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�à¨ ¨áá«¥¤®¢ ­¨¨ à¨¬ ­®¢ëå ¬­®£®®¡à §¨©
¢ ¦­ãî à®«ì ¨£à ¥â â¥­§®à ®¤­®¬¥à­®© ªà¨¢¨§-
­ë Aij . �­ ¯à¥¤áâ ¢«ï¥â á®¡®© æ¥«ãî ç áâì
®â ¤¥«¥­¨ï à¨¬ ­®¢  â¥­§®à  ªà¨¢¨§­ë ­  ¬¥-
âà¨ç¥áª¨© â¥­§®à ®â­®á¨â¥«ì­® ¯à®¨§¢¥¤¥­¨ï
�ã«ª à­¨-�®¬¨¤§ã [1] ¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

Aij = 1
n− 2

(
Rij − Rgij

2(n− 1)

)
, (1)

£¤¥ Rij { â¥­§®à �¨çç¨; R { áª «ïà­ ï ªà¨¢¨§­ 
¬¥âà¨ª¨ ds2; gij { ¬¥âà¨ç¥áª¨© â¥­§®à.

� ç áâ­®áâ¨, ¤«ï ª®­ä®à¬­®-¯«®áª®© ¬¥âà¨-
ª¨ à¨¬ ­®¢ã ªà¨¢¨§­ã ¤¢ã¬¥à­®© ¯«®é ¤ª¨ −→ξ1∧−→
ξ2 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

K(−→ξ1 ∧ −→ξ2) = (A−→ξ1 ,
−→
ξ1) + (A−→ξ2 ,

−→
ξ2).

�«¥¤®¢ â¥«ì­®, ¨§ãç¥­¨¥ á¢®©áâ¢ ®¯¥à â®à 
®¤­®¬¥à­®© ªà¨¢¨§­ë ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¢
¯®­¨¬ ­¨¨ £¥®¬¥âà¨ç¥áª®£® ¨ â®¯®«®£¨ç¥áª®£®
áâà®¥­¨ï ®¤­®à®¤­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï.
�áâ¥áâ¢¥­­® ¯®¯ëâ âìáï ®âëáª âì ®¡é¨¥ á¢®©-
áâ¢  ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë. �¤¨­ ¨§
¢ à¨ ­â®¢ { ¨§ãç¨âì ¢®§¬®¦­ë¥ á¨£­ âãàë ®¯¥-
à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ®¤­®à®¤­®£® à¨-
¬ ­®¢  ¬­®£®®¡à §¨ï.

� ¤ ­­®© à ¡®â¥ ®¡®¡é¥­ë ¨ ãâ®ç­¥­ë à¥-
§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ [2], ª« áá¨ä¨æ¨à®¢ -
­ë ¢®§¬®¦­ë¥ á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à-

­®© ªà¨¢¨§­ë ­  âà¥å¬¥à­ëå £àã¯¯ å �¨ á «¥-
¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©.

� ¯®¬­¨¬, çâ® ¬¥âà¨ç¥áª®©  «£¥¡à®© �¨
­ §ë¢ ¥âáï ¯ à  (g, Q), £¤¥ g { ¢¥é¥áâ¢¥­­ ï
 «£¥¡à  �¨,   Q { ­¥ª®â®à®¥ áª «ïà­®¥ ¯à®¨§-
¢¥¤¥­¨¥ ­  g. �à®¨§¢®«ì­ ï «¥¢®¨­¢ à¨ ­â­ ï
à¨¬ ­®¢  ¬¥âà¨ª  ρ ­  £àã¯¯¥ �¨ G ®¯à¥¤¥«ï-
¥â áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ Q ­   «£¥¡à¥ �¨ g
£àã¯¯ë G, ¨ ­ ®¡®à®â, ª ¦¤®¥ áª «ïà­®¥ ¯à®¨§-
¢¥¤¥­¨¥ Q ­  g ¨­¤ãæ¨àã¥â «¥¢®¨­¢ à¨ ­â­ãî
¬¥âà¨ªã ρ ­  £àã¯¯¥ G. �á«¨ ®â®¦¤¥áâ¢¨âì í«¥-
¬¥­âë  «£¥¡àë �¨ g á «¥¢®¨­¢ à¨ ­â­ë¬¨ ¢¥ª-
â®à­ë¬¨ ¯®«ï¬¨ ­  £àã¯¯¥ �¨ G, â® ­¥âàã¤­®
¯®«ãç¨âì ¢ â¥à¬¨­ å ¬¥âà¨ç¥áª®©  «£¥¡àë �¨
(g, Q) ä®à¬ã«ë ¤«ï ¢ëç¨á«¥­¨ï ®á­®¢­ëå å -
à ªâ¥à¨áâ¨ª ªà¨¢¨§­ë à¨¬ ­®¢  ¬­®£®®¡à §¨ï
[1].

