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�®¬¨­¨®­ ¯®¤£àã¯¯ë H £àã¯¯ë A ¢ ª¢ -
§¨¬­®£®®¡à §¨¨ M { íâ® ¬­®¦¥áâ¢® ¢á¥å
í«¥¬¥­â®¢ a ∈ A, ®¡à §ë ª®â®àëå à ¢­ë ¤«ï
¢á¥å ¯ à £®¬®¬®àä¨§¬®¢, á®¢¯ ¤ îé¨å ­ 
H, ¨§ A ¢ ª ¦¤ãî £àã¯¯ã ¨§ M. �®¬¨­¨®­
ï¢«ï¥âáï ®¯¥à â®à®¬ § ¬ëª ­¨ï ­  à¥è¥âª¥
¯®¤£àã¯¯ ¤ ­­®© £àã¯¯ë. � à ¡®â¥ ¨áá«¥-
¤ãîâáï § ¬ª­ãâë¥ ¯®¤£àã¯¯ë ®â­®á¨â¥«ì­®
¤®¬¨­¨®­ . � ©¤¥­ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¤®-
¬¨­¨®­ ¯®«­®© ¯®¤£àã¯¯ë ¬¥â ¡¥«¥¢®© £àã¯¯ë
á®¢¯ ¤ ¥â á íâ®© ¯®¤£àã¯¯®©.

�«îç¥¢ë¥ á«®¢ : ª¢ §¨¬­®£®®¡à §¨¥, ¬¥â -
¡¥«¥¢  £àã¯¯ , ¤®¬¨­¨®­, n-§ ¬ª­ãâ ï ¯®¤-
£àã¯¯ , ¯®«­ ï  ¡¥«¥¢  £àã¯¯ .

The dominion of a subgroup H of a group A in a
quasi-variety M is the set of all elements a ∈ A
with equal images under all pairs of homomor-
phisms from A into every group in M which coin-
cide on H. The dominion is a closure operator on
the lattice of subgroups of a given group. In this
paper we study the closed subgroups with respect
to this operator. We �nd conditions for the domi-
nion of a divisible subgroup of a metabelian group
to coincide with the subgroup.

Key words: quasi-variety, metabelian group, n-
closed subgroup, divisible abelian group.

�¢¥¤¥­¨¥. �®­ïâ¨¥ ¤®¬¨­¨®­  ¡ë«® ¢¢¥-
¤¥­® ¢ [1] ¤«ï ¨§ãç¥­¨ï í¯¨¬®àä¨§¬®¢. �®-
£« á­® [1], ¤®¬¨­¨®­®¬ ¯®¤ «£¥¡àë H ã­¨¢¥à-
á «ì­®©  «£¥¡àë A ¢ ¯®«­®© ª â¥£®à¨¨ M(A ∈
M), ®¡®§­ ç ¥¬ë¬ domM

A (H), ­ §ë¢ ¥âáï ¬­®-
¦¥áâ¢® ¢á¥å í«¥¬¥­â®¢ a ∈ A â ª¨å, çâ® aϕ = aψ

¤«ï «î¡ëå ¤¢ãå ¬®àä¨§¬®¢ ϕ, ψ : A → M ∈M,
á®¢¯ ¤ îé¨å ­  H. �ª § «®áì, çâ® ®â®¡à ¦¥-
­¨¥ ϕ : A → B (A,B ∈ M) ï¢«ï¥âáï í¯¨-
¬®àä¨§¬®¬ ¢ M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
domM

B (Aϕ) = B. �â®â ä ªâ ¯®á«ã¦¨« ­ ç «®¬
¨áá«¥¤®¢ ­¨ï ¤®¬¨­¨®­®¢. � «¥¥, ¯®­ïâ¨¥ ¤®-
¬¨­¨®­  ¨§ãç «®áì ¢ à §«¨ç­ëå ª« áá å  «£¥¡à
[2{4] (á¬. â ª¦¥ ¡¨¡«¨®£à ä¨î ¢ [5]). � ç áâ­®-
áâ¨, ¡ë«  ãáâ ­®¢«¥­  â¥á­ ï á¢ï§ì ¬¥¦¤ã ¤®¬¨-
­¨®­ ¬¨ ¨  ¬ «ì£ ¬ ¬¨. �  ¯®¤à®¡­®áâï¬¨ ¬ë
®âáë« ¥¬ ç¨â â¥«ï ª ®¡§®à­®© áâ âì¥ [2]. �¥-
«¥á®®¡à §­®áâì ¨§ãç¥­¨ï ¤®¬¨­¨®­®¢ ¢ ª¢ §¨-
¬­®£®®¡à §¨ïå ®¡®á­®¢ë¢ ¥âáï ¢ [5] â¥¬, çâ®, á®-
£« á­® [6], â®«ìª® ª¢ §¨¬­®£®®¡à §¨ï áà¥¤¨  ª-
á¨®¬ â¨§¨àã¥¬ëå ª« áá®¢ ®¡« ¤ îâ ¯®«­®© â¥-
®à¨¥© ®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨©, ¯®§¢®«ïî-
é¥© ®¯à¥¤¥«¨âì á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ á ®¡ê-
¥¤¨­¥­­®© ¯®¤ «£¥¡à®©. �â¬¥â¨¬, çâ® ¤®¬¨­¨®-
­ë à áá¬®âà¥­ë ¢ ª¢ §¨¬­®£®®¡à §¨ïå  ¡¥«¥-
¢ëå £àã¯¯ [3, 7, 8],   à¥è¥âª¨ ¤®¬¨­¨®­®¢ ¢¢¥-
¤¥­ë ¨ ¨§ãç «¨áì ¢ [5, 9, 10].

