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�ãáâì M { ª¢ §¨¬­®£®®¡à §¨¥ ¢á¥å £àã¯¯ ¡¥§
ªàãç¥­¨ï, ¢ ª®â®àëå ª¢ ¤à âë í«¥¬¥­â®¢ ¯¥à¥-
áâ ­®¢®ç­ë. � à ¡®â¥ ¯®áâà®¥­  à¥è¥âª  ª¢ -
§¨¬­®£®®¡à §¨©, á®¤¥à¦ é¨åáï ¢ M ¨ ®¯à¥¤¥-
«¨¬ëå ¤ ­­ë¬¨ ª¢ §¨â®¦¤¥áâ¢ ¬¨ ®â ¤¢ãå ¯¥-
à¥¬¥­­ëå.

�«îç¥¢ë¥ á«®¢ : à¥è¥âª , ª¢ §¨¬­®£®®¡à -
§¨¥, ¬¥â ¡¥«¥¢ë £àã¯¯ë.

Let M be a quasi-variety of torsion-free groups
in which squares of all elements are commutative.
In this paper we constructed a lattice of quasi-
varieties contained in M and de�ned by given
quasiidentities in two variables.

Key words: lattice, quasivariety, metabelian
groups.

�¢¥¤¥­¨¥. �ãáâì M { ª¢ §¨¬­®£®®¡à §¨¥
¢á¥å £àã¯¯ ¡¥§ ªàãç¥­¨ï, ã¤®¢«¥â¢®àïîé¨å â®¦-
¤¥áâ¢ã

(∀x)(∀y)([x2, y2] = 1). (1)
� [1] ¤®ª § ­®, çâ® ¥¤¨­áâ¢¥­­ë¬ á®¡áâ¢¥­-

­ë¬ ¯®¤ª¢ §¨¬­®£®®¡à §¨¥¬ ¢M, ®¯à¥¤¥«¨¬ë¬
ª®¬¬ãâ â®à­ë¬¨ ª¢ §¨â®¦¤¥áâ¢ ¬¨ ®â ¤¢ãå ¯¥-
à¥¬¥­­ëå, ï¢«ï¥âáï ª¢ §¨¬­®£®®¡à §¨¥  ¡¥«¥-
¢ëå £àã¯¯ ¡¥§ ªàãç¥­¨ï. �áâ¥áâ¢¥­­®, ¢®§­¨-
ª«  § ¤ ç  ¨§ãç¥­¨ï ¯®¤ª¢ §¨¬­®£®®¡à §¨© ¢
M, ª®â®àë¥ § ¤ îâáï ª¢ §¨â®¦¤¥áâ¢ ¬¨ ¯à®¨§-
¢®«ì­®£® ¢¨¤  ®â ¤¢ãå ¯¥à¥¬¥­­ëå. � áá¬®âà¨¬
á«¥¤ãîé¨© á¯¨á®ª ª¢ §¨â®¦¤¥áâ¢:
	1 = (∀x)(∀y)(x−4 = [x, y][x, y]x &

& [x, y][x, y]y = 1 → [x, y]x[x, y]y = 1);

	2 = (∀x)(∀y)(x−4 = [x, y][x, y]x &

& [x, y]x[x, y]y = 1 → [x, y][x, y]y = 1);

	3 = (∀x)(∀y)(x−4 = [x, y][x, y]x →
→ [x, y][x, y]y = 1);

	4 = (∀x)(∀y)(x−4 = [x, y][x, y]x →
→ [x, y]x[x, y]y = 1);

	5 = (∀x)(∀y)(x−4 = [x, y][x, y]x &

& y4 = [x, y][x, y]y → [x, y] = 1).

�¢ §¨¬­®£®®¡à §¨ï, ª®â®àë¥ ¬®¦­® § ¤ âì ¢
M ª¢ §¨â®¦¤¥áâ¢ ¬¨ ¨§ íâ®£® á¯¨áª , ç áâ¨ç­®

ã¯®àï¤®ç¥­ë ®â­®á¨â¥«ì­® ¢ª«îç¥­¨ï ¨ ®¡à §ã-
îâ à¥è¥âªã. �¥«ì ¤ ­­®© à ¡®âë { ¯®áâà®¥­¨¥
íâ®© à¥è¥âª¨ ª¢ §¨¬­®£®®¡à §¨©.

1. �á­®¢­ë¥ ®¡®§­ ç¥­¨ï ¨ ¯à¥¤¢ à¨-
â¥«ì­ë¥ § ¬¥ç ­¨ï. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®-
§­ ç¥­¨ï:

M { ª¢ §¨¬­®£®®¡à §¨¥, § ¤ ­­®¥ ¢ ª« áá¥
£àã¯¯ ¡¥§ ªàãç¥­¨ï â®¦¤¥áâ¢®¬ (1);

R { ¬­®£®®¡à §¨¥, § ¤ ­­®¥ â®¦¤¥áâ¢®¬ (1);
G′ { ª®¬¬ãâ ­â £àã¯¯ë G;
Z { ¬­®¦¥áâ¢® æ¥«ëå ç¨á¥«;
kerϕ { ï¤à® £®¬®¬®àä¨§¬  ϕ;
[x, y] = x−1y−1xy { ª®¬¬ãâ â®à í«¥¬¥­â®¢ x

¨ y; xy = y−1xy;
[x, y]tx = ([x, y]t)x = x−1[x, y]tx (t ∈ Z);
£à(a1, a2, . . .) { £àã¯¯ , ¯®à®¦¤¥­­ ï í«¥¬¥­-

â ¬¨ a1, a2, . . . ;
(a) { æ¨ª«¨ç¥áª ï £àã¯¯ , ¯®à®¦¤¥­­ ï í«¥-

¬¥­â®¬ a;
H ≤ G { H ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë G.

�ã¤¥¬ à áá¬ âà¨¢ âì £àã¯¯ë G3, G4, G5,
¨¬¥îé¨¥ ¢ ¬­®£®®¡à §¨¨ R á«¥¤ãîé¨¥
¯à¥¤áâ ¢«¥­¨ï:
G3 = £à(a, b, c ‖ [a, b] = b2, [a, c] = c2, [b, c] = c2);
G4 = £à(a, b ‖ a−4 = [a, b][a, b]a);
G5 = £à(a, b ‖ a−4 = [a, b][a, b]a, b4 = [a, b][a, b]b).

� ¯¨áì G ² � ç¨â ¥âáï "¢ £àã¯¯¥ G ¨áâ¨­-
­® ª¢ §¨â®¦¤¥áâ¢® �". � ¯¨áì G 2 � ®§­ ç ¥â
¯à®â¨¢®¯®«®¦­®¥ ¢ëáª §ë¢ ­¨¥.

1� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ���� "� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ë" (¬¥à®¯à¨-
ïâ¨¥ 1).
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���������� � ��������

� ¯¨áì 	 ` � ®§­ ç ¥â, çâ® ª¢ §¨â®¦¤¥áâ¢®
� ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ª¢ §¨â®¦¤¥áâ¢  	 ¢ M.
�á«¨ 	 ` � ¨ � ` 	, â® ª¢ §¨â®¦¤¥áâ¢  	 ¨ �
­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨ ¢ M.

�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ å®à®è® ¨§-
¢¥áâ­ë¥ â®¦¤¥áâ¢ :

(∀x)(∀y)(∀z)(∀t)([xy, zt] =

= [x, t]y[y, t][x, z]yt[y, z]t), (2)
(∀x)(∀y)((x2)y = x2[x, y]x[x, y]), (3)

¨áâ¨­­ë¥ ¢ «î¡®© £àã¯¯¥.
�á«¨ G ∈ M ¨ H = £à(x2 | x ∈ G), â® G/H {

 ¡¥«¥¢  £àã¯¯ . �âáî¤  á¯à ¢¥¤«¨¢®
� ¬¥ç ­¨¥ 1. � ª ¦¤®© £àã¯¯¥ ¨§ M

¨áâ¨­­ë â®¦¤¥áâ¢ :

(∀x)(∀y)(∀z)(∀w)(
[
[x, y], [z, w]

]
= 1),

(∀x)(∀y)(∀z)(
[
[x, y], z2]= 1),

(∀x)(∀y)([x, y]xy = [x, y]yx).
�à¨¬¥­ïï ª®¬¬ãâ â®à­ë¥ â®¦¤¥áâ¢  ª

[x2, y2], ¯®«ãç ¥¬ á«¥¤ãîé¥¥.
� ¬¥ç ­¨¥ 2. � ª ¦¤®© £àã¯¯¥ ¨§ M

¨áâ¨­­® â®¦¤¥áâ¢®

(∀x)(∀y)([x, y]xy = [x, y]−x[x, y]−1[x, y]−y). (4)

�à¨ ­ ¯¨á ­¨¨ â®¦¤¥áâ¢ ¨ ª¢ §¨â®¦¤¥áâ¢
ª¢ ­â®àë ¢á¥®¡é­®áâ¨ ¡ã¤¥¬ ¨­®£¤  ®¯ãáª âì.

�®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ä ªâ , ª®â®-
àë¬ ¡ã¤¥¬ ¤ «¥¥ ¯®«ì§®¢ âìáï, ¯à¨­ ¤«¥¦¨â
�.�. �ã¤ª¨­ã.

����� 1. �ãáâì F2 = £à (x, y) {
á¢®¡®¤­ ï £àã¯¯  ¢ ¬­®£®®¡à §¨¨ R.
�®£¤  § ¯¨áì «î¡®£® í«¥¬¥­â  ¨§ F2
¢ ¢¨¤¥ xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y, £¤¥
ki ∈ Z (i = 1, 2, 3, 4, 5), ®¤­®§­ ç­ .

��������������. �§ â®¦¤¥áâ¢  (1) á«¥-
¤ã¥â, çâ® «î¡®© í«¥¬¥­â f ∈ F2 ¯à¥¤áâ ¢¨¬ ¢
¢¨¤¥

f = xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y,

£¤¥ ¢á¥ ki ∈ Z. �®ª ¦¥¬, çâ® â ª®¥ ¯à¥¤áâ ¢«¥-
­¨¥ ®¤­®§­ ç­®. �ãáâì
f1 = xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y ∈ F2,
f2 = xl1yl2 [x, y]l3 [x, y]l4x[x, y]l5y ∈ F2 ¨ f1 = f2.
�®ª ¦¥¬, çâ® ki = li (i = 1, 2, 3, 4, 5).

�ãáâì G = Z × Z = (a)× (b) ∈ R. �®£-
¤  áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ χ : F2 → G,
¯à¨ ª®â®à®¬ x → a, y → b. �¬¥¥¬:
χ(f1) = ak1bk2 , χ(f2) = al1bl2 . � ª ª ª f1 = f2, â®
χ(f1) = χ(f2) ¨, á«¥¤®¢ â¥«ì­®, k1 = l1, k2 = l2.

�¥¯¥àì ¤®áâ â®ç­® ¯®ª § âì, çâ® § ¯¨áì ¥¤¨-
­¨æë ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

1 = [x, y]s3 [x, y]s4x[x, y]s5y

®¤­®§­ ç­ .
�ãáâì A = (a)× (b) { ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥

£àã¯¯ ¯®àï¤ª  2 ¨ − : G → A { ¥áâ¥áâ¢¥­­ë©
£®¬®¬®àä¨§¬, ¯à¨ ª®â®à®¬ ®¡à § g ∈ G ®¡®§­ -
ç ¥âáï ç¥à¥§ g. � áá¬®âà¨¬ á¢®¡®¤­ë© ZA { ¬®-
¤ã«ì T á ¡ §®© {t1, t2}, â.¥.

T = {u1t1 + u2t2 | u1, u2 ∈ ZA},

£¤¥

ZA = {c1a+ c2b+ c3ab+ c4 | ci ∈ Z (i = 1, 2, 3, 4)}

{ æ¥«®ç¨á«¥­­®¥ £àã¯¯®¢®¥ ª®«ìæ® £àã¯¯ë A. � 
¬­®¦¥áâ¢¥ M ¬ âà¨æ

{(
g h
0 1

)
| g ∈ G,h ∈ T

}

¢¢¥¤¥¬ ®¯¥à æ¨î ã¬­®¦¥­¨ï â ª:
(

g1 h1
0 1

)(
g2 h2
0 1

)
=

(
g1g2 g1h2 + h1

0 1

)
.

�¥á«®¦­® ¯à®¢¥à¨âì, çâ® ¬­®¦¥áâ¢® M á
¢¢¥¤¥­­®© ®¯¥à æ¨¥© ®¡à §ã¥â £àã¯¯ã, ª®â®àãî
¡ã¤¥¬ á­®¢  ®¡®§­ ç âì ¡ãª¢®© M, ¨ M ∈ R. � ª
ª ª F2 { á¢®¡®¤­ ï £àã¯¯  ¢ R, â® ®â®¡à ¦¥­¨¥:

x →
(

a t1
0 1

)
,

y →
(

b t2
0 1

)

¯à®¤®«¦ ¥âáï ¤® £®¬®¬®àä¨§¬  ψ : F2 → M.
�¥£ª® ¯à®¢¥à¨âì, çâ®

E = ψ([x, y]s3 [x, y]s4x[x, y]s5y) =

=
(

1 r1t1 + r2t2
0 1

)
,

£¤¥ r1 = (s5 − s3)a + s4b + (s3 − s5)ab− s4,
r2 = −s5a + (s3 − s4)b + (s4 − s3)ab + s5.
�âáî¤ , r1 = r2 = 0 ¨ ­ å®¤¨¬

s3 = s4 = s5 = 0.

�«¥¤®¢ â¥«ì­®, ki = li ¤«ï ¢á¥å i. �¥¬¬  ¤®ª -
§ ­ .

�áî ­¥®¡å®¤¨¬ãî ¨­ä®à¬ æ¨î ® £àã¯¯ å
¬®¦­® ­ ©â¨ ¢ [2{4], ® ª¢ §¨¬­®£®®¡à §¨ïå { ¢
[5, 6], ® à¥è¥âª å { ¢ [7, 8].
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�á­®¢­®© à¥§ã«ìâ â. ����� 2. 1) �¢ -
§¨â®¦¤¥áâ¢  	1 ¨ 	2 íª¢¨¢ «¥­â­ë ¢ M;

2) �¢ §¨â®¦¤¥áâ¢  	3 ¨ 	4 íª¢¨¢ «¥­â­ë
¢ M.