�à®¡«¥¬  ®¯à¥¤¥«¥­¨ï ¢®§¬®¦­ëå á¨£­ âãà
®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë «¥¢®¨­¢ à¨-
 ­â­ëå à¨¬ ­®¢ëå ¬¥âà¨ª ­  § ¤ ­­®© £àã¯-
¯¥ �¨ ï¢«ï¥âáï «®ª «ì­®©, ¯®íâ®¬ã ¥áâ¥áâ¢¥­­®
¯¥à¥ä®à¬ã«¨à®¢ âì ¥¥ ¢ â¥à¬¨­ å ¬¥âà¨ç¥áª¨å
 «£¥¡à �¨. �¬¥­­®, ®¯à¥¤¥«¨âì ¢®§¬®¦­ë¥ §­ -
ç¥­¨ï á¨£­ âãà ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë
¤«ï ¢á¥¢®§¬®¦­ëå áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© ­ 
§ ¤ ­­®©  «£¥¡à¥ �¨.

�®¤ á¨£­ âãà®© á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à 
B, ¤¥©áâ¢ãîé¥£® ­  n-¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®-
áâà ­áâ¢¥, ¡ã¤¥¬ ¯®­¨¬ âì ã¯®àï¤®ç¥­­ë© ­ -
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¡®à (sgn(τ1), sgn(τ2), . . . , sgn(τn)), £¤¥ τ1 ≤ τ2 ≤
. . . ≤ τn { á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥à â®à  B,
¨ sgn(x) ®§­ ç ¥â §­ ª (¢¥é¥áâ¢¥­­®£®) ç¨á«  x.

�«ï ã¯à®é¥­¨ï ¨§«®¦¥­¨ï § ­ã¬¥àã¥¬ ¢á¥ ¢®§-
¬®¦­ë¥ á¨£­ âãàë ¤«ï âà¥å¬¥à­®£® á«ãç ï â ª,
ª ª íâ® ãª § ­® ¢ â ¡«¨æ¥ 1.

� ¡«¨æ  1

�®§¬®¦­ë¥ á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­  âà¥å¬¥à­ëå £àã¯¯ å �¨
ü 1 2 3 4 5

�¨£­ âãà  (−,−,−) (−,−, 0) (−,−, +) (−, 0, 0) (−, 0, +)
ü 6 7 8 9 10

�¨£­ âãà  (−, +, +) (0, 0, 0) (0, 0, +) (0, +, +) (+, +, +)

�­¨¬®¤ã«ïà­ë© á«ãç ©
�ãáâì G { âà¥å¬¥à­ ï ã­¨¬®¤ã«ïà­ ï £àã¯-

¯  �¨, g {  «£¥¡à  �¨ £àã¯¯ë G, (·, ·) { áª «ïà-
­®¥ ¯à®¨§¢¥¤¥­¨¥ ­  g. �®£¤  ¢ g áãé¥áâ¢ã¥â [3]
®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á e1, e2, e3 á ª®¬¬ãâ -
æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨

[e1, e2] = λ3e3, [e1, e3] = λ2e2,

[e2, e3] = λ1e1, (2)
£¤¥ 0 < λ1 ≤ λ2 ≤ λ3.