�ãáâì M { ¯à®¨§¢®«ì­®¥ ª¢ §¨¬­®£®®¡à §¨¥
£àã¯¯. � íâ®¬ á«ãç ¥ ¤«ï «î¡®© £àã¯¯ë A ¨§
M ¨ ¥¥ ¯®¤£àã¯¯ë H ¤®¬¨­¨®­ domM

A (H) ¯®¤-
£àã¯¯ë H ¢ A (¢ M) ®¯à¥¤¥«ï¥âáï â ª:

domM
A (H) = {a ∈ A | ∀M ∈M ∀f, g : A → M,

¥á«¨ f |H= g |H , â® af = ag}.

�¤¥áì, ª ª ®¡ëç­®, ç¥à¥§ f, g : A → M ®¡®§­ ç¥-
­ë £®¬®¬®àä¨§¬ë £àã¯¯ë A ¢ £àã¯¯ã M , ç¥à¥§
f |H { ®£à ­¨ç¥­¨¥ f ­  H.

�¥á«®¦­® § ¬¥â¨âì, çâ® domM
A (−) ï¢«ï¥â-

áï ®¯¥à â®à®¬ § ¬ëª ­¨ï ­  à¥è¥âª¥ ¯®¤£àã¯¯
¤ ­­®© £àã¯¯ë A, ¢ â®¬ á¬ëá«¥, çâ® ®­ íªáâ¥­-
á¨¢­ë© (¤®¬¨­¨®­ ¯®¤£àã¯¯ë H á®¤¥à¦¨â H),
¨¤¥¬¯®â¥­â­ë© (¤®¬¨­¨®­ ¤®¬¨­¨®­  ¯®¤£àã¯-
¯ë H à ¢¥­ ¤®¬¨­¨®­ã H) ¨ ¨§®â®­­ë© (¥á«¨
H ⊂ B, â® ¤®¬¨­¨®­ H á®¤¥à¦¨âáï ¢ ¤®¬¨­¨®­¥
B). �à¥¤áâ ¢«ï¥âáï ¨­â¥à¥á­ë¬ ¨ ¥áâ¥áâ¢¥­­ë¬
¨áá«¥¤®¢ ­¨¥ § ¬ª­ãâëå ¯®¤£àã¯¯. � [10] ¢¢¥¤¥-
­® ¯®­ïâ¨¥ n-§ ¬ª­ãâ®© £àã¯¯ë ¨ ¯®ª § ­® [10,
á«¥¤áâ¢¨¥ 2], çâ® ¨§ãç¥­¨¥ § ¬ª­ãâëå £àã¯¯ á¢®-
¤¨âáï ª ¨§ãç¥­¨î n-§ ¬ª­ãâëå £àã¯¯. � ç áâ-
­®áâ¨, ¢ [10, â¥®à¥¬  5] ®¯¨á ­ë ¢á¥ 1-§ ¬ª­ãâë¥
 ¡¥«¥¢ë £àã¯¯ë ¢ ª ¦¤®¬ ª¢ §¨¬­®£®®¡à §¨¨
­¨«ì¯®â¥­â­ëå £àã¯¯ ¡¥§ ªàãç¥­¨ï áâã¯¥­¨ 2.

