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� áâ âì¥ ¤ ¥âáï ¯®«­ ï ª« áá¨ä¨ª æ¨ï
¢¥é¥áâ¢¥­­ëå ç¥âëà¥å¬¥à­ëå  «£¥¡à �¨ £àã¯¯
�¨ á «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©
¨ ­ã«¥¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ �ã«ª à­¨-�®¬¨¤§ã
â¥­§®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ¨ ¬¥âà¨ç¥áª®£®
â¥­§®à .

�«îç¥¢ë¥ á«®¢ :  «£¥¡àë ¨ £àã¯¯ë �¨,
«¥¢®¨­¢ à¨ ­â­ë¥ à¨¬ ­®¢ë ¬¥âà¨ª¨, ®¯¥à -
â®à ªà¨¢¨§­ë.

Complete classi�cation of real four dimensional
Lie algebras of Lie groups with left-invariant
Riemannian metric and zero Kulkarni-Nomidzy
product of one dimensional curvature tensor and
metric tensor is given in this paper.

Key words: Lie algebras and Lie groups,
left-invariant Riemannian metrics, curvature
operator.

�ãáâì (M, g) { ®à¨¥­â¨à®¢ ­­®¥ à¨¬ ­®-
¢® ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n, X, Y , Z,
V { ¢¥ªâ®à­ë¥ ¯®«ï ­  M . �¡®§­ ç¨¬
ç¥à¥§ ∇ á¢ï§­®áâì �¥¢¨-�¨¢¨â  ¨ ç¥à¥§
R(X, Y )Z = [∇Y ,∇X ]Z +∇[X,Y ]Z { â¥­§®à ªà¨-
¢¨§­ë �¨¬ ­ . �¥­§®à �¨çç¨ r ¨ áª «ïà-
­ãî ªà¨¢¨§­ã s ®¯à¥¤¥«¨¬ á®®â¢¥âáâ¢¥­­® ª ª
r(X,Y ) = tr(V → R(X,V )Y ) ¨ s = tr(r). � §¤¥-
«¨¬ â¥­§®à ªà¨¢¨§­ë R ­  ¬¥âà¨ç¥áª¨© â¥­§®à
g ¢ á¬ëá«¥ ¯à®¨§¢¥¤¥­¨ï �ã«ª à­¨-�®¬¨¤§ã [1],
¯®«ãç¨¬ â¥­§®à �¥©«ï W ¨ â¥­§®à ®¤­®¬¥à­®©
ªà¨¢¨§­ë A:

R = W + A∧©g, (1)

£¤¥ (A∧©g)(X, Y, Z, V ) = A(X, Z)g(Y, V ) +
A(Y, V )g(X, Z)−A(X,V )g(Y,Z)−g(Y, Z)P (X, V )
¨

A = 1
n− 2

(
r − sg

2(n− 1)

)
.

�ã¤¥¬ áç¨â âì, çâ® dim M = 4. �®£¤  à¨¬ -
­®¢  ¬¥âà¨ª  g ¨­¤ãæ¨àã¥â áª «ïà­®¥ ¯à®¨§¢¥-
¤¥­¨¥ 〈·, ·〉 ­  à áá«®¥­¨¨ �2M ¯® ¯à ¢¨«ã

〈X1 ∧X2, Y1 ∧ Y2〉 = det(〈Xi, Yj〉).

�¯¥à â®à �®¤¦  ∗ : �2M → �2M , § ¤ ¢ ¥¬ë©
á®®â­®è¥­¨¥¬

〈∗α, β〉 vol = α ∧ β

¤«ï «î¡ëå α, β ∈ �2
xM, x ∈ M), £¤¥ vol { ä®à-

¬  ®¡ê¥¬  ­  M , ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ®
∗2 = Id. �âáî¤ 

�2M = �+ ⊕ �−, (2)

£¤¥ �+ ¨ �− ®¡®§­ ç îâ á®®â¢¥âáâ¢¥­­® á®¡-
áâ¢¥­­ë¥ ¯à®áâà ­áâ¢ , ®â¢¥ç îé¨¥ á®¡áâ¢¥­-
­ë¬ §­ ç¥­¨ï¬ +1 ¨ −1 ®¯¥à â®à  ∗.

