-
§ ç¥¨ï. � ª ®¡ëç®, [x, y] = x−1y−1xy,
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[x, y, z] = [[x, y], z], £à(a1, a2, . . .) { £àã¯¯ , ¯®-
à®¦¤¥ ï í«¥¬¥â ¬¨ a1, a2, . . ., (x)G =
£à(g−1xg | g ∈ G) { ®à¬ «ì®¥ § ¬ëª ¨¥ í«¥-
¬¥â  x ¢ £àã¯¯¥ G, G′ { ª®¬¬ãâ â £àã¯¯ë G.

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãî-
é¨¥ ª®¬¬ãâ â®àë¥ â®¦¤¥áâ¢ , ¨áâ¨ë¥ ¢®
¢áïª®© £àã¯¯¥ [8]:

(∀x)(∀y)(∀z)([xy, z] = [x, z][x, z, y][y, z]),

(∀x)(∀y)(∀z)([x, yz] = [x, z][x, y][x, y, z]),

(∀x)(∀y)(∀z)([x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1).

� ¬ ¯® ¤®¡¨âáï ¯à¨§ ª ¯à¨ ¤«¥¦®-
áâ¨ ª®¥ç® ®¯à¥¤¥«¥®© £àã¯¯ë G ª¢ §¨-
¬®£®®¡à §¨î qK, ï¢«ïîé¨©áï ç áâë¬ á«ãç -
¥¬ â¥®à¥¬ë 3 [9] (á¬. â ª¦¥: [10]): ª®¥ç®-
®¯à¥¤¥«¥ ï £àã¯¯  G ¯à¨ ¤«¥¦¨â ª¢ §¨-
¬®£®®¡à §¨î qK â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¤«ï «î¡®£® í«¥¬¥â  g ∈ G, g 6= 1 áãé¥áâ¢ã¥â
£®¬®¬®àä¨§¬ ϕg £àã¯¯ë G ¢ ¥ª®â®àãî £àã¯¯ã
¨§ ª« áá  K â ª®©, çâ® ϕg(g) 6= 1.

� ª¦¥  ¬ ¡ã¤¥â ¥®¡å®¤¨¬ 
�¥®à¥¬  (�¨ª) [11]. �ãáâì £àã¯¯  G ¨¬¥-

¥â ¢ ª¢ §¨¬®£®®¡à §¨¨ N ¯à¥¤áâ ¢«¥¨¥

£à({xi | i ∈ I} ‖ {rj(xj1 , . . . , xjl(j)) = 1 | j ∈ J}).

�à¥¤¯®«®¦¨¬, çâ® H ∈ N ¨ £àã¯¯  H á®-
¤¥à¦¨â ¬®¦¥áâ¢® í«¥¬¥â®¢ {gi | i ∈ I}
â ª®¥, çâ® ¤«ï ¢áïª®£® j ∈ J à ¢¥áâ¢®
rj(gj1 , . . . , gjl(j)) = 1 ¨áâ¨® ¢ H. �®£¤  ®â®-
¡à ¦¥¨¥ xi → gi(i ∈ I) ¯à®¤®«¦ ¥âáï ¤® £®-
¬®¬®àä¨§¬  G ¢ H.

�à¨  ¯¨á ¨¨ â®¦¤¥áâ¢ ª¢ â®àë ¢á¥®¡é-
®áâ¨ ¨®£¤  ¡ã¤ãâ ®¯ãáª âìáï.

�ãáâì M1 { ¬®£®®¡à §¨¥ £àã¯¯, § ¤ ®¥ ¢
N2 â®¦¤¥áâ¢®¬

(∀x)(x8 = 1); (1)

M2 { ¬®£®®¡à §¨¥ £àã¯¯, § ¤ ®¥ ¢ N4 â®¦¤¥-
áâ¢®¬ (1).

�ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬ «¥£ª® ¯à®¢¥-
àï¥¬ë¬ ä ªâ®¬:

�â¢¥à¦¤¥¨¥ 1. � «î¡®© ¨«ì¯®â¥â-
®© áâã¯¥¨ ≤ 4 3-í£¥«¥¢®© £àã¯¯¥ á¯à ¢¥¤«¨-
¢ë á«¥¤ãîé¨¥ â®¦¤¥áâ¢ :

[b, ak] = [b, a]k[b, a, a] k2−k
2 ,

[bn, ak] = [b, a]nk[b, a, a] k2−k
2 n[b, a, b] n2−n

2 k·

·[b, a, a, b]
(k2−k)(n2−n)

4 ,

£¤¥ n ¨ k { ¯à®¨§¢®«ìë¥ æ¥«ë¥ ç¨á« .

� áá¬®âà¨¬ £àã¯¯ã H, ¨¬¥îéãî ¢ ¬®£®-
®¡à §¨¨ M1 ¯à¥¤áâ ¢«¥¨¥

H = £à(a, b, c, d, f ‖ c = [b, a], f = [d, a], [a, c] = 1,

[a, f ] = 1, [b, c] = 1, [b, d] = 1, [b, f ] = 1, [c, d] = 1,

[c, f ] = 1, [d, f ] = 1, a8 = 1,

b4 = 1, c2 = 1, d2 = 1, f2 = 1).
�  ¬®¦¥áâ¢¥ á¨¬¢®«®¢

{akblcmdsf t|0 ≤ k < 8, 0 ≤ l < 4, 0 ≤ m, s, t < 2}
®¯à¥¤¥«¨¬ ®¯¥à æ¨¨ á«¥¤ãîé¨¬ ®¡à §®¬:

(ak1bl1cm1ds1f t1) ·(ak2bl2cm2ds2f t2) = akblcmdsf t,

£¤¥ k ≡ k1 + k2(mod 8), l ≡ l1 + l2(mod 4),
m ≡ m1 + m2 + l1k2(mod 2), s ≡ s1 + s2(mod 2),
t ≡ t1 + t2 + s1k2(mod 2),

(akblcmdsf t)−1 = ak0bl0cm0ds0f t0 ,

£¤¥ k + k0 ≡ 0(mod 8), l + l0 ≡ 0(mod 4),
m + m0 + lk0 ≡ 0(mod 2), s + s0 ≡ 0(mod 2),
t + t0 + sk0 ≡ 0(mod 2).

�¥á«®¦ ï àãâ¨ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â,
çâ® ¬ë ¯®«ãç¨¬ £àã¯¯ã, ¨§®¬®àäãî H. �«¥¤®-
¢ â¥«ì®, «î¡®© í«¥¬¥â H ®¤®§ çë¬ ®¡à -
§®¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ h = akblcmdsf t, £¤¥ 0 ≤
k < 8, 0 ≤ l < 4, 0 ≤ m, s, t < 2.

�â¢¥à¦¤¥¨¥ 2. � £àã¯¯¥ H æ¥âà «¨§ -
â®à «î¡®£® í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£® æ¥-
âàã £àã¯¯ë H, {  ¡¥«¥¢  ¯®¤£àã¯¯ .

�®ª § â¥«ìáâ¢®. �ãáâì hi =
akiblicmidsif ti , £¤¥ 0 ≤ ki < 8, 0 ≤ li < 4,
0 ≤ mi, si, ti < 2, [h1, h2] = 1, [h1, h3] = 1 ¨ hi

¥ ¯à¨ ¤«¥¦ â æ¥âàã £àã¯¯ë H, i = 1, 2, 3.
�«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥¨ï ¤®áâ â®ç®
¯®ª § âì, çâ® [h2, h3] = 1.

�à¨¬¥ïï ª®¬¬ãâ â®àë¥ â®¦¤¥áâ¢  ¤«ï i =
1, 2, ¯®«ãç¨¬ á«¥¤ãîé¨¥ à ¢¥áâ¢ :

1 = [h1, hi] = [ak1bl1cm1ds1f t1 , akiblicmidsif ti ] =

= [ak1bl1ds1 , akiblidsi ] =
= [ak1 , bli ][ak1 , dsi ][bl1 , aki ][ds1 , aki ] =

= [b, a]l1ki−k1li [d, a]s1ki−k1si =
= cl1ki−k1lifs1ki−k1si .