�à®¬¥ â®£®, áãé¥áâ¢ã¥â à®¢­® è¥áâì ­¥¨§®-
¬®àä­ëå âà¥å¬¥à­ëå  «£¥¡à �¨ ¨ á®®â¢¥âáâ¢ã-
îé¨å ¨¬ â¨¯®¢ ã­¨¬®¤ã«ïà­ëå âà¥å¬¥à­ëå
£àã¯¯ �¨. �á¥ ®­¨ ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 2 (á¬.
¯®¤à®¡­¥¥ ¢ [3]).

� ¡«¨æ  2

�à¥å¬¥à­ë¥ ã­¨¬®¤ã«ïà­ë¥ £àã¯¯ë �¨ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬  «£¥¡àë �¨

�«ãç © �­ ª¨
(λ1, λ2, λ3) �àã¯¯  �¨ �«£¥¡à  �¨

(a) (+, +, +) SU(2) ¨«¨ SO(3) su(2) { ª®¬¯ ªâ­ ï, ¯à®áâ ï

(b) (+, +,−) SL(2,R) ¨«¨ O(1, 2) sl(2,R) { ­¥ª®¬¯ ªâ­ ï, ¯à®áâ ï

(c) (+, +, 0) E(2) e(2) { à §à¥è¨¬ ï

(d) (+,−, 0) E(1, 1) e(1, 1) { à §à¥è¨¬ ï

(e) (+, 0, 0) H { £àã¯¯  �¥©§¥­¡¥à£  h { ­¨«ì¯®â¥­â­ ï

(f) (0, 0, 0) R⊕ R⊕ R R3 { ª®¬¬ãâ â¨¢­ ï

�§ (1) á«¥¤ã¥â, çâ® ª¢ ¤à â¨ç­ ï ä®à¬  A ¢
¡ §¨á¥ (2) ¨¬¥¥â ¤¨ £®­ «ì­ë© ¢¨¤, ¨ ¥¥ £« ¢­ë¥
§­ ç¥­¨ï à ¢­ë:

k1 = 1
8(5λ2

1 − 3λ2
2 − 3λ2

3 + 6λ2λ3

− 2λ1λ3 − 2λ1λ2),

k2 = 1
8(−3λ2

1 + 5λ2
2 − 3λ2

3 + 6λ1λ3

− 2λ1λ2 − 2λ2λ3),

k3 = 1
8(−3λ2

1 − 3λ2
2 + 5λ2

3 + 6λ1λ2

− 2λ1λ3 − 2λ2λ3).

(3)

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥­¨¥ á¨£­ âãàë ®¯¥-
à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë âà¥å¬¥à­®© ã­¨-
¬®¤ã«ïà­®©  «£¥¡àë �¨ á «¥¢®¨­¢ à¨ ­â­®© à¨-
¬ ­®¢®© ¬¥âà¨ª®© á¢®¤¨âáï ª ­ å®¦¤¥­¨î ¢á¥-
¢®§¬®¦­ëå §­ ª®¢ £« ¢­ëå §­ ç¥­¨© k1, k2, k3
¢ § ¢¨á¨¬®áâ¨ ®â §­ ª®¢ áâàãªâãà­ëå ª®­áâ ­â
(λ1, λ2, λ3).

�ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â ¢ á«ãç ¥
âà¥å¬¥à­ëå ã­¨¬®¤ã«ïà­ëå  «£¥¡à �¨ á «¥¢®-
¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©.