�¨¬ ­®¢ â¥­§®à ªà¨¢¨§­ë ¢ «î¡®© â®çª¥
¬®¦­® à áá¬ âà¨¢ âì ª ª ®¯¥à â®à

R : �2M → �2M,

®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬

〈X ∧ Y,R(Z ∧ T )〉 = R(X, Y, Z, T ), (3)

£¤¥ R(X,Y, Z, T ) = g(R(X, Y )Z, T ).
� âà¨æã ®¯¥à â®à  ªà¨¢¨§­ë R ®â­®á¨â¥«ì-

­® à §«®¦¥­¨ï (2) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¡«®ç­®¬
¢¨¤¥ [2]:

R =
(

W+ + s
12 Id Z

Zt W− + s
12 Id

)
, (4)

£¤¥ W+ ¨ W− { ¬ âà¨æë  ¢â®¤ã «ì­®© ¨  ­â¨-
 ¢â®¤ã «ì­®© á®áâ ¢«ïîé¨å â¥­§®à  �¥©«ï W .

∗� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ���� (ü08-01-98001, ü10-01-90000-�¥«  ), �®¢¥â 
¯® £à ­â ¬ �à¥§¨¤¥­â  �� ¤«ï ¯®¤¤¥à¦ª¨ ¬®«®¤ëå ãç¥­ëå ¨ ¢¥¤ãé¨å ­ ãç­ëå èª®« �� (ü��-5682.2008.1),  
â ª¦¥ ��� ý� ãç­ë¥ ¨ ­ ãç­®-¯¥¤ £®£¨ç¥áª¨¥ ª ¤àë ¨­­®¢ æ¨®­­®© �®áá¨¨þ ­  2009{2013 ££. (£®á. ª®­âà ªâ
ü02.740.11.0457).
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�®£« á­® (1) ¬®¦¥¬ § ¯¨á âì

R =
(

s
12 Id Z
Zt s

12 Id

)
+

(
W+ 0

0 W−

)
, (5)

£¤¥ ¯¥à¢ ï ¬ âà¨æ  á®®â¢¥âáâ¢ã¥â ¯à®¨§¢¥¤¥­¨î
A∧©g,   ¢â®à ï { â¥­§®àã �¥©«ï W .

�î¡®© ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á E1, E2, E3,
E4 ¯à®áâà ­áâ¢  TxM ®¯à¥¤¥«ï¥â ®àâ®­®à¬¨à®-
¢ ­­ë© ¡ §¨á

1√
2

(E1 ∧ E2 ± E3 ∧ E4),

1√
2

(E1 ∧ E3 ± E4 ∧ E2),

1√
2

(E1 ∧ E4 ± E2 ∧ E3)

(6)

¯à®áâà ­áâ¢  �±x M (á¬., ­ ¯à¨¬¥à: [1]).
�â¬¥â¨¬, çâ® í«¥¬¥­âë ¡«®ª  Z ¢ ®àâ®­®à-

¬¨à®¢ ­­®¬ ¡ §¨á¥ (6) ­ å®¤ïâáï ¯® ä®à¬ã« ¬:

Z11 = 1
2(R1212 −R3434),

Z22 = 1
2(R1313 −R2424),

Z33 = 1
2(R1414 −R2323),

Z12 = 1
2(R1213 −R1242 + R3413 −R3442),

Z13 = 1
2(R1214 −R1223 + R3414 −R3423),

Z23 = 1
2(R1314 −R1323 + R4214 + R4223).

