
���������� � ��������

��� 517.946

�.�. �¥âà®¢ 
�¡à â­ ï § ¤ ç  § â¢¥à¤¥¢ ­¨ï ¡¨­ à­®£®
á¯« ¢ ∗

1. �®áâ ­®¢ª  § ¤ ç¨. � áá¬®âà¨¬ ª« á-
á¨ç¥áªãî ®¤­®¬¥à­ãî ¬®¤¥«ì § â¢¥à¤¥¢ ­¨ï ¡¨-
­ à­®© á¬¥á¨ ¯à¨ ®âáãâáâ¢¨¨ ¤¨ääã§¨¨ ¢ â¢¥à-
¤®© ä §¥ [1]: âà¥¡ã¥âáï ®¯à¥¤¥«¨âì à á¯à¥¤¥«¥-
­¨¥ â¥¬¯¥à âãàë θi(x, t) ¨ ª®­æ¥­âà æ¨¨ ci(x, t)
¢ â¢¥à¤®© (
s(t) = (0, s(t)), ¨­¤¥ªá "s") ¨ ¦¨¤-
ª®© (
l(t) = (s(t), 1), ¨­¤¥ªá "l") ä § å, ã¤®¢«¥-
â¢®àïîé¨å ãà ¢­¥­¨ï¬ â¥¯«®¯à®¢®¤­®áâ¨ ¢ ®¡¥-
¨å ä § å
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á ª®íää¨æ¨¥­â®¬ ¤¨ääã§¨¨ Dl ¯à¨¬¥á¨ ¢ ¦¨¤-
ª®© ä §¥ ¨ ª®íää¨æ¨¥­â®¬ ¤¨ääã§¨¨ Ds = 0
¢ â¢¥à¤®© ä §¥. �  £à ­¨æ¥ ä §®¢®£® ¯¥à¥å®-
¤  x = s(t), ª®â®à ï ¯à¥¤¯®« £ ¥âáï £« ¤ª®©
äã­ªæ¨¥©, ¢ë¯®«­¥­ë ãá«®¢¨ï ä §®¢®£® à ¢­®-
¢¥á¨ï (¤«ï ¯à®áâ®âë «¨­¨¨ «¨ª¢¨¤ãá  ¨ á®«¨¤ã-
á  ¯à¥¤¯®« £ îâáï ¯àï¬ë¬¨ á ã£«®¢ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨ ms, ml,   â¥¬¯¥à âãàã ä §®¢®£® ¯¥-
à¥å®¤  ç¨áâ®£® ¢¥é¥áâ¢  ¡¥§ ®£à ­¨ç¥­¨ï ®¡é-
­®áâ¨ ¬®¦­® áç¨â âì à ¢­®© ­ã«î)

θs = θl = mlcl = mscs, x = s(t),

¨ ¯ à  ãá«®¢¨© �â¥ä ­ , ï¢«ïîé¨åáï á«¥¤áâ¢¨-
ï¬¨ § ª®­®¢ á®åà ­¥­¨© í­¥à£¨¨ ¨ ¬ ááë:

s′(t) = κs
∂θs

∂x
− κl

∂θl

∂x
, x = s(t),

£¤¥ κi ¥áâì ç áâ­®¥ ®â ¤¥«¥­¨ï á®®â¢¥âáâ¢ãîé¥£®
ª®íää¨æ¨¥­â  â¥¯«®¯à®¢®¤­®áâ¨ ­  ¯à®¨§¢¥¤¥-
­¨¥ ®¡é¥© ¯«®â­®áâ¨ ¨ ã¤¥«ì­®© áªàëâ®© â¥¯«®-
âë ä §®¢®£® ¯¥à¥å®¤ , ¨

s′(t)(cs − cl) = Dl
∂θl

∂x
, x = s(t).

� ç «ì­® ªà ¥¢ ï § ¤ ç  ¤®¯®«­ï¥âáï § ¤ ­¨-
¥¬ ­ ç «ì­ëå ¤ ­­ëå ¤«ï ª®­æ¥­âà æ¨©, â¥¬¯¥-
à âãà, ­ ç «ì­®£® ¯®«®¦¥­¨ï £à ­¨æë ä §®¢®-
£® ¯¥à¥å®¤  ¨ £à ­¨ç­ëå à¥¦¨¬®¢ ­  ¨§¢¥áâ­ëå
£à ­¨æ å ¤«ï â¥¬¯¥à âãàë ¨ ª®­æ¥­âà æ¨¨.