�¥®à¥¬  1. �ãáâì G { ã­¨¬®¤ã«ïà­ ï
âà¥å¬¥à­ ï £àã¯¯  �¨ á «¥¢®¨­¢ à¨ ­â­®© à¨-
¬ ­®¢®© ¬¥âà¨ª®©, g {  «£¥¡à  �¨ £àã¯¯ë G, s {
¯à®¨§¢®«ì­ ï á¨£­ âãà  ¨§ â ¡«¨æë 1. �®£¤ 
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s à¥ «¨§ã¥âáï ¢ ª ç¥áâ¢¥ á¨£­ âãàë ®¯¥à â®à 
®¤­®¬¥à­®© ªà¨¢¨§­ë ¤«ï ­¥ª®â®à®£® áª «ïà­®-
£® ¯à®¨§¢¥¤¥­¨ï ­  g ¢ â®¬ ¨ â®«ìª® â®¬ á«ã-
ç ¥, ¥á«¨ ¢ â ¡«¨æ¥ 3 ­  ¯¥à¥á¥ç¥­¨¨ áâà®ª¨,

á®®â¢¥âáâ¢ãîé¥©  «£¥¡à¥ �¨ g, ¨ áâ®«¡æ , á®-
®â¢¥âáâ¢ãîé¥£® á¨£­ âãà¥ s, ­ å®¤¨âáï §­ ª
"+".

� ¡«¨æ  3

�®§¬®¦­ë¥ á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë «¥¢®¨­¢ à¨ ­â­ëå à¨¬ ­®¢ëå ¬¥âà¨ª
­  âà¥å¬¥à­ëå ã­¨¬®¤ã«ïà­ëå £àã¯¯ å �¨

ü á¨£­ âãàë
�«£¥¡à  �¨ 1 2 3 4 5 6 7 8 9 10

su(2) − − + − + + − + + +
sl(2, R) − − + − + + − − − −

e(2) − − + − − − + − − −
e(1, 1) − − + − + + − − − −

h − − + − − − − − − −
R3 − − − − − − + − − −

� «¥¥ ¬ë à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­® ¢á¥
âà¥å¬¥à­ë¥ ã­¨¬®¤ã«ïà­ë¥  «£¥¡àë �¨, ç¥¬ ¨
¤®ª ¦¥¬ â¥®à¥¬ã 1.

�«£¥¡à  su(2).
�à¥¤«®¦¥­¨¥ 1. � ª ç¥áâ¢¥ á¨£­ âã-

àë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «£¥¡à¥
su(2) à¥ «¨§ãîâáï â®«ìª® á¨£­ âãàë (−,−, +),
(−, 0, +), (−, +, +), (0, 0, +), (0, +, +), (+, +, +),
â.¥. á¨£­ âãàë 3, 5, 6, 8, 9 ¨ 10 â ¡«¨æë 1.

�®ª § â¥«ìáâ¢®. � â ¡«¨æ¥ 4 ¯à¨¢¥¤¥­ë
§­ ç¥­¨ï ¯ à ¬¥âà®¢ λ1, λ2, λ3, ¯à¨ ª®â®àëå
à¥ «¨§ãîâáï á¨£­ âãàë, ãª § ­­ë¥ ¢ ä®à¬ã«¨-
à®¢ª¥ ¯à¥¤«®¦¥­¨ï.

� ¡«¨æ  4

� ¡®àë áâàãªâãà­ëå ª®­áâ ­â  «£¥¡àë �¨
su(2) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¨£­ âãàë

®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë
«¥¢®¨­¢ à¨ ­â­ëå à¨¬ ­®¢ëå ¬¥âà¨ª

ü á¨£­ âãà  λ1 λ2 λ3
3 (−,−, +) 1 1 5

3
5 (−, 0, +) 7

15
4
5 1

6 (−, +, +) 1 1 2
5

8 (0, 0, +) 1 1 4
3

9 (0, +, +) 4
5 1 1

10 (+, +, +) 1 1 1

�®ª ¦¥¬, çâ® ®áâ «ì­ë¥ á¨£­ âãàë ­¥à¥ «¨§ã¥-
¬ë. �«ï íâ®£® à áá¬®âà¨¬ k3

k3 = 1
8(5λ2

3 − 3λ2
1 − 3λ2

2 + 6λ1λ2 − 2λ1λ3 − 2λ2λ3)

= 1
8(− 4λ2

1 + 4λ1λ2 − 4λ2
2 + 4λ2

3 + λ2
1 + λ2

2 + λ2
3

+2λ1λ2 − 2λ1λ3 − 2λ2λ3) = 1
8(− 4λ2

1 + 4λ1λ2

−4λ2
2 + 4λ2

3 + (λ1 + λ2 − λ3)2) > 0.