∗� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ���� "� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ë" (¬¥à®¯à¨-
ïâ¨¥ 1).
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�àã¯¯  H ­ §ë¢ ¥âáï n-§ ¬ª­ãâ®© ¢ ª« áá¥
M, ¥á«¨ ¤«ï «î¡®© £àã¯¯ë A = £à(H, a1, . . . , an)
¨§ M, á®¤¥à¦ é¥© H ¨ ¯®à®¦¤¥­­®© ¯® ¬®¤ã-
«î H ¯®¤å®¤ïé¨¬¨ n í«¥¬¥­â ¬¨, á¯à ¢¥¤«¨¢®
à ¢¥­áâ¢®: domM

A (H) = H.
�àã¯¯  H ­ §ë¢ ¥âáï § ¬ª­ãâ®© («¨¡®  ¡á®-

«îâ­® § ¬ª­ãâ®©) ¢ ª« áá¥ M, ¥á«¨ ¤«ï «î¡®©
£àã¯¯ë A ¨§ M, á®¤¥à¦ é¥© H, á¯à ¢¥¤«¨¢®
à ¢¥­áâ¢®: domM

A (H) = H.
�¥«ì ¤ ­­®© à ¡®âë { ¨§ãç¥­¨¥ 1-§ ¬ª­ãâëå

£àã¯¯ ¢ ¬­®£®®¡à §¨¨ ¬¥â ¡¥«¥¢ëå £àã¯¯.
� ®á­®¢­ë¬¨ ¯®­ïâ¨ï¬¨ â¥®à¨¨ ª¢ §¨¬­®£®-

®¡à §¨© ¬®¦­® ¯®§­ ª®¬¨âìáï ¢ [11{14],   â¥®-
à¨¨ £àã¯¯ { ¢ [15, 16].

2. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï. � ¯®¬-
­¨¬ ­¥ª®â®àë¥ ¯®­ïâ¨ï ¨ ®¡®§­ ç¥­¨ï.

A2 { ª« áá ¬¥â ¡¥«¥¢ëå (â.¥. á  ¡¥«¥¢ë¬ ª®¬-
¬ãâ ­â®¬) £àã¯¯.

� ¯¨áì A ≤ B ®§­ ç ¥â, çâ® A ï¢«ï¥âáï ¯®¤-
£àã¯¯®© £àã¯¯ë B.

�¥à¥§ £à(S) ¡ã¤¥¬ ®¡®§­ ç âì £àã¯¯ã,
¯®à®¦¤¥­­ãî ¬­®¦¥áâ¢®¬ S, ç¥à¥§ (a) { æ¨-
ª«¨ç¥áªãî £àã¯¯ã, ¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ a.

G′ { ª®¬¬ãâ ­â £àã¯¯ë G.
�¥à¥§ G = AλB ®¡®§­ ç ¥¬ ¯®«ã¯àï¬®¥ ¯à®-

¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B (â.¥. G = AB, A C G,
A ∩B = (1)).

� ª ®¡ëç­®, [a, b] = a−1b−1ab, ab = b−1ab.
Z, Q {  ¤¤¨â¨¢­ë¥ £àã¯¯ë æ¥«ëå ¨ à æ¨®-

­ «ì­ëå ç¨á¥«, á®®â¢¥âáâ¢¥­­®. Q { ¯®«¥ à æ¨®-
­ «ì­ëå ç¨á¥«.

�«®¦¥­¨¥¬ £àã¯¯ë A ¢ £àã¯¯ã B ¡ã¤¥¬ ­ -
§ë¢ âì «î¡®© £®¬®¬®àä¨§¬ ϕ : A → B, ï¢«ïî-
é¨©áï ¨§®¬®àä¨§¬®¬ A ­  Aϕ. �á«¨ áãé¥áâ¢ã-
¥â ¢«®¦¥­¨¥ A ¢ B, â® £®¢®à¨¬, çâ® A ¢«®¦¨-
¬  ¢ B.

�àã¯¯  G ­ §ë¢ ¥âáï ¯®«­®©, ¥á«¨ ¤«ï ¢áï-
ª®£® æ¥«®£® ç¨á«  n > 0 ¨ «î¡®£® í«¥¬¥­â  g ∈ G
ãà ¢­¥­¨¥ xn = g ¨¬¥¥â ¢ £àã¯¯¥ G å®âï ¡ë ®¤­®
à¥è¥­¨¥.

� ¤¨¬ ®¯à¥¤¥«¥­¨¥ ¬¥â ¡¥«¥¢  ª¢ ¤à â 
£àã¯¯ë á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®©. �ãáâì
£àã¯¯  G ¨¬¥¥â ¢ A2 ¯à¥¤áâ ¢«¥­¨¥:

G = £à({xi | i ∈ I} ‖ {rj(x) = r′j(x) | j ∈ J}).