��������������. �¤¥« ¢ § ¬¥­ã y = xy
¢ ª¢ §¨â®¦¤¥áâ¢¥ 	1, ¯®«ãç¨¬ íª¢¨¢ «¥­â­®¥ ¢
M ª¢ §¨â®¦¤¥áâ¢®:

x−4 = [x, xy][x, xy]x & [x, xy][x, xy]xy = 1 →
→ [x, xy]x[x, xy]xy = 1.

�¥¯¥àì, ¯à¨¬¥­ïï â®¦¤¥áâ¢  (2) ¨ (4), ¯®«ã-
ç ¥¬ ª¢ §¨â®¦¤¥áâ¢® 	2. �® ¥áâì ª¢ §¨â®¦¤¥-
áâ¢® 	1 íª¢¨¢ «¥­â­® ª¢ §¨â®¦¤¥áâ¢ã 	2.

�ë¯®«­¨¢  ­ «®£¨ç­ë¥ ¤¥©áâ¢¨ï á ª¢ §¨â®-
¦¤¥áâ¢®¬ 	3, ¯®«ãç¨¬ íª¢¨¢ «¥­â­®áâì ª¢ §¨-
â®¦¤¥áâ¢ 	3 ¨ 	4. �¥¬¬  ¤®ª § ­ .

����� 3. �¢ §¨â®¦¤¥áâ¢  	1 ¨ 	5
ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ª¢ §¨â®¦¤¥áâ¢  	4.

��������������. �¥£ª® ¢¨¤¥âì, çâ®
	4 ` 	1. �®ª ¦¥¬, çâ® 	4 ` 	5. �ãáâì
G ∈M, G ² 	4 ¨ «¥¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢ 
	5 ¨áâ¨­­  ¢ £àã¯¯¥ G ¯à¨ ¨­â¥à¯à¥â æ¨¨
τ : x → a, y → b. �¬¥¥¬:

a−4 = [a, b][a, b]a, b4 = [a, b][a, b]b,

â.¥. «¥¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢  	4 ¯à¨ ¨­â¥à-
¯à¥â æ¨¨ τ ¨áâ¨­­  ¢ G. � ª ª ª G ² 	4 ¨ ¯®
«¥¬¬¥ 2 ª¢ §¨â®¦¤¥áâ¢  	4 ¨ 	3 (á ®¤¨­ ª®-
¢ë¬¨ «¥¢ë¬¨ ç áâï¬¨) íª¢¨¢ «¥­â­ë, â® ¯à -
¢ ï ç áâì 	3 ¯à¨ ¨­â¥à¯à¥â æ¨¨ τ ¨áâ¨­­  ¢ G,
â.¥. 1 = [a, b][a, b]b. �âáî¤  b4 = [a, b][a, b]b = 1,
¯®íâ®¬ã b = 1. �­ ç¨â, ¯à ¢ ï ç áâì ª¢ §¨â®¦-
¤¥áâ¢  	5 ¨áâ¨­­  ¯à¨ ¨­â¥à¯à¥â æ¨¨ τ. �¥¬¬ 
¤®ª § ­ .

����� 4. �ãáâì £àã¯¯  G4 ¨¬¥¥â ¢ ¬­®-
£®®¡à §¨¨ R á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥:

G4 = £à (a, b ‖ a−4 = [a, b][a, b]a).

�®£¤  G4 { ­¥ ¡¥«¥¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï.
��������������. �î¡®© í«¥¬¥­â ¨§

£àã¯¯ë G4 ¨¬¥¥â ¢¨¤:

ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b,

£¤¥ k1 = −3,−2,−1, 0, 1, 2, 3, ki ∈ Z(i = 2, 3, 4, 5).
�ãáâì F2 = £à(x, y) { á¢®¡®¤­ ï £àã¯¯  ¢

R. �ãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ φ : F2 → G4,
¯à¨ ª®â®à®¬ x → a, y → b. �ãáâì N = kerφ.
�¢¨¤ã (3) ¨ (4), ­¥á«®¦­® § ¬¥â¨âì, çâ® í«¥-
¬¥­â x4[x, y][x, y]x á®¤¥à¦¨âáï ¢ æ¥­âà¥ £àã¯-
¯ë F2, ¯®íâ®¬ã N = (x4[x, y][x, y]x). �­ ç¨â,
«î¡®© í«¥¬¥­â ¨§ N ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥
(x4[x, y][x, y]x)l = x4l[x, y]l[x, y]lx, £¤¥ l ∈ Z.

�à¥¤¯®«®¦¨¬, çâ® ¢ £àã¯¯¥ G4 ¥áâì í«¥¬¥­-
âë ª®­¥ç­®£® ¯®àï¤ª . �ãáâì g ∈ G4,
gn = (ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b)n = 1 ¨ n 6= 0.

�®£¤  áãé¥áâ¢ã¥â â ª®© l, çâ®

(xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y)n = x4l[x, y]l[x, y]lx.

�âáî¤ , â ª ª ª
(xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y)n = xnk1ynk2c, £¤¥
c ∈ G′4, â®, ¯® «¥¬¬¥ 1, ¨§ ®¤­®§­ ç­®áâ¨ § ¯¨á¨
í«¥¬¥­â®¢ ¢ £àã¯¯¥ F2 ¯®«ãç ¥¬ k2 = 0, nk1 = 4l.

a) �á«¨ k1 = 0, â® ¨§ à ¢¥­áâ¢ 
x4l[x, y]l[x, y]lx = ([x, y]k3 [x, y]k4x[x, y]k5y)n =
[x, y]nk3 [x, y]nk4x[x, y]nk5y, ¢¢¨¤ã «¥¬¬ë 1,
¨¬¥¥¬: 4l = 0, l = nk3, l = nk4, 0 = nk5.
�«¥¤®¢ â¥«ì­®, ki = 0 ¤«ï ¢á¥å i, â.¥. g = 1.

¡) �á«¨ k1 6= 0, â® n { ç¥â­®¥ ç¨-
á«®. �¬¥¥¬ (xk1 [x, y]k3 [x, y]k4x[x, y]k5y)2 =
x2k1 [x, y]k′3 [x, y]k′4x[x, y]k′5y, £¤¥ k′i ∈ Z (i = 3, 4, 5).

�®£¤ 
x4l[x, y]l[x, y]lx = (xk1 [x, y]k3 [x, y]k4x[x, y]k5y)n =
= xnk1 [x, y] n

2 k′3 [x, y] n
2 k′4x[x, y] n

2 k′5y.
�§ ®¤­®§­ ç­®áâ¨ § ¯¨á¨ í«¥¬¥­â®¢ ¢ £àã¯¯¥

F2, ¢¨¤¨¬, çâ® nk1 = 4l, n
2 k′3 = l, n

2 k′4 = l,
n
2 k′5 = 0. �­ ç¨â, nk1 = 4l = 2nk′3. �®íâ®¬ã k1 {
ç¥â­®¥ ç¨á«®. �®«ãç ¥¬
x4l[x, y]l[x, y]lx = (xk1 [x, y]k3 [x, y]k4x[x, y]k5y)n =
= xnk1 [x, y]nk3 [x, y]nk4x[x, y]nk5y.