�¡à â­ ï § ¤ ç . �¯à¥¤¥«¨âì ­ ç «ì­ãî
ª®­æ¥­âà æ¨î ¯à¨¬¥á¨ ¢ ¦¨¤ª®© ä §¥ cl(x) ¯®
¨§¢¥áâ­®¬ã à á¯à¥¤¥«¥­¨î ª®­æ¥­âà æ¨¨ ¯à¨-
¬¥á¨ ¢ § â¢¥à¤¥¢è¥© ç áâ¨ ¢ ª®­æ¥ ¯à®æ¥áá 
cs(x, T ) ¨§ ãá«®¢¨ï ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ « 

I(c0) =
T∫

0

(cl(s(t)t)−cs(s(t), t) ·ms/ml)2dt, (1.0)

£¤¥ cl(x, t), cs(x, t) ï¢«ïîâáï à¥è¥­¨¥¬ á«¥¤ãî-
é¥© § ¤ ç¨:

∂θi

∂t
= ∂

∂x

(
a2

i

∂θi

∂x

)
, x ∈ 
i(t), t ∈ (0, T ), i = s, l;

(1.1)
∂cs

∂t
= 0, x ∈ 
s(t), t ∈ (0, T ); (1.2)

∂cl

∂t
= ∂

∂x

(
Dl

∂cl

∂x

)
, x ∈ 
l(t), t ∈ (0, T ); (1.3)

θs = θl = mscs, x = s(t), t ∈ (0, T ); (1.4)

s′(t) = κs
∂θs

∂x
− κl

∂θl

∂x
, x = s(t), t ∈ (0, T ); (1.5)

s′(t)(cs − cl) = Dl
∂θl

∂x
, x = s(t), t ∈ (0, T ); (1.6)

θi(x, 0) = ϕi(x), x ∈ 
i(0), s(0) = s0 ∈ (0, 1);
(1.7)

θs(0, t) = fs(t), θl(0, t) = fl(t), t ∈ (0, T ); (1.8)

cs(x, T ) = c(x), x ∈ 
s(T ); (1.9)

cl(1, t) = c1
l (t), t ∈ [0, T ]; (1.10)

cl(x, 0) = c0(x), x ∈ 
l(0). (1.11)

�ã¤¥¬ áç¨â âì, çâ® ¤ ­­ë¥ § ¤ ç¨ ã¤®¢«¥-
â¢®àïîâ ­¥à ¢¥­áâ¢ ¬, ®¯à¥¤¥«ïîé¨¬ â¢¥à¤ãî
¨ ¦¨¤ªãî ä §ë:

θs(x, t) < mscs(x, t), x ∈ 
s(t), t ∈ (0, T ); (1.12)

θl(x, t) > mlcl(x, t), x ∈ 
l(t), t ∈ (0, T ); (1.13)

0 ≤ cs(x, t) ≤ 1, x ∈ 
s(t), t ∈ [0, T ]; (1.14)

0 ≤ cl(x, t) ≤ 1, x ∈ 
(t), t ∈ [0, T ], (1.15)
∗� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ ¢¥¤®¬áâ¢¥­­®- ­ «¨â¨ç¥áª®© ¯à®£à ¬¬ë "� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  �ëá-

è¥© èª®«ë 2009-2010" ü2.2.2.4/4278 ¨ £à ­â  �� ��� ü 116.2009.
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ãá«®¢¨ï¬ ¬®­®â®­­®áâ¨ ä §®¢®© £à ­¨æë s(t) [2]
¨ ãá«®¢¨ï¬ á®£« á®¢ ­¨ï 1-£® ¯®àï¤ª , ª®â®àë¥
¤«ï ­ è¥© § ¤ ç¨ ¨¬¥îâ ¢¨¤:

ϕs(0) = fs(0), ϕl(1) = fl(0),

ϕs(s0) = ϕl(s0) = msc(s0)
dfs

dt
(0) = a2

s

d2ϕs

dx2 (0), dfl

dt
(0) = a2

l

d2ϕl

dx2 (1),

s′(0) = κs
dϕs

dx
(s0)− κl

dϕl

dx
(s0),

s′(0) = (c(s0)− c0(s0)) = Dl
dc0
dx

(s0),

dϕs

dx
(s0)s′(0) + a2

s

d2ϕs

dx2 (s0) =

dϕl

dx
(s0)s′(0) + a2

l

d2ϕl

dx2 (s0) =

= ms
dc

dx
(s0)s′(0), (1.16)

­¥à ¢¥­áâ¢ ¬, ®¯à¥¤¥«ïîé¨¬ ä §ë ¢ ­ ç «ì-
­ë© ¬®¬¥­â ¨ ­  ¨§¢¥áâ­ëå £à ­¨æ å:

ϕs(x) < msc(x), x ∈ 
s(0),

ϕl(x) > mlc0(x), x ∈ 
l(0),
fs(t) < msc(0), fl(t) > mlc

1
l (t), t ∈ [0, T ], (1.17)