�®§ì¬¥¬ ¤¢¥ £àã¯¯ë G1, G2, ¨§®¬®àä­ë¥
£àã¯¯¥ G, ¨ § ä¨ªá¨àã¥¬ ¨å ¯à¥¤áâ ¢«¥­¨ï ¢A2:

G1 = £à({xi | i ∈ I} ‖ {rj(x) = r′j(x) | j ∈ J}),

G2 = £à({yi | i ∈ I} ‖ {rj(y) = r′j(y) | j ∈ J}).
�à¥¤¯®« £ ¥¬, çâ® ¯¥à¥á¥ç¥­¨¥ X = {xi | i ∈

I} ¨ Y = {yi | i ∈ I} ¯ãáâ®.
�ãáâì H { ¯®¤£àã¯¯  £àã¯¯ë G. �¥à¥¬ ¯à®-

¨§¢®«ì­®¥ ¬­®¦¥áâ¢® {hl(x) | l ∈ L} £àã¯¯®¢ëå

á«®¢ ¢  «ä ¢¨â¥ X = {xi | i ∈ I}, ¬­®¦¥áâ¢®
{hl(x) | l ∈ L} §­ ç¥­¨© ª®â®àëå ¢ G ¯®à®¦¤ ¥â
H. �®§ì¬¥¬ £àã¯¯ã F ∈ A2, ®¡« ¤ îéãî ¢ A2

¯à¥¤áâ ¢«¥­¨¥¬:

F = £à(X ∪ Y ‖ {rj(x) = r′j(x) | j ∈ J}∪

{rj(y) = r′j(y) | j ∈ J} ∪ {hl(x) = hl(y) | l ∈ L}).

�â  £àã¯¯  F ®¡®§­ ç ¥âáï ç¥à¥§ G ∗A2
H G ¨

­ §ë¢ ¥âáï ¬¥â ¡¥«¥¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £àã¯¯
G1 ¨ G2 á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H1 ¨ H2
«¨¡® ¬¥â ¡¥«¥¢ë¬ ª¢ ¤à â®¬ £àã¯¯ë G á ®¡ê-
¥¤¨­¥­­®© ¯®¤£àã¯¯®© H. �â®¡à ¦¥­¨ï λ : G →
F , £¤¥ xλ

i = xi(i ∈ I); ρ : G → F (xρ
i = yi(i ∈ I))

ï¢«ïîâáï ¢«®¦¥­¨ï¬¨, ¨ ¯®¤£àã¯¯ë Gλ, Gρ,Hλ

á­®¢  ®¡®§­ ç¨¬ ç¥à¥§ G1, G2, H á®®â¢¥âáâ¢¥­-
­®.

�á«¨ H = (1), â® ¢®§­¨ªè ï £àã¯¯  F ­ §ë-
¢ ¥âáï ¬¥â ¡¥«¥¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £àã¯¯ G1 ¨
G2 ¨ ¡ã¤¥â ®¡®§­ ç âìáï ç¥à¥§ F = G1 ∗G2.

�®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à¨¬¥à, [2]), çâ®
G1 ∩G2 = domA2

G1 (H).
� [17] ­ ©¤¥­® áâà®¥­¨¥ ª®¬¬ãâ ­â  ¬¥â ¡¥-

«¥¢  ¯à®¨§¢¥¤¥­¨ï ¬¥â ¡¥«¥¢ëå £àã¯¯. � ¬ ¯®-
­ ¤®¡¨âáï á«¥¤ãîé¨© ä ªâ ¨§ ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë [17].

�ãáâì G1 ¨ G2 { ¬¥â ¡¥«¥¢ë £àã¯¯ë. � áá¬®-
âà¨¬ ¨å ¬¥â ¡¥«¥¢® ¯à®¨§¢¥¤¥­¨¥ F = G1 ∗ G2.
�ç¨â ¥¬, çâ® G1 ¨ G2 ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬
¢«®¦¥­ë ¢ F . �ãáâì A = G1/G′1, B = G2/G′2,
C = A × B = F/F ′. F ′, G′1, G′2 à áá¬ âà¨¢ ¥¬
ª ª ¯à ¢ë¥ ZC-, ZA-, ZB-¬®¤ã«¨ á®®â¢¥âáâ¢¥­-
­®. � [17] ¯®áâà®¥­ë ZC-, ZA-, ZB-¬®¤ã«¨
Q, P , S, á®¤¥à¦ é¨¥ ¢ ª ç¥áâ¢¥ ¯®¤¬®¤ã«¥©,
á®®â¢¥âáâ¢¥­­®, F ′, G′1, G′2, â ª¨¥, çâ® Q, ª ª Z-
¬®¤ã«ì, à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã Z-¬®¤ã«¥©:

Q =
∑⊕

b∈B P · b⊕∑⊕
a∈A S · a. (1)