�®áª®«ìªã k3 > 0, â® á¨£­ âãàë 1, 2, 4 ¨ 7 ¨§
â ¡«¨æë 1 ­¥à¥ «¨§ã¥¬ë.

�«£¥¡à  sl(2, R).
�à¥¤«®¦¥­¨¥ 2. � ª ç¥áâ¢¥ á¨£­ âã-

àë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «£¥¡-
à¥ sl(2, R) à¥ «¨§ãîâáï â®«ìª® á¨£­ âãàë
(−,−, +), (−, 0, +), (−, +, +), â.¥. á¨£­ âãàë 3,
5 ¨ 6 â ¡«¨æë 1.

�®ª § â¥«ìáâ¢®. � [2] ¯®ª § ­®, çâ® ¯à¨
§ ¤ ­­ëå ®£à ­¨ç¥­¨ïå ­  áâàãªâãà­ë¥ ª®­-
áâ ­âë (0 < λ1 ≤ λ2, λ3 < 0)  «£¥¡àë �¨ sl(2, R)
¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

1) k1 < 0, k3 > 0, ¥á«¨ λ1 = λ2 > 0,
2) k1 < 0, k3 > 0, ¥á«¨ 0 < λ1 < λ2 ≤ λ1 +|λ3|,
3) k1 < 0, k2 > 0, ¥á«¨ 0 < λ1 < λ1 +|λ3| < λ2.
� ª¨¬ ®¡à §®¬, á¨£­ âãàë 1, 2, 4, 7{10 ¨§

â ¡«¨æë 1 ­¥à¥ «¨§ã¥¬ë. � â ¡«¨æ¥ 5 ¯à¨¢¥¤¥-
­ë §­ ç¥­¨ï ¯ à ¬¥âà®¢ λ1, λ2, λ3, ¯à¨ ª®â®àëå
à¥ «¨§ãîâáï á¨£­ âãàë, ãª § ­­ë¥ ¢ ä®à¬ã«¨-
à®¢ª¥ ¯à¥¤«®¦¥­¨ï.

� ¡«¨æ  5

� ¡®àë áâàãªâãà­ëå ª®­áâ ­â  «£¥¡àë �¨
sl(2, R) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¨£­ âãàë

®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë
«¥¢®¨­¢ à¨ ­â­ëå à¨¬ ­®¢ëå ¬¥âà¨ª

ü á¨£­ âãà  λ1 λ2 λ3
3 (−,−, +) 1 1 −1
5 (−, 0, +) 19+4

√
31

15
4
5 −1

6 (−, +, +) 1
3 1 −1
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�«£¥¡à  e(2).
�à¥¤«®¦¥­¨¥ 3. � ª ç¥áâ¢¥ á¨£­ âã-

àë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «£¥¡à¥
e(2) à¥ «¨§ãîâáï â®«ìª® á¨£­ âãàë (−,−, +),
(0, 0, 0), â.¥. á¨£­ âãàë 3 ¨ 7 â ¡«¨æë 1.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬, ç¥¬ã ¢ ¤ ­-
­®¬ á«ãç ¥ à ¢­ë £« ¢­ë¥ ªà¨¢¨§­ë ®¯¥à â®à 
®¤­®¬¥à­®© ªà¨¢¨§­ë. �®¤áâ ¢¨¬ λ3 = 0 ¢ (3),
¨ ¯®á«¥ ã¯à®é¥­¨ï ¯®«ãç¨¬

k1 = 1
8(5λ1 + 3λ2)(λ1 − λ2),

k2 = −1
8(3λ1 + 5λ2)(λ1 − λ2),

k3 = −3
8(λ1 − λ2)2.