�âáî¤ , ¯® «¥¬¬¥ 1, nk1 = 4l, nk3 = l,
nk4 = l, nk5 = 0. �¬¥¥¬ nk1 = 4l = 4nk3, ¯®íâ®-
¬ã k1 = 0. �à®â¨¢®à¥ç¨¥, â ª ª ª k1 6= 0. �­ ç¨â,
íâ®£® á«ãç ï ¡ëâì ­¥ ¬®¦¥â.

�«¥¤®¢ â¥«ì­®, ­¥¥¤¨­¨ç­ëå í«¥¬¥­â®¢ ª®-
­¥ç­®£® ¯®àï¤ª  ¢ £àã¯¯¥ G4 ­¥â. �§ íâ¨å ¦¥
à ááã¦¤¥­¨© á«¥¤ã¥â, çâ® [a, b] 6= 1, ¯®íâ®¬ã
£àã¯¯  G4 ­¥ ¡¥«¥¢ . �¥¬¬  ¤®ª § ­ .

� ¬¥ç ­¨¥ 3. �¢ §¨â®¦¤¥áâ¢® 	4 «®¦­® ¢
£àã¯¯¥ G4.

����� 5. �¢ §¨â®¦¤¥áâ¢  	1 ¨ 	4 § -
¤ îâ à §«¨ç­ë¥ ª¢ §¨¬­®£®®¡à §¨ï ¢ M.

��������������. �®ª ¦¥¬, çâ®
G4 ² 	1. �ãáâì «¥¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢  	1
¨áâ¨­­  ¢ £àã¯¯¥ G4 ¯à¨ ®â®¡à ¦¥­¨¨ τ :

x → ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b,
y → al1bl2 [a, b]l3 [a, b]l4a[a, b]l5b.
� ª ª ª (ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b)4 ∈ G′4,

â® k2 = 0. �®£¤ , § ¬¥ç ï, çâ® ¤«ï ¯®à®¦¤ î-
é¨å a, b £àã¯¯ë G4 ¢ë¯®«­¥­®
[a, b]atbs = [a, b] (−1)t+(−1)s

2 [a, b]
(

1−(−1)t

2

)
(−1)sa·

·[a, b]
(

1−(−1)s

2

)
(−1)tb,

£¤¥ t, s ∈ Z, ¨¬¥¥¬ á«¥¤ãîé¥¥:

τ(x)2 = a2k1 [a, b]k′3 [a, b]k′4a[a, b]k′5b,

9
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£¤¥ k′i ∈ Z;

τ(x)4 = a4k1 [a, b]2k′3 [a, b]2k′4a[a, b]2k′5b =

= [a, b](2k′3−k1)[a, b](2k′4−k1)a[a, b]2k′5b,

£¤¥ k′i ∈ Z;

[τ(x), τ(y)] = [a, b]t1 [a, b]t2a[a, b]t3b,

£¤¥ ti ∈ Z;
[τ(x), τ(y)]τ(x) =

= [a, b]t1
(

(−1)k1+1
2

)
+(t3−t2)

(
(−1)k1−1

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)k1
2

)
+t2

(
1+(−1)k1

2

))
a[a, b]t3(−1)k1b;

[τ(x), τ(y)]τ(y) =

= [a, b]t1
(

(−1)l1+(−1)l2
2

)
+(t3−t2)

(
(−1)l1−(−1)l2

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)l1
2

)
(−1)l2+t2

(
1+(−1)l1

2

)
(−1)l2

)
a·

·[a, b]
(

(t1−t2)
(

1−(−1)l2
2

)
(−1)l1+t3

(
1+(−1)l2

2

)
(−1)l1

)
b.

�«ãç © 1. k1 { ç¥â­®¥ ç¨á«®. �®£¤ 
[τ(x), τ(y)] = [τ(x), τ(y)]τ(x), ¨ ¨§ ¨áâ¨­­®áâ¨ «¥-
¢®© ç áâ¨ ª¢ §¨â®¦¤¥áâ¢  	1 ¢ £àã¯¯¥ G4 ¯à¨
τ á«¥¤ã¥â ¨áâ¨­­®áâì ¯à ¢®© ç áâ¨ 	1 ¢ G4 ¯à¨
¤ ­­®¬ ®â®¡à ¦¥­¨¨.

C«ãç © 2. k1 { ­¥ç¥â­®¥ ç¨á«®. �§ ¨áâ¨­­®-
áâ¨ «¥¢®© ç áâ¨ ª¢ §¨â®¦¤¥áâ¢  	1 ¢ £àã¯¯¥ G4
¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ è¥áâ¨ à ¢¥­áâ¢:

2k′3 − k1 + t1 + t2 − t3 = 0, (5)

2k′4 − k1 + t1 + t2 − t3 = 0, (6)
2k′5 = 0, (7)

t1 + (t3 − t2)
( (−1)l1 − (−1)l2

2
)

+

+t1
( (−1)l1 + (−1)l2

2
)

= 0, (8)

t2 + (t1 − t3)
(1− (−1)l1

2
)

(−1)l2+

+t2
(1 + (−1)l1

2
)

(−1)l2 = 0, (9)

t3 + (t1 − t2)
(1− (−1)l2

2
)

(−1)l1+

+t3
(1 + (−1)l2

2
)

(−1)l1 = 0. (10)

a) l1, l2 { ç¥â­ë¥ ç¨á« . �®£¤  ¨§ (8), (9), (10)
á«¥¤ã¥â, çâ® t1 = t2 = t3 = 0. �§ (5) k1 { ç¥â­®¥
ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¡) l1, l2 { ­¥ç¥â­ë¥ ç¨á« . �§ (9) t1 = t2 + t3,
¯® (5) k1 { ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¢) l1 { ç¥â­®¥ ç¨á«®, l2 { ­¥ç¥â­®¥ ç¨á«®. �®-
£¤  ¨§ (8) ¢ë¢®¤¨¬ t2 = t1 + t3. �¢¨¤ã (5), ¯®«ã-
ç ¥¬ ¯à®â¨¢®à¥ç¨¥.

£) l1 { ­¥ç¥â­®¥ ç¨á«®, l2 { ç¥â­®¥ ç¨á«®. �§
(8) á«¥¤ã¥â, çâ® t3 = t1 + t2. �§ (5) ¯®«ãç ¥¬
¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k1 { ­¥ç¥â­®¥ ç¨á«®.

�«¥¤®¢ â¥«ì­®, á«ãç © 2 ­¥¢®§¬®¦¥­ ¨
G4 ² 	1. �âáî¤  ¨ ¨§ § ¬¥ç ­¨ï 3 ¯®«ãç ¥¬,
çâ® £àã¯¯  G4 ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à -
§¨î, § ¤ ­­®¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	1, ¨ ­¥ ¯à¨-
­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î, § ¤ ­­®¬ã ª¢ -
§¨â®¦¤¥áâ¢®¬ 	4. �¥¬¬  ¤®ª § ­ .