3. �á­®¢­ë¥ à¥§ã«ìâ âë. � ­ á ¢á¥£¤ 
G = £à(a,H), H { ­¥¥¤¨­¨ç­ ï ¯®«­ ï  ¡¥«¥-
¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï à ­£  1, M = HG =
£à(Hai | i ∈ Z) { ­®à¬ «ì­ ï ¯®¤£àã¯¯ , ¯®-
à®¦¤¥­­ ï (ª ª ­®à¬ «ì­ ï ¯®¤£àã¯¯ ) £àã¯-
¯®© H. �ç¨â ¥¬, çâ® M {  ¡¥«¥¢  £àã¯¯  ¡¥§
ªàãç¥­¨ï. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® M { ¢¥ª-
â®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ ¯®«¥¬ Q à æ¨®­ «ì­ëå
ç¨á¥« ¨ a ¨­¤ãæ¨àã¥â «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥
¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  M (a ¤¥©áâ¢ã¥â ­  M
á®¯àï¦¥­¨ï¬¨). � áâ® ¡ã¤¥¬ ¨á¯®«ì§®¢ âì  ¤-
¤¨â¨¢­ãî § ¯¨áì.

�¥¬¬  1. �ãáâì H = Q, M { ª®­¥ç­®¬¥à­®¥
¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ ¯®«¥¬ Q à §¬¥à­®-
áâ¨ ≥ 2. �à¥¤¯®«®¦¨¬, çâ® ¬¨­¨¬ «ì­ë© ¬­®-
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£®ç«¥­ ¯à¥®¡à §®¢ ­¨ï a à ¢¥­

f(x) = a0+a1x+. . .+an−1x
n−1(a0 6= 0, an−1 = 1).

�á«¨
n−1∑
i=0

hia
i = 0(hi ∈ H), â® ajhi = aihj ¤«ï

¢á¥å i, j.
��������������. � ª ª ª H { «®ª «ì-

­® æ¨ª«¨ç¥áª ï £àã¯¯ , â® § ä¨ªá¨àã¥¬ h ∈ H
â ª®©, çâ® hi = kih, £¤¥ ki ∈ Z. �ç¨â ¥¬, çâ®
h 6= 0. � ª ª ª h

n−1∑
i=0

kia
i = 0, â® a { ª®à¥­ì ¬­®-

£®ç«¥­  g(x) =
n−1∑
i=0

kix
i. � ¤àã£© áâ®à®­ë, a {

ª®à¥­ì f(x). � ª ª ª f(x) { ¬¨­¨¬ «ì­ë© ¬­®-
£®ç«¥­ ¨ H 6= (0), â® ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨-
â¥«ì ¬­®£®ç«¥­®¢ f(x) ¨ g(x) à ¢¥­ ¬­®£®ç«¥­ã
f(x). � ª¨¬ ®¡à §®¬, f(x) = cg(x) ¤«ï ­¥ª®â®-
à®£® c ∈ Q, c 6= 0. �âáî¤  cki = ai ¤«ï ª ¦¤®-
£® i, ¯®íâ®¬ã chi = ckih = aih. �­ ç¨â, ajhi =
c−1ajchi = c−1ajaih, aihj = c−1aichj = c−1ajaih,
®âªã¤  ajhi = aihj . �¥¬¬  ¤®ª § ­ .

�¥¬¬  2. �ãáâì G = £à(a, H), £¤¥ H = Q,
H ≤ G′, M = HG { ª®­¥ç­®¬¥à­®¥ ¢¥ªâ®à­®¥
¯à®áâà ­áâ¢® ­ ¤ ¯®«¥¬ Q. �á«¨ G = Mλ(a) {
¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥, an = 1 ¨ ¬¨­¨¬ «ì-
­ë© ¬­®£®ç«¥­ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¢¥ª-
â®à­®£® ¯à®áâà ­áâ¢  M , ¨­¤ãæ¨à®¢ ­­®£® í«¥-
¬¥­â®¬ a, ¨¬¥¥â áâ¥¯¥­ì n−1, â® domA2

G (H) = H.
��������������. �á«¨ M = H, â® H C

G. � áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ ϕ :
G → G/H ¨ £®¬®¬®àä¨§¬ ψ : G → G/H, ®â®¡à -
¦ îé¨© ª ¦¤ë© í«¥¬¥­â ¨§ G ¢ ¥¤¨­¨æã. �¬¥-
¥¬: ϕ |H= ψ |H ¨ gϕ 6= gψ ¤«ï ¢á¥ g 6∈ H. �âáî¤ 
domA2