(4)

�ç¥¢¨¤­®, çâ® ¢®§¬®¦­ë â®«ìª® ¤¢  á«ãç ï,
¯à¨ ª®â®àëå á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à­®©
ªà¨¢¨§­ë ¡ã¤ãâ à §«¨ç­ë: 1) 0 < λ1 = λ2 ¨ 2)
0 < λ1 < λ2. � ¯¥à¢®¬ á«ãç ¥ ¯®«ãç ¥¬ á¨£­ -
âãàã (0, 0, 0), ¢® ¢â®à®¬ { á¨£­ âãàã (−,−, +).

�«£¥¡à  e(1, 1).
�à¥¤«®¦¥­¨¥ 4. � ª ç¥áâ¢¥ á¨£­ -

âãàë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «-
£¥¡à¥ e(1, 1) à¥ «¨§ãîâáï â®«ìª® á¨£­ âãàë
(−,−, +), (−, 0, +), (−, +, +), â.¥. á¨£­ âãàë 3,
5 ¨ 6 â ¡«¨æë 1.

�®ª § â¥«ìáâ¢®. �«¥¤ãï à ¡®â¥ [2], § ¬¥-
­¨¬ ¢ (4) λ2 ­  −|λ2| ¨ ¯®«ãç¨¬

k1 = 1
8(5λ1 − 3|λ2|)(λ1 + |λ2|),

k2 = −1
8(3λ1 − 5|λ2|)(λ1 + |λ2|),

k3 = −3
8(λ1 + |λ2|)2.

�¥âàã¤­® § ¬¥â¨âì, çâ® ¢®§¬®¦­ë â®«ìª®
âà¨ á«ãç ï à §«¨ç­ëå á¨£­ âãà:

1) ¥á«¨ 0 < λ1 < 3
5 |λ2| ¨«¨ λ1 > 5

3 |λ2|, â®
á¨£­ âãà  (−,−, +),

2) ¥á«¨ λ1 = 3
5 |λ2| ¨«¨ λ1 = 5

3 |λ2|, â® á¨£­ -
âãà  (−, 0, +),

3) ¥á«¨ 3
5 |λ2| < λ1 < 5

3 |λ2|, â® á¨£­ âãà 
(−, +, +).

�«£¥¡à  h.
�à¥¤«®¦¥­¨¥ 5. � ª ç¥áâ¢¥ á¨£­ âã-

àë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «£¥¡à¥
h à¥ «¨§ã¥âáï â®«ìª® á¨£­ âãà  (−,−, +), â.¥.
á¨£­ âãà  3 â ¡«¨æë 1.

�®ª § â¥«ìáâ¢®. �« ¢­ë¥ ªà¨¢¨§­ë ®¯¥-
à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ¨¬¥îâ ¢¨¤

k1 = 5
8λ2

1, k2 = −3
8λ2

1, k3 = −3
8λ2

1.

� ª ª ª λ1 > 0, â® á¨£­ âãà  (−,−, +) ï¢«ï-
¥âáï ¥¤¨­áâ¢¥­­® ¢®§¬®¦­®© á¨£­ âãà®© ®¯¥à -
â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë.

�«£¥¡à  R3.
�«ï  ¡¥«¥¢®©  «£¥¡àë R3 ¢á¥ áâàãªâãà­ë¥

ª®­áâ ­âë ­ã«¥¢ë¥ λ1 = λ2 = λ3 = 0, ¯®íâ®¬ã
­ã«¥¢ë¬ ï¢«ï¥âáï ¨ ®¯¥à â®à ®¤­®¬¥à­®© ªà¨-
¢¨§­ë. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¥¥
®ç¥¢¨¤­®¥

�à¥¤«®¦¥­¨¥ 6. � ª ç¥áâ¢¥ á¨£­ âã-
àë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ­   «£¥¡à¥
R3 à¥ «¨§ã¥âáï â®«ìª® á¨£­ âãà  (0, 0, 0), â.¥.
á¨£­ âãà  7 â ¡«¨æë 1.