����� 6. �ãáâì £àã¯¯  G5 ¨¬¥¥â ¢ ¬­®-
£®®¡à §¨¨ R á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥:

G5 = £à (a, b ‖ a−4 = [a, b][a, b]a, b4 = [a, b][a, b]b).

�®£¤  G5 { ­¥ ¡¥«¥¢  £àã¯¯  ¡¥§ ªàãç¥­¨ï.
��������������. �î¡®© í«¥¬¥­â ¨§

£àã¯¯ë G5 ¨¬¥¥â ¢¨¤:

ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b,

£¤¥ k1 = 0, 1, 2, 3, k2 = 0, 1, 2, 3, ki ∈ Z(i = 3, 4, 5).
�ãáâì F2 = £à(x, y) { á¢®¡®¤­ ï £àã¯¯  ¢ R.

�ãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ σ : F2 → G5, ¯à¨ ª®-
â®à®¬ x → a, y → b. �ãáâì N = kerσ. �¢¨-
¤ã (3) ¨ (4), ­¥á«®¦­® § ¬¥â¨âì, çâ® í«¥¬¥­âë
x4[x, y][x, y]x ¨ y−4[x, y][x, y]y á®¤¥à¦ âáï ¢ æ¥­â-
à¥ £àã¯¯ë F2, ¯®íâ®¬ã «î¡®© í«¥¬¥­â ¨§ N ¬®¦-
­® § ¯¨á âì ¢ ¢¨¤¥

(x4[x, y][x, y]x)l(y−4[x, y][x, y]y)q =

= x4ly−4q[x, y]l+q[x, y]lx[x, y]qy,

£¤¥ l, q ∈ Z.
�à¥¤¯®«®¦¨¬, çâ® ¢ £àã¯¯¥ G5 ¥áâì í«¥¬¥­-

âë ª®­¥ç­®£® ¯®àï¤ª . �ãáâì g ∈ G5,
gn = (ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b)n = 1 ¨ n 6= 0.

�®£¤  áãé¥áâ¢ãîâ â ª¨¥ l ¨ q, çâ®

(xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y)n =

= x4ly−4q[x, y]l+q[x, y]lx[x, y]qy.

�«ãç © 1. k1 = 0, k2 = 0. �§ à ¢¥­áâ¢ 

x4ly−4q[x, y]l+q[x, y]lx[x, y]qy =

= [x, y]nk3 [x, y]nk4x[x, y]nk5y,

¢¢¨¤ã «¥¬¬ë 1, ¨¬¥¥¬:
4l = 0, −4q = 0, l + q = nk3, l = nk4, q = nk5.
�«¥¤®¢ â¥«ì­®, ki = 0 ¤«ï ¢á¥å i, â.¥. g = 1.

�«ãç © 2. k2
1 + k2

2 6= 0. � ª ª ª

x4ly−4q[x, y]l+q[x, y]lx[x, y]qy =

= xnk1ynk2c, £¤¥ c ∈ G′5,
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�¡ ®¤­®© à¥è¥âª¥ ª¢ §¨¬­®£®®¡à §¨© ¬¥â ¡¥«¥¢ëå £àã¯¯. . .

â®, ¯® «¥¬¬¥ 1, ¨§ ®¤­®§­ ç­®áâ¨ § ¯¨á¨ í«¥¬¥­-
â®¢ ¢ £àã¯¯¥ F2 ¯®«ãç ¥¬ nk1 = 4l, nk2 = −4q.
�®íâ®¬ã n { ç¥â­®¥ ç¨á«®. �¬¥¥¬

(xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y)2 =

= x2k1y2k2 [x, y]k′3 [x, y]k′4x[x, y]k′5y,

£¤¥ k′i ∈ Z (i = 3, 4, 5).
�®£¤ 

x4ly−4q[x, y]l+q[x, y]lx[x, y]qy =

= (xk1yk2 [x, y]k3 [x, y]k4x[x, y]k5y)n =

= xnk1ynk2 [x, y] n
2 k′3 [x, y] n

2 k′4x[x, y] n
2 k′5y.

�§ ®¤­®§­ ç­®áâ¨ § ¯¨á¨ í«¥¬¥­â®¢ ¢ £àã¯¯¥
F2, ¢¨¤¨¬, çâ® nk1 = 4l, nk2 = −4q, n

2 k′3 = l + q,
n
2 k′4 = l, n

2 k′5 = q.
�­ ç¨â, nk1 = 4l = 2nk′4, nk2 = −4q = −2nk′5.
�®íâ®¬ã k1, k2 { ç¥â­ë¥ ç¨á« . �®«ãç ¥¬

x4ly−4q[x, y]l+q[x, y]lx[x, y]qy =

= xnk1ynk2 [x, y]nk3 [x, y]nk4x[x, y]nk5y.

�âáî¤ , ¯® «¥¬¬¥ 1, nk1 = 4l, nk2 = −4q,
nk3 = l+q, nk4 = l, nk5 = q. �¬¥¥¬:
nk1 = 4l = 4nk4 ¨ nk2 = −4q = −4nk5, ¯®íâ®¬ã
k1 = k2 = 0, ¯à®â¨¢®à¥ç¨¥. �­ ç¨â, íâ®£® á«ãç ï
¡ëâì ­¥ ¬®¦¥â.

�«¥¤®¢ â¥«ì­®, ­¥¥¤¨­¨ç­ëå í«¥¬¥­â®¢ ª®-
­¥ç­®£® ¯®àï¤ª  ¢ £àã¯¯¥ G5 ­¥â. �§ íâ¨å ¦¥
à ááã¦¤¥­¨© á«¥¤ã¥â, çâ® [a, b] 6= 1, ¯®íâ®¬ã
£àã¯¯  G5 ­¥ ¡¥«¥¢ . �¥¬¬  ¤®ª § ­ .

� ¬¥ç ­¨¥ 4. �¢ §¨â®¦¤¥áâ¢® 	5 «®¦­® ¢
£àã¯¯¥ G5.

����� 7. �¢ §¨â®¦¤¥áâ¢  	1 ¨ 	5 § -
¤ îâ ­¥áà ¢­¨¬ë¥ ª¢ §¨¬­®£®®¡à §¨ï ¢ M.

��������������. �¥£ª® § ¬¥â¨âì,
çâ® £àã¯¯  G3 ∈M. �®ª ¦¥¬ á­ ç « , çâ®
ª¢ §¨â®¦¤¥áâ¢® 	5 ¨áâ¨­­® ¢ £àã¯¯¥ G3. �à¥¤-
¯®«®¦¨¬, çâ® «¥¢ ï ç áâì 	5 ¨áâ¨­­  ¢ G3 ¯à¨
¨­â¥à¯à¥â æ¨¨ x → ak1bk2ck3 , y → al1bl2cl3 .
�¬¥¥¬ (ak1bk2ck3)4 ∈ G′3 ¨ (al1bl2cl3)4 ∈ G′3, ¯®-
íâ®¬ã k1 = 0 ¨ l1 = 0. � ª ª ª £à(b, c)′ ≤ (c), â®
(bk2ck3)4 ∈ (c) ¨ (bl2cl3)4 ∈ (c). �âáî¤  k2 = 0 ¨
l2 = 0. �«¥¤®¢ â¥«ì­®, [ak1bk2ck3 , al1bl2cl3 ] = 1.
�­ ç¨â, ¯à ¢ ï ç áâì 	5 ¯à¨ ¤ ­­®© ¨­â¥à¯à¥-
â æ¨¨ ¨áâ¨­­  ¢ £àã¯¯¥ G3.