G (H) = H.
�¥¯¥àì ¡ã¤¥¬ áç¨â âì, çâ® M 6= H, â.¥. à §-

¬¥à­®áâì M ­¥ ¬¥­ìè¥ 2. �ãáâì ϕi : G → Gi(i =
1, 2) { ¨§®¬®àä¨§¬ë, Hi = Hϕi , a = aϕ1 , b = aϕ2 ,
F = G1 ∗ G2 { ¬¥â ¡¥«¥¢® ¯à®¨§¢¥¤¥­¨¥ £àã¯¯
G1 ¨ G2. �ç¨â ¥¬, çâ® G1, G2 { ¯®¤£àã¯¯ë F .
�ãáâì ϕ : G2 → G1 { ¨§®¬®àä¨§¬, ¯à¨ ª®â®-
à®¬ ϕ1 = ϕ2ϕ. �á«®¢¨¬áï ¢áïª®¬ã í«¥¬¥­âã
g ∈ G2 ¯à¨¯¨áë¢ âì ¨­¤¥ªá 2 (â.¥. g = g2),   ¥£®
®¡à §ã ¯à¨ ϕ { ¨­¤¥ªá 1 (â.¥. gϕ = g1). �ãáâì
N = £à(h1h

−1
2 | h ∈ H)F { ­®à¬ «ì­ ï ¯®¤-

£àã¯¯ , ¯®à®¦¤¥­­ ï ¢á¥¢®§¬®¦­ë¬¨ í«¥¬¥­â -
¬¨ ¢¨¤  h1h

−1
2 , h1 ∈ H1. �®£¤  £àã¯¯  F/N

ï¢«ï¥âáï ¬¥â ¡¥«¥¢ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £àã¯¯ G1
¨ G2 á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H1 ¨ H2.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â p ∈
domA2

G (H) ¨ ¯®ª ¦¥¬, çâ® p ∈ G′. � á ¬®¬ ¤¥«¥,
â ª ª ª H ≤ G′, â® £àã¯¯  F = (F/N)/(F/N)′
¨§®¬®àä­  ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î  ¡¥«¥¢ëå
£àã¯¯ G1/G′1 ¨ G2/G′2. �ãáâì ξ : F → F {
¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë F ­  £àã¯-
¯ã F , ξ1 { â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ F ­ 

F , ξ2 : F → F { £®¬®àä¨§¬, ¯à¨ ª®â®à®¬ ¢á¥
í«¥¬¥­âë ®â®¡à ¦ îâáï ¢ ¥¤¨­¨æã. � ª ª ª
ϕ1ξξ1, ϕ1ξξ2 á®¢¯ ¤ îâ ­  H, â®, ¯® ®¯à¥¤¥«¥-
­¨î ¤®¬¨­¨®­ , pϕ1ξξ1 = pϕ1ξξ2 , ®âªã¤  p ∈ G′.

�â ª, ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â p ∈
domA2

G (H), p 6= 1. �®ª ¦¥¬, çâ® p ∈ H. � ª
ª ª p ∈ domA2

G (H), â® p1p
−1
2 ∈ N . � «¥¥ ¡ã¤¥¬

¨á¯®«ì§®¢ âì  ¤¤¨â¨¢­ãî § ¯¨áì.
� ¯®¬­¨¬, çâ® a ¤¥©áâ¢ã¥â ­  ¢¥ªâ®à­®¥ ¯à®-

áâà ­áâ¢® M á®¯àï¦¥­¨ï¬¨. �ãáâì

f(x) = a0 +a1x+ . . .+an−1x
n−1(a0 6= 0, an−1 = 1)

{ ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ ¯à¥®¡à §®¢ ­¨ï a.
� ª ª ª an ¤¥©áâ¢ã¥â ­  M âà¨¢¨ «ì­®, â® f(x) {
¤¥«¨â¥«ì ¬­®£®ç«¥­  xn − 1, ¯®íâ®¬ã ai = 1 ¤«ï
¢á¥å i. �®áª®«ìªã p1 − p2 ∈ N ¨ f(x) { ¬­®-
£®ç«¥­ áâ¥¯¥­¨ n − 1, â® p1 − p2 ¯à¥¤áâ ¢¨¬ ¢
á«¥¤ãîé¥¬ ¢¨¤¥:

p1 − p2 =
n−1∑
i,j=0

(h1ij − h2ij)aibj , (2)

£¤¥ hkij ∈ Hk(k = 1, 2), hϕ
2ij = h1ij . �á«¨

h100 6= 0, â® ¢¬¥áâ® p1, p2 ¡ã¤¥¬ à áá¬ âà¨¢ âì,
á®®â¢¥âáâ¢¥­­®, p1 − h100, p2 − h200. �â ª, áç¨-
â ¥¬, çâ®

h100 = 0, h200 = 0.

�®« £ ¥¬, çâ® ã ­ á ¥áâì ¬®¤ã«¨ Q, P, S, ¢¢¥¤¥­-
­ë¥ à ­¥¥, ¨ ¨¬¥¥â ¬¥áâ® à §«®¦¥­¨¥ (1). �á­®,
çâ® p1, h1ij ∈ P , p2, h2ij ∈ S.