(7)

�ãáâì ¤ «¥¥ M = G { £àã¯¯  �¨, g = TeG {
 «£¥¡à  �¨ £àã¯¯ë G. �¨ªá¨àã¥¬ ¢ g ¡ §¨á
E1, E2, E3, E4 «¥¢®¨­¢ à¨ ­â­ëå ¢¥ªâ®à­ëå ¯®-
«¥© ¢ G. �®«®¦¨¬

[Ei, Ej ] = ck
ijEk, ∇EiEj = �k

ijEk, (8)
〈Ei, Ej〉 = gij ,

£¤¥ {ck
ij} { áâàãªâãà­ë¥ ª®­áâ ­âë  «£¥¡àë �¨,

{gij} { ¬¥âà¨ç¥áª¨© â¥­§®à.
�ãáâì cijs = ck

ijgks. �®£¤  á¨¬¢®«ë �à¨áâ®ä-
ä¥«ï ¯¥à¢®£® ¨ ¢â®à®£® à®¤®¢ ¢ëç¨á«ïîâáï á®-
®â¢¥âáâ¢¥­­® ¯® ä®à¬ã« ¬

�ij,k = 1
2(cijk − cjki + ckij), (9)

�s
ij = �ij,kgks,

£¤¥ ‖gks‖ ¥áâì ¬ âà¨æ , ®¡à â­ ï ª ‖gks‖.
�§ (8) ¨ (9), ®ç¥¢¨¤­®, á«¥¤ã¥â, çâ® â¥­§®àë

�¨¬ ­  Rijkt, �¨çç¨ rik, áª «ïà­ ï ªà¨¢¨§­  s ¨
â¥­§®à �¥©«ï Wijkt ï¢«ïîâáï äã­ªæ¨ï¬¨ áâàãª-
âãà­ëå ª®­áâ ­â ck

ij ¨ ª®¬¯®­¥­â ¬¥âà¨ç¥áª®£®
â¥­§®à  gij (á¬. â ª¦¥: [3]). �«¥¤®¢ â¥«ì­®, â¥¬
¦¥ á¢®©áâ¢®¬ ®¡« ¤ îâ ¨ ª®¬¯®­¥­âë Z.

� ¬ ¯®­ ¤®¡ïâáï á«¥¤ãîé¨¥ à¥§ã«ìâ âë à -
¡®âë [4].

�¥¬¬  1. �«ï ¯à®¨§¢®«ì­®£® áª «ïà­®£®
¯à®¨§¢¥¤¥­¨ï 〈·, ·〉 ­  ç¥âëà¥å¬¥à­®© ¤¥©áâ¢¨-
â¥«ì­®© à §«®¦¨¬®© ã­¨¬®¤ã«ïà­®©  «£¥¡à¥
�¨ g áãé¥áâ¢ã¥â 〈·, ·〉-®àâ®­®à¬¨à®¢ ­­ë© ¡ -
§¨á, ¢ ª®â®à®¬ ­¥­ã«¥¢ë¥ áâàãªâãà­ë¥ ª®­-
áâ ­âë  «£¥¡àë �¨ g ¨¬¥îâ ¢¨¤:

c3
1,2 = A, c4

1,2 = −AM , c1
2,3 = B, c4

2,3 = −BK,
c2
1,3 = −C, c4

1,3 = CL,

£¤¥ K,L, M ∈ R { ¯à®¨§¢®«ì­ë¥, A, B,C ∈ R ¨
A ≤ B ≤ C.

� § ¢¨á¨¬®áâ¨ ®â §­ ª®¢ ç¨á¥« A, B ¨ C ¯®-
«ãç îâáï à §«¨ç­ë¥  «£¥¡àë �¨. �á¥ ®­¨, á
â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ , ¯à¨¢¥¤¥­ë ¢ â ¡«¨-
æ¥ 1, ®á­®¢ ­­®© ­  à¥§ã«ìâ â å �¦. �¨«­®à 
® âà¥å¬¥à­ëå ã­¨¬®¤ã«ïà­ëå  «£¥¡à å �¨ [5].
�¤¥áì 4A1 { ª®¬¬ãâ â¨¢­ ï  «£¥¡à  �¨,   ª ¦-
¤ ï A3,i ¥áâì ã­¨¬®¤ã«ïà­ ï  «£¥¡à  �¨ à §¬¥à-
­®áâ¨ 3 (á¬.: [6]).