� ¤® ¤®ª § âì, çâ® ¢¥à® à ¢¥áâ¢®

[h2, h3] = cl2k3−k2l3fs2k3−k2s3 = 1. (2)

� ¬¥â¨¬, çâ® ¥á«¨ k2 ≡ 0(mod 2) ¨
k3 ≡ 0(mod 2), â® à ¢¥áâ¢® (2) ¢¥à®.

�«ãç © 1. k1 ≡ 0(mod 2). �®«ãç¨¬, çâ®
(cl1fs1)ki = 1, i = 2, 3. �®áª®«ìªã ¬®¦® ¯à¥¤-
¯®« £ âì, çâ® k2 6≡ 0(mod 2) «¨¡® k3 6≡ 0(mod 2),
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â® l1 ≡ 0(mod 2) ¨ s1 = 0. � íâ®¬ á«ãç ¥ í«¥¬¥â
h1 ¯à¨ ¤«¥¦¨â æ¥âàã £àã¯¯ë H, çâ® ¥ â ª.

�«ãç © 2. k1 6≡ 0(mod 2), k2 ≡ 0(mod 2),
k3 6≡ 0(mod 2). �¬¥¥¬, çâ® (cl2fs2)k1 = 1. �«¥-
¤®¢ â¥«ì®, l2 ≡ 0(mod 2), s2 = 0 ¨ (2) ¢¥à®.

�«ãç © 3. k1 6≡ 0(mod 2), k2 6≡ 0(mod 2),
k3 ≡ 0(mod 2). �®áª®«ìªã ¢ íâ®¬ á«ãç ¥
(cl3fs3)k1 = 1, â® l3 ≡ 0(mod 2), s3 = 0 ¨ (2) ¢¥à-
®.

�«ãç © 4. k1 6≡ 0(mod 2), k2 6≡ 0(mod 2),
k3 6≡ 0(mod 2). �®«ãç¨¬, çâ®

(cl1k2−k1l2fs1k2−k1s2)−k3(cl1k3−k1l3fs1k3−k1s3)k2 =

= (cl2k3−k2l3fs2k3−k2s3)k1 = 1.

� ç¨â, cl2k3−k2l3fs2k3−k2s3 = 1. �â¢¥à¦¤¥¨¥
¤®ª § ®.

�¥®à¥¬ . �ãé¥áâ¢ã¥â ª« áá K ¨§ M1 â -
ª®©, çâ® ¢® ¢áïª®© £àã¯¯¥ ¨§ K æ¥âà «¨§ -
â®à «î¡®£® í«¥¬¥â , ¥ ¯à¨ ¤«¥¦ é¥£® æ¥-
âàã íâ®© £àã¯¯ë, {  ¡¥«¥¢  ¯®¤£àã¯¯ , ® ª« áá
L(qK) á®¤¥à¦¨â ¨«ì¯®â¥âãî £àã¯¯ã áâã-
¯¥¨ 4.

�®ª § â¥«ìáâ¢®. �ãáâì F2(M2) =
£à(x1, x2), N = £à([x2, x1]4, [x2, x1, x1]2,
[x2, x1, x2]2, [x2, x1, x1, x2]2, [x2, x1, x1, x1],
[x2, x1, x2, x2]). � ¬¥â¨¬, çâ® N / F2(M2).
� áá¬®âà¨¬ F = F2(M2)/N . �«¥¬¥âë
ä ªâ®à-£àã¯¯ë F ¡ã¤¥¬ ®¡®§ ç âì â ª ¦¥, ª ª
¨ í«¥¬¥âë £àã¯¯ë F2(M2).

�  ¬®¦¥áâ¢¥ á¨¬¢®«®¢

xk
1xn

2 [x2, x1]l[x2, x1, x1]m[x2, x1, x2]s[x2, x1, x2, x1]t,

£¤¥ 0 ≤ k, n < 8, 0 ≤ l < 4, 0 ≤ m, s, t < 2,
®¯à¥¤¥«¨¬ ®¯¥à æ¨¨ á«¥¤ãîé¨¬ ®¡à -
§®¬: ¥á«¨ hi = xki