  â ª¦¥ ¥áâ¥áâ¢¥­­ë¬ ®£à ­¨ç¥­¨ï¬ ¤«ï ª®­-
æ¥­âà æ¨¨

0 < c0 < 1, x ∈ 
l(0),

0 < c1
l (t) < 1, t ∈ [0, T ]. (1.18)

�â¬¥â¨¬, çâ® ­ è  § ¤ ç  ¡ã¤¥â á®®â¢¥â-
áâ¢®¢ âì ª¢ §¨à ¢­®¢¥á­®© ¬®¤¥«¨ § â¢¥à¤¥¢ -
­¨ï «¨èì ¯à¨ ­ã«¥¢®¬ ¬¨­¨¬ã¬¥ äã­ªæ¨®­ « 
(1.0). � ¯à®â¨¢­®¬ á«ãç ¥ ãá«®¢¨¥ θl = mlcl,
â.¥. mscs = mlcl ­¥ ¬®¦¥â ¢ë¯®«­ïâìáï ¢áî-
¤ã ­  £à ­¨æ¥ ä §®¢®£® ¯¥à¥å®¤ : ãá«®¢¨¥ (1.4)
¢¬¥áâ¥ á ­¥à ¢¥­áâ¢ ¬¨

θs ≤ mscs, x ∈ 
s(t), θl ≤ mlcl, x ∈ 
l(t),

®¯à¥¤¥«ïîé¨¬¨ â¢¥à¤ãî ¨ ¦¨¤ªãî ä §ë, ®¡¥á-
¯¥ç¨¢ îâ «¨èì ­¥à ¢¥­áâ¢ 

mscs ≥ mlcl, x = s(t). (1.19)

� ¤¢ãå á«ãç ïå ã¤ ¥âáï ¤®ª § âì à §à¥è¨-
¬®áâì ®¡à â­®© § ¤ ç¨: c ≡ const; c(x) { «¨­¥©-
­ ï äã­ªæ¨ï, § ¤ ­­ ï ­  ¨­â¥à¢ «¥ [0, 1] â ª,
çâ® c′(x)(1 − ml/ms) > 0 ¯à¨ κs = κl, ¯®áª®«ì-
ªã ¨¬¥­­® ¢ íâ¨å á«ãç ïå ®ç¥¢¨¤­  ª« áá¨ç¥-
áª ï à §à¥è¨¬®áâì § ¤ ç¨ �â¥ä ­  ¤«ï äã­ª-
æ¨© θi(x, t) −msc(x), i = s, l ¨ á¢®¡®¤­®© £à ­¨-
æë s(t) [3]. �â ª, ¡ã¤¥¬ áç¨â âì, çâ® ¨¬¥¥â ¬¥áâ®

®¤­  ¨§ ®¯¨á ­­ëå á¨âã æ¨© ¨ ¢ë¯®«­¥­ë ­¥à -
¢¥­áâ¢ 

ϕl > msc(x), x ∈ 
l(0), fl(t) > msc(1), t ∈ [0, T ].
(1.20)

2. �¥®à¥¬  ® à §à¥è¨¬®áâ¨ § ¤ ç¨ 1.
�¤¥áì, ¢ «¥¬¬ å 1{3 ®¯à¥¤¥«ïîâáï ãá«®¢¨ï ­ 
¨§¢¥áâ­ë¥ äã­ªæ¨¨, ®¡¥á¯¥ç¨¢ îé¨¥ à §à¥è¨-
¬®áâì § ¤ ç¨ (1.1){(1.15). �à¨ íâ¨å ãá«®¢¨ïå
¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ äã­ªæ¨¨

c0(x) ∈ L∞(s0, 1), 0 ≤ c0(x) ≤ 1

¯®çâ¨ ¢áî¤ã ¢ [s0, 1] ¤®áâ ¢«ïîé¥© ¬¨­¨¬ã¬
äã­ªæ¨®­ «ã I(c0).

�¥¬¬  1. �ãáâì

ϕi ∈ H2+α(
i(0)), fi ∈ H1+α/2([0, t]),

c1
l ∈ H1+α/2([0, T ]), c0 ∈ H1+α/2(
i(0))

¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1.16){(1.18), (1.21). �à®-
¬¥ â®£®, ¯ãáâì

s′(0) > 0; ϕ′′s (x) < 0, x ∈ 
s(0), ϕ′′l (x) ≤ 0, x ∈ 
l(0);

f ′s(t) < 0, f ′l (t) ≤ 0, t ∈ [0, T ].