� ¡«¨æ  1

�¥é¥áâ¢¥­­ë¥ ç¥âëà¥å¬¥à­ë¥
ã­¨¬®¤ã«ïà­ë¥ à §«®¦¨¬ë¥  «£¥¡àë �¨

�«£¥¡à  �¨ �­ ª¨ A,B, C

4 A1 0, 0, 0
A3,1 ⊕ A1 0, 0, +
A3,4 ⊕ A1 −, 0, +
A3,6 ⊕ A1 0, +, +
A3,8 ⊕ A1 −, +, +
A3,9 ⊕ A1 +, +, +

�¥¬¬  2. �«ï ¯à®¨§¢®«ì­®£® áª «ïà­®£®
¯à®¨§¢¥¤¥­¨ï 〈·, ·〉 ­  ç¥âëà¥å¬¥à­®© ¤¥©áâ¢¨-
â¥«ì­®© ­¥à §«®¦¨¬®© ã­¨¬®¤ã«ïà­®©  «£¥¡à¥
�¨ g áãé¥áâ¢ã¥â 〈·, ·〉-®àâ®­®à¬¨à®¢ ­­ë© ¡ -
§¨á á ­¥­ã«¥¢ë¬¨ áâàãªâãà­ë¬¨ ª®­áâ ­â -
¬¨, ¯à¨¢¥¤¥­­ë¬¨ ¢ â ¡«¨æ¥ 2.
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� ¡«¨æ  2

�¥é¥áâ¢¥­­ë¥ ç¥âëà¥å¬¥à­ë¥ ã­¨¬®¤ã«ïà­ë¥ ­¥à §«®¦¨¬ë¥  «£¥¡àë �¨

�«£¥¡à  �¨ �âàãªâãà­ë¥ ª®­áâ ­âë �£à ­¨ç¥­¨ï

A4,1 c1
2,4 = A, c1

3,4 = B, c2
3,4 = C A > 0, C > 0

A−2
4,2 c1

1,4 = −2A, c1
2,4 = B, c2

2,4 = A, c1
3,4 = C, c2

3,4 = D, c3
3,4 = A A > 0, D > 0

Aα, −1−α
4,5 ,

α ∈ (−1, 1
2 ]

c1
1,4 = A, c1

2,4 = B, c2
2,4 = C, c1

3,4 = D, c2
3,4 = F ,

c3
3,4 = −A− C

A > 0, C < 0

A−2β,β
4,6 ,

β ∈ (0, +∞)
c1
1,4 = −2A, c1

2,4 = B, c2
2,4 = A + C, c3

2,4 = D, c1
3,4 = F ,

c2
3,4 = G, c3

3,4 = A− C
A > 0, D < 0, G > 0

A4,8 c1
2,3 = A, c1

2,4 = B, c2
2,4 = C, c1

3,4 = D, c2
3,4 = F , c3

3,4 = −C A > 0, C > 0

A4,10 c1
2,3 = A, c1

2,4 = B, c3
2,4 = C, c1

3,4 = D, c2
3,4 = G A > 0, C < 0, G > 0

�¥®à¥¬  1. �ãáâì G { ¤¥©áâ¢¨â¥«ì-
­ ï ç¥âëà¥å¬¥à­ ï ã­¨¬®¤ã«ïà­ ï £àã¯¯  �¨
á «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©. �®-
£¤  ¥á«¨ A∧©g = 0, â®  «£¥¡à  g ¨§®¬®àä­  «¨¡®
 «£¥¡à¥ �¨ 4A1, «¨¡® A3,6 ⊕ A1.

�®ª § â¥«ìáâ¢®. �¨ªá¨àãï ¡ §¨á à ¡®âë
[4] ­  4-¬¥à­®© ã­¨¬®¤ã«ïà­®© à §«®¦¨¬®©  «-
£¥¡à¥ �¨, ­ å®¤¨¬ áª «ïà­ãî ªà¨¢¨§­ã

s = 1
2(2AC −A2 −A2M2 − C2 −B2

− C2L2 + 2AB −B2K2 + 2CB).