1 xni
2 [x2, x1]li [x2, x1, x1]mi ·

·[x2, x1, x2]si [x2, x1, x2, x1]ti , 0 ≤ ki, ni < 8,
0 ≤ li < 4, 0 ≤ mi, si, ti < 2, i = 1, 2, 3, â®

h1 · h2 = h3,

£¤¥ k3 ≡ k1 + k2(mod 8), n3 ≡ n1 + n2(mod 8),
l3 ≡ l1 + l2 + n1k2(mod 4),
m3 ≡ m1 + m2 + l1k2 + k2

2−k2
2 n1(mod 2),

s3 ≡ s1 + s2 + n2
1−n1

2 k2 + (n1k2 + l1)n2(mod 2),
t3 ≡ t1 + t2 + s1k2 + (k2

2−k2
2 n1 + l1k2 + m1)n2+

+ (n2
1−n1)(k2

2−k2)
4 (mod 2),

h−1
1 = h2,

£¤¥ k1 + k2 ≡ 0(mod 8), n1 + n2 ≡ 0(mod 8),
l1 + l2 + n1k2 ≡ 0(mod 4),
m1 + m2 + l1k2 + k2

2−k2
2 n1 ≡ 0(mod 2),

s1 + s2 + n2
1−n1

2 k2 + (n1k2 + l1)n2 ≡ 0(mod 2),

t1 + t2 + s1k2 + (k2
2−k2

2 n1 + l1k2 + m1)n2+
+ (n2

1−n1)(k2
2−k2)

4 ≡ 0(mod 2).
�¥á«®¦ ï àãâ¨ ï ¯à®¢¥àª  ¯®-

ª §ë¢ ¥â, çâ® ¬ë ¯®«ãç¨¬ £àã¯¯ã ¨§®-
¬®àäãî F . �«¥¤®¢ â¥«ì®, «î¡®© í«¥-
¬¥â F ®¤®§ çë¬ ®¡à §®¬ ¯à¥¤áâ -
¢¨¬ ¢ ¢¨¤¥ f = xk

1xn
2 [x2, x1]l[x2, x1, x1]m·

·[x2, x1, x2]s[x2, x1, x2, x1]t, £¤¥ 0 ≤ k, n < 8,
0 ≤ l < 4, 0 ≤ m, s, t < 2. �®áª®«ìªã
[x2, x1, x1, x2] 6= 1, â® £àã¯¯  F ¨«ì¯®â¥â 
áâã¯¥¨ 4.

� áá¬®âà¨¬ ¬®£®®¡à §¨¥ R, § ¤ ®¥ ¢ N4
â®¦¤¥áâ¢®¬ (1) ¨ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

(∀x)(∀y)(∀z)([x, y, z]2 = 1), (3)

(∀x)(∀y)([x, y, y, y] = 1). (4)

�ãáâì F̃ = £à(x1, x2) { á¢®¡®¤ ï £àã¯¯  ¢ R.
�®£¤  ¢ F̃ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ á®®â®è¥-
¨ï: [x2, x1]4 = 1, [x2, x1, x1]2 = 1, [x2, x1, x2]2 =
1, [x2, x1, x1, x2]2 = 1, [x2, x1, x1, x1] = 1,
[x2, x1, x2, x2] = 1. �¥á«®¦® ¯à®¢¥à¨âì, çâ®
F ∈ R, § ç¨â, F ∼= F̃ ¨ F { á¢®¡®¤ ï £àã¯¯ 
¢ ¬®£®®¡à §¨¨ R. � ¤® ¯®ª § âì, çâ® ¤«ï «î-
¡®£® f ∈ F ®à¬ «ì®¥ § ¬ëª ¨¥ (f)F ∈ qH ¨,
á«¥¤®¢ â¥«ì®, F ∈ L(qH).

�«ãç © 1. �ãáâì á ç «  f = x1. �®-
£¤  (x1)F = £à(x1, [x2, x1], [x2, x1, x1], [x2, x1, x2],
[x2, x1, x1, x2]). � £àã¯¯¥ (x1)F ¢ë¯®«ï-
îâáï á«¥¤ãîé¨¥ á®®â®è¥¨ï: [x2, x1]4 =
1, [x2, x1, x1]2 = 1, [x2, x1, x2]2 = 1,
[x2, x1, x1, x2]2 = 1, [x2, x1, x1, x1] = 1,
[x2, x1, x2, x2] = 1.