�â ª, â¥®à¥¬  1 ¤®ª § ­ .
�¥ã­¨¬®¤ã«ïà­ë© á«ãç ©
�ãáâì G { âà¥å¬¥à­ ï ­¥ã­¨¬®¤ã«ïà­ ï

£àã¯¯  �¨, g {  «£¥¡à  �¨ £àã¯¯ë G. (·, ·) { áª -
«ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ­  g. �®£¤  ¢ g áãé¥áâ¢ã-
¥â [3] ¯®«®¦¨â¥«ì­® ®à¨¥­â¨à®¢ ­­ë© ®àâ®­®à-
¬¨à®¢ ­­ë© ¡ §¨á e1, e2, e3 á ª®¬¬ãâ æ¨®­­ë¬¨
á®®â­®è¥­¨ï¬¨

[e1, e2] = αe1 + βe2, [e1, e3] = γ2e2 + δ e3,

[e2, e3] = 0,

£¤¥ α + δ 6= 0 ¨ αγ + βδ = 0.
�«¥¤ãï [3], ®¡®§­ ç¨¬ α = 1 + ξ, β = (1 + ξ)η,

γ = −(1 − ξ)η, δ = 1 − ξ, £¤¥ ξ ≥ 0, η ≥ 0. �¢ ¤-
à â¨ç­ ï ä®à¬  A ¤¨ £®­ «¨§¨àã¥¬  ¢ íâ®¬ ¡ -
§¨á¥ ¨ ¥¥ £« ¢­ë¥ §­ ç¥­¨ï à ¢­ë

k1 = −1
2 −

3
2ξ2 − 3

2η2ξ2,

k2 = −1
2 − 2ξ − 2η2ξ + 1

2ξ2η2 + 1
2ξ2,

k3 = −1
2 + 2ξ + 2η2ξ + 1

2ξ2 + 1
2η2ξ2.

(5)

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥­¨¥ á¨£­ âãàë ®¯¥-
à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë âà¥å¬¥à­®© ­¥-
ã­¨¬®¤ã«ïà­®©  «£¥¡àë �¨ á «¥¢®¨­¢ à¨ ­â-
­®© à¨¬ ­®¢®© ¬¥âà¨ª®© á¢®¤¨âáï ª ­ å®¦¤¥-
­¨î ¢á¥¢®§¬®¦­ëå §­ ª®¢ ¥¥ £« ¢­ëå §­ ç¥­¨©
k1, k2, k3 ¢ § ¢¨á¨¬®áâ¨ ®â §­ ª®¢ áâàãªâãà­ëå
ª®­áâ ­â (λ1, λ2, λ3).

�ä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â ¢ á«ãç ¥
âà¥å¬¥à­ëå ­¥ã­¨¬®¤ã«ïà­ëå  «£¥¡à �¨ á «¥-
¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©.

�¥®à¥¬  2. �ãáâì G { ­¥ã­¨¬®¤ã«ïà-
­ ï âà¥å¬¥à­ ï £àã¯¯  �¨ á «¥¢®¨­¢ à¨ ­â­®©
à¨¬ ­®¢®© ¬¥âà¨ª®©, g {  «£¥¡à  �¨ £àã¯¯ë
G. �®£¤  ¢ ª ç¥áâ¢¥ á¨£­ âãà ®¯¥à â®à  ®¤­®-
¬¥à­®© ªà¨¢¨§­ë ­  g à¥ «¨§ã¥¬ë â®«ìª® á¨£-
­ âãàë (−,−,−), (−,−, 0), (−,−, +), (−, 0, +),
(−, +, +), â.¥. á¨£­ âãàë 1, 2, 3, 5 ¨ 6 â ¡«¨-
æë 1.