�à¨¬¥­ïï ä®à¬ã«ë (7), ®¯à¥¤¥«ï¥¬ í«¥¬¥­-
âë ¡«®ª  Z ¢ ¬ âà¨æ¥ ®¯¥à â®à  ªà¨¢¨§­ë (5)

Z11 = 1
8(2AC − 3A2 + 2AB − 3A2M2 + C2

− 2CB + B2 − C2L2 −B2K2),

Z22 = 1
8(2AC − 3C2 + 2CB − 3C2L2 + A2

− 2AB + B2 −A2M2 −B2K2),

Z33 = 1
8(A2M2 + C2L2 − 2AB + 3B2

− 2CB + 3B2K2 −A2 + 2AC − C2),

Z12 = 1
4(AMCL + B2K),

Z13 = 1
4(AMBK − C2L),

Z23 = 1
4(−A2M −BKCL).

� å®¤¨¬ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨©
Z = 0, s = 0 ®â­®á¨â¥«ì­® áâàãªâãà­ëå ª®­-
áâ ­â A, B, C, K, L, M :

1. A = B,B = B, C = 0,K = 0, L = L,M = 0.

2. A = C, B = 0, C = C, K = K, L = 0,M = 0.

3. A = 0, B = C, C = C, K = 0, L = 0, M = M.

4. A = 0, B = 0, C = 0,K = K, L = L,M = M.

�®¯®áâ ¢«ïï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë á ¤ ­-
­ë¬¨ â ¡«¨æë 1, ¯®«ãç ¥¬, çâ® ¢á¥ ç¥âëà¥å-
¬¥à­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ à §«®¦¨¬ë¥ ã­¨¬®¤ã-
«ïà­ë¥  «£¥¡àë �¨, £àã¯¯ë �¨ ª®â®àëå ­ ¤¥-
«¥­ë «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®© ¨
Z = 0, s = 0, ¨áç¥à¯ë¢ îâáï á«¥¤ãîé¨¬¨  «-
£¥¡à ¬¨: 4A1, A3,6 ⊕ A1. á ®£à ­¨ç¥­¨ï¬¨ ¨§
«¥¬¬ë 1.

� «¥¥ ¬ë ¯®á«¥¤®¢ â¥«ì­® à áá¬®âà¨¬ ¢á¥
¢¥é¥áâ¢¥­­ë¥ ç¥âëà¥å¬¥à­ë¥ ã­¨¬®¤ã«ïà­ë¥
­¥à §«®¦¨¬ë¥  «£¥¡àë �¨, ç¥¬ ¨ § ¢¥àè¨¬ ¤®-
ª § â¥«ìáâ¢® â¥®à¥¬ë 1.

�«£¥¡à  A4,1. �¨ªá¨àã¥¬ ®àâ®­®à¬¨à®¢ ­-
­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ëç¨á«¨¬ áª «ïà­ãî ªà¨-
¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®ª  Z ¢ à §«®¦¥­¨¨ ®¯¥-
à â®à  ªà¨¢¨§­ë. �®®â¢¥âáâ¢¥­­® ¨¬¥¥¬

s = −1
2(A2 + B2 + C2).

Z11 = 1
8(A2 + 3B2 + 3C2),

Z22 = 1
8(B2 + 3A2 − C2),

Z33 = 1
8(A2 + B2 − C2),

Z12 = −1
4AB,

Z23 = −1
4CB.
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�¢¨¤ã â®£®, çâ® áâàãªâãà­ë¥ ª®­áâ ­âë
A ¨ C ¯®«®¦¨â¥«ì­ë, á¨áâ¥¬  ãà ¢­¥­¨©
Z = 0, s = 0 ­¥ ¨¬¥¥â à¥è¥­¨©.