�®ª ¦¥¬, çâ® ª¢ §¨â®¦¤¥áâ¢® 	1 «®¦-
­® ¢ G3 ∈M. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥
τ : x → b, y → ac.

�¨¤¨¬, çâ® b−4 = [b, ac][b, ac]b = b−2c2b−2c−2

¨ [b, ac][b, ac]ac = b−2c2b2c−2 = 1, ­®
[b, ac]b[b, ac]ac = b−2c−2b2c−2 = c−4 6= 1. �«¥¤®-
¢ â¥«ì­®, G3 2 	1.

�¥¯¥àì ¯®ª ¦¥¬, çâ® G5 ² 	1. �ãáâì «¥¢ ï
ç áâì ª¢ §¨â®¦¤¥áâ¢  	1 ¨áâ¨­­  ¢ £àã¯¯¥ G5
¯à¨ ®â®¡à ¦¥­¨¨ τ :

x → ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b,
y → al1bl2 [a, b]l3 [a, b]l4a[a, b]l5b.
�¥á«®¦­® ¯à®¢¥à¨âì, çâ® ¤«ï ¯®à®¦¤ îé¨å

a, b £àã¯¯ë G5 ¢ë¯®«­¥­® á«¥¤ãîé¥¥ à ¢¥­áâ¢®:
[a, b]atbs = [a, b] (−1)t+(−1)s

2 [a, b]
(

1−(−1)t

2

)
(−1)sa·

·[a, b]
(

1−(−1)s

2

)
(−1)tb.

�¬¥¥¬:

τ(x)2 = a2k1b2k2 [a, b]k′3 [a, b]k′4a[a, b]k′5b,

£¤¥ k′i ∈ Z;

τ(x)4 = [a, b](2k′3−k1+k2)[a, b](2k′4−k1)a[a, b](2k′5+k2)b,

£¤¥ k′i ∈ Z;

[τ(x), τ(y)] = [a, b]t1 [a, b]t2a[a, b]t3b,

£¤¥ ti ∈ Z;
[τ(x), τ(y)]τ(x) =

= [a, b]t1
(

(−1)k1+(−1)k2
2

)
+(t3−t2)

(
(−1)k1−(−1)k2

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)k1
2

)
(−1)k2+t2

(
1+(−1)k1

2

)
(−1)k2

)
a·

·[a, b]
(

(t1−t2)
(

1−(−1)k2
2

)
(−1)k1+t3

(
1+(−1)k2

2

)
(−1)k1

)
b.

[τ(x), τ(y)]τ(y) =

= [a, b]t1
(

(−1)l1+(−1)l2
2

)
+(t3−t2)

(
(−1)l1−(−1)l2

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)l1
2

)
(−1)l2+t2

(
1+(−1)l1

2

)
(−1)l2

)
a·

·[a, b]
(

(t1−t2)
(

1−(−1)l2
2

)
(−1)l1+t3

(
1+(−1)l2

2

)
(−1)l1

)
b.

�§ ¨áâ¨­­®áâ¨ «¥¢®© ç áâ¨ ª¢ §¨â®¦¤¥áâ¢ 
	1 ¢ £àã¯¯¥ G5 ¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ è¥áâ¨ à -
¢¥­áâ¢:

2k′3 − k1 + k2 + t1 + t1
( (−1)k1 + (−1)k2

2
)

+

+(t3 − t2)
( (−1)k1 − (−1)k2

2
)

= 0, (11)

2k′4 − k1 + t2 + (t1 − t3)
(1− (−1)k1

2
)

(−1)k2+

+t2
(1 + (−1)k1

2
)

(−1)k2 = 0, (12)

2k′5 + k2 + t3 + (t1 − t2)
(1− (−1)k2

2
)

(−1)k1+

+t3
(1 + (−1)k2

2
)

(−1)k1 = 0, (13)

11
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t1 + (t3 − t2)
( (−1)l1 − (−1)l2

2
)

+

+t1
( (−1)l1 + (−1)l2

2
)

= 0, (14)

t2 + (t1 − t3)
(1− (−1)l1

2
)

(−1)l2+

+t2
(1 + (−1)l1

2
)

(−1)l2 = 0, (15)

t3 + (t1 − t2)
(1− (−1)l2

2
)

(−1)l1+

+t3
(1 + (−1)l2

2
)

(−1)l1 = 0. (16)

�«ãç © 1. k1, k2 { ç¥â­ë¥ ç¨á« . �®£¤ 
[τ(x), τ(y)] = [τ(x), τ(y)]τ(x), ¨ ¨§ ¨áâ¨­­®áâ¨ «¥-
¢®© ç áâ¨ ª¢ §¨â®¦¤¥áâ¢  	1 ¢ £àã¯¯¥ G5 ¯à¨
τ á«¥¤ã¥â ¨áâ¨­­®áâì ¯à ¢®© ç áâ¨ 	1 ¢ G5 ¯à¨
¤ ­­®¬ ®â®¡à ¦¥­¨¨.

C«ãç © 2. k1 { ­¥ç¥â­®¥ ç¨á«®, k2 { ç¥â­®¥
ç¨á«®.

a) l1, l2 { ç¥â­ë¥ ç¨á« . �®£¤  ¨§ (14), (15),
(16) á«¥¤ã¥â, çâ® t1 = t2 = t3 = 0. �§ (12) k1 {
ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¡) l1, l2 { ­¥ç¥â­ë¥ ç¨á« . �§ (15) t1 = t2 + t3,
¨§ (12) k1 { ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¢) l1 { ç¥â­®¥ ç¨á«®, l2 { ­¥ç¥â­®¥ ç¨á«®. �®-
£¤  ¨§ (14) ¢ë¢®¤¨¬ t2 = t1 + t3. �¢¨¤ã (12),
¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

£) l1 { ­¥ç¥â­®¥ ç¨á«®, l2 { ç¥â­®¥ ç¨á«®. �§
(14) á«¥¤ã¥â, çâ® t3 = t1 + t2. �§ (12) ¯®«ãç ¥¬
¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k1 { ­¥ç¥â­®¥ ç¨á«®.