� ª ª ª (1) { à §«®¦¥­¨¥ ¢ ¯àï¬ãî áã¬¬ã
Z-¬®¤ã«¥©, â® ¨§ (2) ¯®«ãç ¥¬

n−1∑
i=0

h1ija
i = 0(j 6= 0), (3)

n−1∑
j=0

h2ijb
j = 0(i 6= 0). (4)

�à¨¬¥­ïï ª (4) ¨§®¬®àä¨§¬ ϕ, ¢ë¢®¤¨¬ à -
¢¥­áâ¢®

n−1∑
i=0

h1jia
i = 0(j 6= 0). (5)

�¥¯¥àì (3) ¨ (5) ¤ îâ

n−1∑
i=0

(h1ij − h1ji)ai = 0(j 6= 0). (6)

�® «¥¬¬¥ 1, ¯à¨¬¥­¥­­®© ª (3), ¤«ï «î¡ëå
k, i ¨¬¥¥¬:
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h1ij = h1kj(j 6= 0). (7)

�­ «®£¨ç­® ¨§ (5) á«¥¤ã¥â, çâ® ¤«ï «î¡ëå l, i

h1ji = h1jl(j 6= 0). (8)

� ç áâ­®áâ¨, ¨§ (7) ¯®«ãç ¥¬, çâ®

h1ij = h1jj(j 6= 0),

  ¨§ (8)
h1ji = h1jj(j 6= 0).

�âáî¤ 
h1ji = h1ij (9)

¤«ï «î¡ëå i, j(j 6= 0). �¥£ª® § ¬¥â¨âì, çâ®
íâ® à ¢¥­áâ¢® (9) â ª¦¥ ¢ë¯®«­¥­® ¯à¨ j = 0.

�ç¨âë¢ ï, çâ® h100 = 0, ¨§ (2) á«¥¤ã¥â à -
¢¥­áâ¢®

p1 =
n−1∑

i=1
h1i0a

i,

®âªã¤ 

p1 =
n−1∑

i=1
h1i0a

i =(¯® 9)

=
n−1∑

i=1
h10ia

i =(¯® 7)

=
n−1∑

i=1
h1,n−1,ia

i =
n−1∑

i=0
h1,n−1,ia

i − h1,n−1,0 =

=(¯® 5) −h1,n−1,0.

�«¥¤®¢ â¥«ì­® p1 = −h1,n−1,0 ∈ H1. �¥¬¬  ¤®-
ª § ­ . �¥¯¥àì ­¥á«®¦­® ¤®ª § âì á«¥¤ãîéãî
â¥®à¥¬ã.

�¥®à¥¬  1. �ãáâì G = £à(a,H), £¤¥ H = Q,
H ≤ G′, M = HG { £àã¯¯  ¡¥§ ªàãç¥­¨ï.
�á«¨ an ∈ M ¨ ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ «¨­¥©-
­®£® ¯à¥®¡à §®¢ ­¨ï ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ 
M , ¨­¤ãæ¨à®¢ ­­®£® í«¥¬¥­â®¬ a, ¨¬¥¥â áâ¥¯¥­ì
n− 1, â® domA2

G (H) = H.
��������������. � ª ª ª M { ¯®«­ ï

£àã¯¯ , â® ¢ë¡¥à¥¬ í«¥¬¥­â h ∈ M , ¤«ï ª®-
â®à®£® hn = an. �®£¤  (a−1ha)n = hn. �®-
áª®«ìªã a−1ha, h ∈ M ¨ M { £àã¯¯  á ®¤­®§­ ç-
­ë¬ ¨§¢«¥ç¥­¨¥¬ ª®à­ï, â® a−1ha = h. �âáî¤ 
(ah−1)n = anh−n = 1. �«¥¬¥­â ah−1 ¤¥©áâ¢ã¥â
­  M á®¯àï¦¥­¨ï¬¨ â ª ¦¥, ª ª í«¥¬¥­â a, á«¥-
¤®¢ â¥«ì­®, ¨å ¬¨­¨¬ «ì­ë¥ ¬­®£®ç«¥­ë á®¢¯ -
¤ îâ. � ª ª ª à áá¬ âà¨¢ ¥¬ë© ¬¨­¨¬ «ì­ë©

¬­®£®ç«¥­ ¨¬¥¥â áâ¥¯¥­ì n−1, â® ¯®«ãç ¥¬, çâ®
ah−1 { í«¥¬¥­â ¯®àï¤ª  n. �¥¯¥àì ¢¨¤¨¬, çâ®
G = Mλ(ah−1) ¨ ¯® «¥¬¬¥ 2 domA2

G (H) = H.
�¥®à¥¬  ¤®ª § ­ .