�«£¥¡à  A−2
4,2. �¨ªá¨àã¥¬ ®àâ®­®à¬¨à®¢ ­-

­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ëç¨á«¨¬ áª «ïà­ãî ªà¨-
¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®ª  Z ¢ à §«®¦¥­¨¨ ®¯¥-
à â®à  ªà¨¢¨§­ë. �®®â¢¥âáâ¢¥­­® ¨¬¥¥¬

s = −1
2(12A2 + B2 + C2 + D2).

Z11 = 1
8(B2 + 12A2 + 3C2 + 3D2),

Z22 = 1
8(C2 + 12A2 + 3B2 −D2),

Z33 = 1
8(−12A2 + B2 + C2 −D2),

Z12 = −1
4CB,

Z13 = −1
4AC,

Z23 = −1
4(DC + 3AB).

�¥âàã¤­® § ¬¥â¨âì, çâ® ¯à¨ A > 0 ¨ D > 0
á¨áâ¥¬  ãà ¢­¥­¨© Z = 0, s = 0 ­¥ ¨¬¥¥â à¥è¥-
­¨©.

�«£¥¡à  Aα, −1−α
4,5 , £¤¥ α ∈ (−1, 1

2 ]. �¨ªá¨-
àã¥¬ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ë-
ç¨á«¨¬ áª «ïà­ãî ªà¨¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®-
ª  Z ¢ à §«®¦¥­¨¨ ®¯¥à â®à  ªà¨¢¨§­ë. �®®â-
¢¥âáâ¢¥­­® ¨¬¥¥¬

s = −1
2(4A2 + B2 + 4C2 + D2 + F 2 + 4AC).

Z11 = 1
8(B2 + 4AC + 3D2 + 3F 2 + 4A2 + 4C2),

Z22 = 1
8(D2 + 4A2 + 4AC + 3B2 + 4C2 − F 2),

Z33 = 1
8(−4A2 + B2 + D2 − F 2 − 4AC − 4C2),

Z12 = −1
4(BD + AF + 2CF ),

Z13 = −1
4D(C + 2A),

Z23 = −1
4(FD + AB + CB).

�ç¥¢¨¤­®, çâ® á¨áâ¥¬  ãà ¢­¥­¨©
Z = 0, s = 0 ­¥ ¨¬¥¥â à¥è¥­¨© ¢ á¨«ã ®£à ­¨-
ç¥­¨© ­  áâàãªâãà­ë¥ ª®­áâ ­âë A > 0, C < 0.

�«£¥¡à  A−2β,β
4,6 , £¤¥ β ∈ (0, +∞). �¨ªá¨àã-

¥¬ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ëç¨á-
«¨¬ áª «ïà­ãî ªà¨¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®ª 

Z ¢ à §«®¦¥­¨¨ ®¯¥à â®à  ªà¨¢¨§­ë. �®®â¢¥â-
áâ¢¥­­® ¨¬¥¥¬

s = −1
2(12A2 + B2 + F 2 + 4C2 + 2GD + D2 + G2).

Z11 = 1
8(B2 + 12A2 + 3F 2 + 3G2 + 2GD

+ 4C2 −D2),

Z22 = 1
8(F 2 + 12A2 + 3B2 + 4C2 + 2GD

+ 3D2 −G2),

Z33 = 1
8(−12A2 + B2 + F 2 − 2GD −G2

−D2 − 4C2),

Z12 = −1
4(BF − 2DC + 2GC),

Z13 = 1
4(3AF − CF + BD),

Z23 = −1
4(FG + 3AB + CB).

� ª ª ª A > 0, D < 0 ¨ G > 0, â®, ª ª «¥£ª®
§ ¬¥â¨âì, áª «ïà­ ï ªà¨¢¨§­  s ­¥ ®¡à é ¥âáï
¢ ­ã«ì. �«¥¤®¢ â¥«ì­®, ­¥ ¨¬¥¥â à¥è¥­¨© ¨ á¨-
áâ¥¬  ãà ¢­¥­¨© Z = 0, s = 0.