�«¥¤®¢ â¥«ì­®, á«ãç © 2 ­¥¢®§¬®¦¥­.
C«ãç © 3. k1 { ç¥â­®¥ ç¨á«®, k2 { ­¥ç¥â­®¥

ç¨á«®.
a) l1, l2 { ç¥â­ë¥ ç¨á« . �®£¤  ¨§ (14), (15),

(16) á«¥¤ã¥â, çâ® t1 = t2 = t3 = 0. �§ (13) k2 {
ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¡) l1, l2 { ­¥ç¥â­ë¥ ç¨á« . �§ (15) t1 = t2 + t3,
¯® (13) k2 { ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¢) l1 { ç¥â­®¥ ç¨á«®, l2 { ­¥ç¥â­®¥ ç¨á«®. �®-
£¤  ¨§ (14) ¢ë¢®¤¨¬ t2 = t1 + t3. �¢¨¤ã (13),
¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

£) l1 { ­¥ç¥â­®¥ ç¨á«®, l2 { ç¥â­®¥ ç¨á«®. �§
(14) á«¥¤ã¥â, çâ® t3 = t1 + t2. �§ (13) ¯®«ãç ¥¬
¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k2 { ­¥ç¥â­®¥ ç¨á«®.

�«¥¤®¢ â¥«ì­®, á«ãç © 3 ­¥¢®§¬®¦¥­.
C«ãç © 4. k1, k2 { ­¥ç¥â­ë¥ ç¨á« .
a) l1, l2 { ç¥â­ë¥ ç¨á« . �®£¤  ¨§ (14), (15),

(16) á«¥¤ã¥â, çâ® t1 = t2 = t3 = 0. �§ (13) k2 {
ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¡) l1, l2 { ­¥ç¥â­ë¥ ç¨á« . �§ (15) t1 = t2 + t3,
¯® (13) k2 { ç¥â­®¥ ç¨á«®, ¯à®â¨¢®à¥ç¨¥.

¢) l1 { ç¥â­®¥ ç¨á«®, l2 { ­¥ç¥â­®¥ ç¨á«®. �®-
£¤  ¨§ (14) ¢ë¢®¤¨¬ t2 = t1 + t3. �¢¨¤ã (13),
¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

£) l1 { ­¥ç¥â­®¥ ç¨á«®, l2 { ç¥â­®¥ ç¨á«®. �§
(14) á«¥¤ã¥â, çâ® t3 = t1 + t2. �§ (13) ¯®«ãç ¥¬
¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k2 { ­¥ç¥â­®¥ ç¨á«®.

�«¥¤®¢ â¥«ì­®, á«ãç © 4 â ª¦¥ ­¥¢®§¬®¦¥­.
�­ ç¨â G5 ² 	1. �â ª, ¯®«ãç ¥¬, çâ® £àã¯-

¯  G5 ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î, § ¤ ­-
­®¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	1 ¨, ¢¢¨¤ã § ¬¥ç ­¨ï
4, ­¥ ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î, § ¤ ­-
­®¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	5,   £àã¯¯  G3, ­ ®¡®-
à®â, ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î, § ¤ ­­®-
¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	5 ¨ ­¥ ¯à¨­ ¤«¥¦¨â ª¢ -
§¨¬­®£®®¡à §¨î, § ¤ ­­®¬ã ª¢ §¨â®¦¤¥áâ¢®¬
	1. �¥¬¬  ¤®ª § ­ .

����� 8. �¢ §¨â®¦¤¥áâ¢  	4 ¨ 	5 § -
¤ îâ à §«¨ç­ë¥ ª¢ §¨¬­®£®®¡à §¨ï ¢ M.

��������������. �®ª ¦¥¬ á­ ç « ,
çâ® G4 ² 	5. �ãáâì «¥¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢ 
	5 ¨áâ¨­­  ¢ £àã¯¯¥ G4 ¯à¨ ®â®¡à ¦¥­¨¨ τ :

x → ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b,
y → al1bl2 [a, b]l3 [a, b]l4a[a, b]l5b.
� ª ª ª (ak1bk2 [a, b]k3 [a, b]k4a[a, b]k5b)4 ∈ G′4

¨ (al1bl2 [a, b]l3 [a, b]l4a[a, b]l5b)4 ∈ G′4, â® k2 = 0 ¨
l2 = 0. �¥á«®¦­® ¯à®¢¥à¨âì, çâ® ¤«ï ¯®à®¦¤ -
îé¨å a, b £àã¯¯ë G4 ¢ë¯®«­¥­® á«¥¤ãîé¥¥ à -
¢¥­áâ¢®:
[a, b]atbs = [a, b] (−1)t+(−1)s

2 [a, b]
(

1−(−1)t

2

)
(−1)sa·

·[a, b]
(

1−(−1)s

2

)
(−1)tb;

�¬¥¥¬:

τ(x)2 = a2k1 [a, b]k′3 [a, b]k′4a[a, b]k′5b,

£¤¥ k′i ∈ Z;

τ(x)4 = [a, b](2k′3−k1)[a, b](2k′4−k1)a[a, b]2k′5b,

£¤¥ k′i ∈ Z;

τ(y)2 = a2l1 [a, b]l′3 [a, b]l′4a[a, b]l′5b,

£¤¥ l′i ∈ Z;

τ(y)4 = [a, b](2l′3−l1)[a, b](2l′4−l1)a[a, b]2l′5b,

£¤¥ l′i ∈ Z.
�á¯®«ì§ãï ä®à¬ã«ã (2), ¢ë¢®¤¨¬:

[τ(x), τ(y)] =

[ak1 [a, b]k3 [a, b]k4a[a, b]k5b, al1 [a, b]l3 [a, b]l4a[a, b]l5b] =

= [ak1 , [a, b]l3 [a, b]l4a[a, b]l5b]·

·[[a, b]k3 [a, b]k4a[a, b]k5b, al1 ] =

= ([a, b]l3 [a, b]l4a[a, b]l5b)−ak1 ·
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�¡ ®¤­®© à¥è¥âª¥ ª¢ §¨¬­®£®®¡à §¨© ¬¥â ¡¥«¥¢ëå £àã¯¯. . .

·[a, b]l3 [a, b]l4a[a, b]l5b·
·[a, b]−k3 [a, b]−k4a[a, b]−k5b·
·([a, b]k3 [a, b]k4a[a, b]k5b)al1 =

= [a, b]−l3ak1 [a, b]−l4ak1+1 [a, b]−l5ak1b·
·[a, b]l3−k3 [a, b](l4−k4)a[a, b](l5−k5)b·
·[a, b]k3al1 [a, b]k4al1+1 [a, b]k5al1b =

= [a, b]−l3
(

(−1)k1+1
2

)
[a, b]−l3

(
1−(−1)k1

2

)
a·

·[a, b]l4
(

(−1)k1−1
2

)
[a, b]−l4

(
1+(−1)k1

2

)
a·

·[a, b]−l5
(

(−1)k1−1
2

)
[a, b]l5

(
1−(−1)k1

2

)
a·

·[a, b]−l5(−1)k1b·
·[a, b]l3−k3 [a, b](l4−k4)a[a, b](l5−k5)b·

·[a, b]k3
(

(−1)l1+1
2

)
[a, b]k3

(
1−(−1)l1

2

)
a·

·[a, b]−k4
(

(−1)l1−1
2

)
[a, b]k4

(
1+(−1)l1

2

)
a·

·[a, b]k5
(

(−1)l1−1
2

)
[a, b]−k5

(
1−(−1)l1

2

)
a·

·[a, b]k5(−1)l1b.