�® â¥®à¥¬¥ �¨ª  ®â®¡à ¦¥¨¥ a → x1,
b → [x2, x1], c → [x2, x1, x1], d → [x2, x1, x2],
f → [x2, x1, x1, x2] ¯à®¤®«¦ ¥¬® ¤® £®¬®¬®àä¨§-
¬  ϕ : H → (x1)F . �¥á«®¦® ¯à®¢¥à¨âì, çâ®
kerϕ = (1). �«¥¤®¢ â¥«ì®, (x1)F ∈ qH.

�«ãç © 2. �ãáâì â¥¯¥àì f = xn1
1 xn2

2
[x2, x1]l[x2, x1, x1]m[x2, x1, x2]s[x2, x1, x2, x1]t.

�§ ãâ¢¥à¦¤¥¨ï 1 á«¥¤ã¥â, çâ® [x2, x1, f ] =
[x2, x1, x1]n1 [x2, x1, x2]n2 , [x2, x1, x1, f ] =
[x2, x1, x1, x2]n2 ¨ [x2, x1, x2, f ] = [x2, x1, x1, x2]n1 .
� ª¨¬ ®¡à §®¬, ¥á«¨ ni ≡ 0(mod 2), i = 1, 2,
â® (f)F |  ¡¥«¥¢  ¯®¤£àã¯¯  ¨ (f)F ∈ qH.
� áá¬®âà¨¬ á«ãç ©, ª®£¤  áãé¥áâ¢ã¥â i â ª®¥,
çâ® ni 6≡ 0(mod 2). �®¦® áç¨â âì, çâ® i = 1.

�ãáâì F = F/F ′. �§ â®£®, çâ® ���(n1, 8) =
1 á«¥¤ã¥â, çâ®  ©¤¥âáï æ¥«®¥ ç¨á«® v â ª®¥, çâ®
¢ F ¡ã¤¥â ¢¥à® à ¢¥áâ¢® x1 = f

v
xn2v

2 . � -
ç¨â, í«¥¬¥â f ¬®¦® ¤®¯®«¨âì ¤® á¨áâ¥¬ë ¯®-
à®¦¤ îé¨å £àã¯¯ë F . �§ [8, £«. 6, § 1, â¥®-
à¥¬  3] á«¥¤ã¥â, çâ® â®£¤  ¨ í«¥¬¥â f ¬®¦®
¤®¯®«¨âì ¤® á¨áâ¥¬ë ¯®à®¦¤ îé¨å £àã¯¯ë F .
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� ª ª ª F { á¢®¡®¤ ï ¢ R £àã¯¯ , â® ®â®¡à -
¦¥¨¥ x1 → f ¯à®¤®«¦ ¥¬® ¤® ¨§®¬®àä¨§¬ 
ψ : F → F . �«¥¤®¢ â¥«ì®, (x1)F ∼= (f)F ¨
¯®íâ®¬ã (f)F ∈ qH.

�®«ãç¨«¨, çâ® ¤«ï «î¡®£® f ∈ F ®à¬ «ì-
®¥ § ¬ëª ¨¥ (f)F ∈ qH ¨, á«¥¤®¢ â¥«ì®,
F ∈ L(qH).

� è«¨ ª« áá K = {H} â ª®©, çâ® ¢® ¢áïª®©

£àã¯¯¥ ¨§ K æ¥âà «¨§ â®à «î¡®£® í«¥¬¥â , ¥
¯à¨ ¤«¥¦ é¥£® æ¥âàã íâ®© £àã¯¯ë, {  ¡¥«¥-
¢  ¯®¤£àã¯¯ , ® ª« áá L(qK) á®¤¥à¦¨â ¨«ì¯®-
â¥âãî £àã¯¯ã áâã¯¥¨ 4. �¥®à¥¬  ¤®ª §  .

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì ¯à®ä¥áá®àã
�.�. �ã¤ª¨ã §  ¯®«¥§ë¥ á®¢¥âë ¨ ¯®áâ®ï®¥
¢¨¬ ¨¥ ª à ¡®â¥.
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