�«¥¤áâ¢¨¥ 1. �ãáâì G = £à(a,H), £¤¥
H = Q, H ≤ G′, M = HG { £àã¯¯  ¡¥§ ªàã-
ç¥­¨ï. �á«¨ ap ∈ M ¤«ï ­¥ª®â®à®£® ¯à®áâ®£®
ç¨á«  p, â® domA2

G (H) = H.
��������������. � íâ®¬ á«ãç ¥ á®®â-

¢¥âáâ¢ãîé¨© ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ à ¢¥­
xp−1 +xp−2 + . . .+x+1 ¨ ¬®¦­® ¢®á¯®«ì§®¢ âìáï
â¥®à¥¬®© 1.

�ãáâì â¥¯¥àì G = £à(a,H) ¨ H { æ¨ª«¨ç¥-
áª ï £àã¯¯  ¯à®áâ®£® ¯®àï¤ª  p. �®£¤  ­   ¡¥-
«¥¢ã £àã¯¯ã M = HG ¬®¦­® á¬®âà¥âì ª ª ­ 
¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ ¯®«¥¬ ¨§ p í«¥¬¥­-
â®¢. �®çâ¨ ¤®á«®¢­®¥ ¯®¢â®à¥­¨¥ ¤®ª § â¥«ìáâ¢
«¥¬¬ 1, 2 ¨ â¥®à¥¬ë 1 ¯®§¢®«ï¥â ¯®«ãç¨âì á«¥-
¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  2. �ãáâì G = £à(a, H), £¤¥ H {
æ¨ª«¨ç¥áª ï £àã¯¯  ¯à®áâ®£® ¯®àï¤ª  , H ≤ G′,
M = HG. �á«¨ G = Mλ(a), an = 1 ¨ ¬¨­¨¬ «ì-
­ë© ¬­®£®ç«¥­ «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¢¥ª-
â®à­®£® ¯à®áâà ­áâ¢  M , ¨­¤ãæ¨à®¢ ­­®£® í«¥-
¬¥­â®¬ a, ¨¬¥¥â áâ¥¯¥­ì n−1, â® domA2

G (H) = H.
�  ¡¥«¥¢®© £àã¯¯¥ M ¯à®áâ®© íªá¯®­¥­âë p

¨§¢«¥ç¥­¨¥ ª®à­ï n-© áâ¥¯¥­¨, ª®£¤  n ­¥ ¤¥-
«¨âáï ­  p, { ®¤­®§­ ç­ ï ®¯¥à æ¨ï. �«¥¤®¢ -
â¥«ì­®, ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¬®¦¥â ¡ëâì
¯®¢â®à¥­® ¤«ï £àã¯¯ë M íªá¯®­¥­âë p. � ª¨¬
®¡à §®¬, á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ä ªâ.

�¥®à¥¬  3. �ãáâì G = £à(a, H), £¤¥ H {
æ¨ª«¨ç¥áª ï £àã¯¯  ¯à®áâ®£® ¯®àï¤ª  p, H ≤
G′, M = HG. �á«¨ an ∈ M , n ­¥ ¤¥«¨âáï ­  p
¨ ¬¨­¨¬ «ì­ë© ¬­®£®ç«¥­ «¨­¥©­®£® ¯à¥®¡à -
§®¢ ­¨ï ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  M , ¨­¤ãæ¨à®-
¢ ­­®£® í«¥¬¥­â®¬ a, ¨¬¥¥â áâ¥¯¥­ì n − 1, â®
domA2

G (H) = H.
� ¬¥ç ­¨¥ 1. �ãáâì H ≤ G ∈ A2, H ∩

G′ = (1). �á«¨ H { ¯®«­ ï  ¡¥«¥¢  £àã¯¯ , â®
domA2

G (H) = H.
��������������. �ãáâì ϕ : G → G/G′ {

¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬. � ª ª ª Hϕ { ¯®«-
­ ï  ¡¥«¥¢  £àã¯¯ , â® ®­  ¢ë¤¥«ï¥âáï ¢ G/G′

¯àï¬ë¬ á®¬­®¦¨â¥«¥¬. �âáî¤  áãé¥áâ¢ã¥â £®-
¬®¬®àä¨§¬ ψ : G/G′ → Hϕ, â®¦¤¥áâ¢¥­­ë©
­  Hϕ. �ãáâì ξ : Hϕ → H ≤ G { ¨§®¬®à-
ä¨§¬, ¯à¨ ª®â®à®¬ ¤«ï «î¡®£® í«¥¬¥­â  h ∈ H
¨¬¥¥¬: hϕψξ = h. �®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥
ι : G → G ¨ £®¬®¬®àä¨§¬ ϕψξ á®¢¯ ¤ îâ ­  H.
�à®¬¥ â®£®, gι 6= gϕξψ ¤«ï «î¡®£® g 6∈ H. �®«ã-
ç ¥¬, çâ® domA2

G (H) = H. � ¬¥ç ­¨¥ ¤®ª § ­®.
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