�¡®§­ ç¨¬:

t1 = −l3
( (−1)k1 + 1

2
)

+(l4 − l5)
( (−1)k1 − 1

2
)

+

+l3−k3 +k3
( (−1)l1 + 1

2
)

+(k5−k4)
( (−1)l1 − 1

2
)

;

t2 = k4
(1 + (−1)l1

2
)

+(l5 − l3)
(1− (−1)k1

2
)

+

+l4−k4− l4
(1 + (−1)k1

2
)

+(k3−k5)
(1− (−1)l1

2
)

;

t3 = k5((−1)l1 − 1) + l5(1− (−1)k1).
�®£¤ 

[τ(x), τ(y)] = [a, b]t1 [a, b]t2a[a, b]t3b.

[τ(x), τ(y)]τ(x) =

= [a, b]t1
(

(−1)k1+1
2

)
+(t3−t2)

(
(−1)k1−1

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)k1
2

)
+t2

(
1+(−1)k1

2

))
a·

·[a, b]t3(−1)k1b;
[τ(x), τ(y)]τ(y) =

= [a, b]t1
(

(−1)l1+1
2

)
+(t3−t2)

(
(−1)l1−1

2

)
·

·[a, b]
(

(t1−t3)
(

1−(−1)l1
2

)
+t2

(
1+(−1)l1

2

))
a·

·[a, b]t3(−1)l1b.

C«ãç © 1. k1 { ç¥â­®¥ ç¨á«®.
a) l1 { ç¥â­®¥ ç¨á«®. �®£¤  t1 = t2 = t3 = 0.

�® ¥áâì ¯à ¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢  	5 ¨áâ¨­-
­  ¢ £àã¯¯¥ G4 ¯à¨ ¤ ­­®¬ ®â®¡à ¦¥­¨¨.

¡) l1{ ­¥ç¥â­®¥ ç¨á«®. � ¬¥â¨¬, çâ® ¢ íâ®¬
á«ãç ¥

t1 + t2 − t3 =

= −l3 + l3 − k3 − k5 + k4 + l4−
−k4 − l4 + k3 − k5 + 2k5 = 0.

� ª ª ª «¥¢ ï ç áâì ª¢ §¨â®¦¤¥áâ¢  	5 ¨á-
â¨­­  ¢ £àã¯¯¥ G4 ¯à¨ ¤ ­­®¬ ®â®¡à ¦¥­¨¨, â®
¨§ ¢â®à®£® á®®â­®è¥­¨ï ¢ «¥¢®© ç áâ¨ 	5, ¯à¨-
à ¢­¨¢ ï ¯®ª § â¥«¨ ¯à¨ [a, b], ¯®«ãç ¥¬ à ¢¥­-
áâ¢®:

−2l′3 + l1 + t1 + t2 − t3 = 0.

�âáî¤  á«¥¤ã¥â ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® l1 { ­¥-
ç¥â­®¥ ç¨á«®.

C«ãç © 2. k1 { ­¥ç¥â­®¥ ç¨á«®. �¥£ª® ¯à®¢¥-
à¨âì, çâ®

t1 = l3 − l4 + l5 − k3 + k3
( (−1)l1 + 1

2
)

+

+k5
( (−1)l1 − 1

2
)
−k4

( (−1)l1 − 1
2

)
;

t2 = k4
(1 + (−1)l1

2
)

+l5 − l3 + l4 − k4+

+k3
(1− (−1)l1

2
)
−k5

(1− (−1)l1

2
)

;

t3 = k5((−1)l1 − 1) + 2l5;
â.¥. t1 + t2 − t3 = 0. �§ ¨áâ¨­­®áâ¨ «¥¢®© ç -
áâ¨ ª¢ §¨â®¦¤¥áâ¢  	5 ¢ £àã¯¯¥ G4, ¯à¨à ¢­¨-
¢ ï ¯®ª § â¥«¨ ¯à¨ [a, b], ¯®«ãç ¥¬ à ¢¥­áâ¢®:

2k′3 − k1 + t1 + t2 − t3 = 0.

�âáî¤  á«¥¤ã¥â ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k1 { ­¥-
ç¥â­®¥ ç¨á«®. �«¥¤®¢ â¥«ì­®, á«ãç © 2 ­¥¢®§¬®-
¦¥­.

�¬¥¥¬ G4 ² 	5. �âáî¤  ¨ ¨§ § ¬¥ç ­¨ï 3
¯®«ãç ¥¬, çâ® £àã¯¯  G4 ¯à¨­ ¤«¥¦¨â ª¢ §¨-
¬­®£®®¡à §¨î, § ¤ ­­®¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	5,
¨ ­¥ ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î, § ¤ ­­®-
¬ã ª¢ §¨â®¦¤¥áâ¢®¬ 	4. �¥¬¬  ¤®ª § ­ .

���������. �¢ §¨â®¦¤¥áâ¢® 	4 ¨
ä®à¬ã«  	1& 	5 § ¤ îâ à §«¨ç­ë¥ ª¢ §¨¬­®-
£®®¡à §¨ï ¢ M.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ «¥¬¬ 5, 8 ¨ § ¬¥-
ç ­¨ï 3.

�¡®§­ ç¨¬:
M1 { ª¢ §¨¬­®£®®¡à §¨¥, § ¤ ­­®¥ ¢ M ª¢ -

§¨â®¦¤¥áâ¢®¬ 	1;
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���������� � ��������

M4 { ª¢ §¨¬­®£®®¡à §¨¥, § ¤ ­­®¥ ¢ M ª¢ -
§¨â®¦¤¥áâ¢®¬ 	4;

M5 { ª¢ §¨¬­®£®®¡à §¨¥, § ¤ ­­®¥ ¢ M ª¢ -
§¨â®¦¤¥áâ¢®¬ 	5;

�§ ¢á¥£® ¢ëè¥áª § ­­®£® ¯®«ãç ¥¬ á«¥¤ãî-
éãî â¥®à¥¬ã.

�������. �­®¦¥áâ¢® ª¢ §¨¬­®£®®¡à -
§¨©, ª®â®àë¥ ¬®¦­® § ¤ âì ¢ M ª¢ §¨-
â®¦¤¥áâ¢ ¬¨ ¨§ á¯¨áª : 	1, 	2, 	3, 	4, 	5,
ç áâ¨ç­® ã¯®àï¤®ç¥­® ®â­®á¨â¥«ì­® â¥®à¥-
â¨ª®-¬­®¦¥áâ¢¥­­®£® ¢ª«îç¥­¨ï ¨ ®¡à -
§ã¥â 5-í«¥¬¥­â­ãî ¤¨áâà¨¡ãâ¨¢­ãî à¥-
è¥âªã, ª®â®à ï ¨§®¡à ¦¥­  ­  à¨áã­ª¥.

�
�
�

@
@
@
@

r

r

r
r

r

M4

M1 ∧M5

M1
M5

M

�
�
�

@
@
@
@

� § ª«îç¥­¨¥  ¢â®à ¢ëà ¦ ¥â ¡« £®¤ à-
­®áâì ¯à®ä¥áá®àã �.�. �ã¤ª¨­ã, ¯®¤ àãª®¢®¤áâ-
¢®¬ ª®â®à®£® ¢ë¯®«­¥­  ¤ ­­ ï à ¡®â .
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