�®ª § â¥«ìáâ¢®. � â ¡«¨æ¥ 6 ¯à¨¢¥¤¥­ë
§­ ç¥­¨ï ¯ à ¬¥âà®¢ α, β, γ, δ, ¯à¨ ª®â®àëå à¥-
 «¨§ãîâáï á¨£­ âãàë, ãª § ­­ë¥ ¢ ä®à¬ã«¨à®¢-
ª¥ â¥®à¥¬ë.
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� ¡«¨æ  6

�®§¬®¦­ë¥ á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë «¥¢®¨­¢ à¨ ­â­ëå à¨¬ ­®¢ëå ¬¥âà¨ª
­  âà¥å¬¥à­ëå ­¥ã­¨¬®¤ã«ïà­ëå £àã¯¯ å �¨

ü á¨£­ âãàë á¨£­ âãà  α β γ δ
1 (−,−,−) 11

10
11
10 − 9

10
9
10

2 (−,−, 0) −1 + 3
√

2
2 −1 + 3

√
2

2 −3 + 3
√

2
2 3− 3

√
2

2
3 (−,−, +) 3 3 1 −1
5 (−, 0, +) 3 + 3

√
2

2 3 + 3
√

2
2 1 + 3

√
2

2 −1− 3
√

2
2

6 (−, +, +) 6 6 4 −4

�®ª ¦¥¬ â¥¯¥àì, çâ® ®áâ «ì­ë¥ á¨£­ âãàë
­¥ ¬®£ãâ ¡ëâì á¨£­ âãà ¬¨ ®¯¥à â®à  ®¤­®¬¥à-
­®© ªà¨¢¨§­ë. � ¬¥â¨¬, çâ® k1 < 0. �«¥¤®-
¢ â¥«ì­®, á¨£­ âãàë 7{10 ­¥à¥ «¨§ã¥¬ë. �®ª -
¦¥¬, çâ® á¨£­ âãà  4 â ª¦¥ ­¥ ¬®¦¥â ¡ëâì á¨£-
­ âãà®© ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë âà¥å-
¬¥à­®© ­¥ã­¨¬®¤ã«ïà­®©  «£¥¡àë �¨ á «¥¢®¨­-
¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®©. �«ï íâ®£® à¥-
è¨¬ ãà ¢­¥­¨ï k2 = 0 ¨ k3 = 0 á¨áâ¥¬ë à ¢¥­áâ¢
(5) ®â­®á¨â¥«ì­® ξ:

k2 = 0 : ξ1 = 2η2 + 2 +
√

4η4 + 9η2 + 5
η2 + 1 > 0,

ξ2 = 2η2 + 2−
√

4η4 + 9η2 + 5
η2 + 1 < 0.

k3 = 0 : ξ′1 = −2η2 + 2−
√

4η4 + 9η2 + 5
η2 + 1 > 0,

ξ′2 = −2η2 + 2−
√

4η4 + 9η2 + 5
η2 + 1 < 0.

�ç¥¢¨¤­®, çâ® á¨£­ âãà  (−, 0, 0) ¬®¦¥â ¡ëâì
á¨£­ âãà®© ®¯¥à â®à  ®¤­®¬¥à­®© ªà¨¢¨§­ë ¢
â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ ξ1 = ξ′1. �¬¥¥¬

ξ1 − ξ′1 = 2η2 + 2 +
√

4η4 + 9η2 + 5
η2 + 1

+2η2 + 2−
√

4η4 + 9η2 + 5
η2 + 1 = 4 6= 0.

�«¥¤®¢ â¥«ì­®, á¨£­ âãà  (−, 0, 0) ­¥à¥ «¨-
§ã¥¬  ¢ ª ç¥áâ¢¥ á¨£­ âãàë ®¯¥à â®à  ®¤­®¬¥à-
­®© ªà¨¢¨§­ë âà¥å¬¥à­®© ­¥ã­¨¬®¤ã«ïà­®©  «-
£¥¡àë �¨ á «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨-
ª®©.

�¥®à¥¬  2 ¤®ª § ­ .

�¨¡«¨®£à ä¨ç¥áª¨© á¯¨á®ª
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