�«£¥¡à  A4,8. �¨ªá¨àã¥¬ ®àâ®­®à¬¨à®¢ ­-
­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ëç¨á«¨¬ áª «ïà­ãî ªà¨-
¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®ª  Z ¢ à §«®¦¥­¨¨ ®¯¥-
à â®à  ªà¨¢¨§­ë. �®®â¢¥âáâ¢¥­­® ¨¬¥¥¬

s = −1
2(A2 + B2 + D2 + F 2 + 4 C2).

Z11 = 1
8(A2 + B2 + 3D2 + 3F 2 + 4C2),

Z22 = 1
8(A2 + D2 + 3B2 + 4C2 − F 2),

Z33 = 1
8(B2 + D2 + 3A2 − F 2 − 4C2),

Z12 = −1
4(BD + 2CF ),

Z13 = 1
4D(A− C),

Z23 = −1
4(AB + FD + CB).

�®áª®«ìªã A ¨ C ¯®«®¦¨â¥«ì­ë, â® á¨áâ¥¬ 
ãà ¢­¥­¨© Z = 0, s = 0 ­¥ ¨¬¥¥â à¥è¥­¨©.

�«£¥¡à  A4,10. �¨ªá¨àã¥¬ ®àâ®­®à¬¨à®-
¢ ­­ë© ¡ §¨á «¥¬¬ë 2 ¨ ¢ëç¨á«¨¬ áª «ïà­ãî
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ªà¨¢¨§­ã ¨ ª®¬¯®­¥­âë ¡«®ª  Z ¢ à §«®¦¥­¨¨
®¯¥à â®à  ªà¨¢¨§­ë. �®®â¢¥âáâ¢¥­­® ¨¬¥¥¬

s = −1
2(A2 + B2 + D2 + G2 + C2 + 2 GC),

Z11 = 1
8(A2 + B2 + 3D2 + 3G2 + 2GC − C2),

Z22 = 1
8(A2 + D2 + 3B2 + 2GC + 3C2 −G2),

Z33 = 1
8(B2 + D2 + 3A2 − 2GC −G2 − C2),

Z12 = −1
4BD,

Z13 = 1
4(AD + CB),

Z23 = −1
4(AB + GD).

�ç¥¢¨¤­®, çâ® á¨áâ¥¬  ãà ¢­¥­¨© Z = 0,
s = 0 ­¥ à §à¥è¨¬  ¯à¨ § ¤ ­­ëå ®£à ­¨ç¥­¨ïå
­  áâàãªâãà­ë¥ ª®­áâ ­âë A > 0, C < 0, G > 0.

�¥¬ á ¬ë¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 § ¢¥à-
è¥­®.

� ¬¥â¨¬, çâ® ¬¥âà¨ª¨, ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨ï¬ â¥®à¥¬ë 1, ï¢«ïîâáï ¯«®áª¨¬¨, ¢ â®¬
á¬ëá«¥, çâ® á¥ªæ¨®­­ ï ªà¨¢¨§­  ¤ ­­ëå ¬­®-
£®®¡à §¨© âà¨¢¨ «ì­ .

�à®¬¥ â®£®,  ­ «®£¨ç­® ¨áá«¥¤®¢ ­ á«ãç ©
¤¥©áâ¢¨â¥«ì­ëå ç¥âëà¥å¬¥à­ëå ­¥ã­¨¬®¤ã«ïà-
­ëå £àã¯¯ �¨ ¨ ¤®ª § ­ 

�¥®à¥¬  2. �ãáâì G { ¤¥©áâ¢¨â¥«ì­ ï
ç¥âëà¥å¬¥à­ ï ­¥ã­¨¬®¤ã«ïà­ ï £àã¯¯  �¨ á
«¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©. �®£¤ 
A∧©g 6= 0.

�â¬¥â¨¬ â ª¦¥, çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®-
à¥¬ë 2 áãé¥áâ¢¥­­® ¨á¯®«ì§®¢ «¨áì à¥§ã«ìâ âë
à ¡®â [6, 7].
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