�®£¤  § ¤ ç  (1.1){(1.11) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥-
è¥­¨¥

θi ∈ H2+α, cl ∈ H2+α, i = s, l, s(t) ∈ H1+α/2[0, T ],

cs(x, t) = c(x),

¯à¨ç¥¬ s(t) ¬®­®â®­­® ¢®§à áâ ¥â ¯à¨ t ∈ [0, T ).
�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ § ¤ çã (1.1),

(1.4), (1.5), (1.7), (1.8), £¤¥ cs(s(t), t) ¢ ãá«®¢¨¨
(1.4) § ¬¥­¥­® ­  c(s(t)). �ç¥¢¨¤­®, íâ  § ¤ ç 
¯à¥¤áâ ¢«ï¥â á®¡®© § ¤ çã �â¥ä ­  ®â­®á¨â¥«ì-
­® äã­ªæ¨©

θi(x, t)−msc(x), i = s, l, s(t),

¤«ï ª®â®à®© ¢ á¨«ã ãá«®¢¨© «¥¬¬ë ¨¬¥¥â ¬¥áâ®
¬®­®â®­­®áâì á¢®¡®¤­®© £à ­¨æë: s′(t) > 0, t ∈
[0, T ). [2]. �®£¤  ¨§ (1.2) ¨ (1.9) á«¥¤ã¥â, çâ®
cs(x, t) = c(x) ¨, ¥áâ¥áâ¢¥­­®, cs(s(t), t) = c(x).
�â ª, § ¤ ç  (1.1){ (1.11) à á¯ « áì. �áâ «®áì
à¥è¨âì ­ ç «ì­®-ªà ¥¢ãî § ¤ çã (1.3), (1.6),
(1.10), (1.11) ¤«ï äã­ªæ¨¨ cl(x, t) ¢ ®¡« áâ¨ á
¨§¢¥áâ­®© ¬®­®â®­­®© £à ­¨æ¥© x = s(t). �ç¥-
¢¨¤­®, íâ  § ¤ ç  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
cl ¨§ ª« áá  H2+α [4].

�¥¬¬  2. �ãáâì s(t) ∈ H1+α/2[0, T ],

s′(t) > 0, µ = max s′(t) < ∞;
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­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨ cl(t) ¨ c0(x) ã¤®¢«¥-
â¢®àïîâ ­¥à ¢¥­áâ¢ ¬

1− exp{−µ2T/Dl − (1− s0)µ/Dl} ≤
≤ cl(t) ≤ exp{−µ2T/Dl − (1− s0)µ/Dl},

1− exp{−µ2T/Dl − (1− s0)µ/Dl} ≤
≤ c0(x) ≤ exp{−µ2T/Dl − (1− s0)µ/Dl}.

�®£¤  à¥è¥­¨¥ § ¤ ç¨ (1.3), (1.6), (1.10), (1.11)
cl(x, t) ­¥®âà¨æ â¥«ì­® ¨ ­¥ ¯à¥¢®áå®¤¨â ¥¤¨­¨-
æë.

�®ª § â¥«ìáâ¢®. �®¤à®¡­® ¯à®¢¥¤¥¬ ¤®ª -
§ â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï ® â®¬, çâ® ª®­æ¥­âà -
æ¨ï ­¥ ¯à¥¢ëè ¥â ¥¤¨­¨æë. �«ï íâ®£® ¢¢¥¤¥¬
äã­ªæ¨î

v(x, t) = cl(x, t) · exp{−µ2t/Dl + µx/Dl}.
�«ï ­¥¥ ¨¬¥¥¬:

vt = Dlvxx − 2µvx, x ∈ 
l(t), t ∈ (0, t),

v(x, 0) = c0(x) exp{µx/Dl},
v(1, t) = c1

l (t) exp{−µ2t/Dl + µ/Dl},
Dlvx − v(µ− s′) = s′c(s(t)) exp{−µ2t/Dl+

+µs/Dl}, x = s(t).
� á¨«ã ¯à¨­æ¨¯  ¬ ªá¨¬ã¬  ¨ «¥¬¬ë ® §­ ª¥
¯à®¨§¢®¤­®© ¢ â®çª¥ íªáâà¥¬ã¬  [5]

v(x, t) ≤ max{max c0(x) exp(µ · x/Dl),

max c1
l (t) exp(µ/Dl − µ2 · t/Dl)}.

�«¥¤®¢ â¥«ì­®,

cl(x, t) ≤ exp{−µ · x/Dl + µ2t/Dl+

+µ/Dl − µ2 · T/Dl − (1− s0)µ/Dl} ≤ 1.

�¥¯¥àì ¤®áâ â®ç­® ¯à®¤¥« âì ¢á¥ ¢ëè¥¨§«®¦¥­-
­®¥ ¤«ï äã­ªæ¨¨ 1 − cl, çâ®¡ë ã¡¥¤¨âìáï ¢ ­¥-
®âà¨æ â¥«ì­®áâ¨ ª®­æ¥­âà æ¨¨.

�¥¬¬  3. �ãáâì s(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨-
ï¬ «¥¬¬ë 2,   c(x) {«¨­¥©­ ï äã­ªæ¨ï, § ¤ ­-
­ ï ­  [0, 1] â ª, çâ®

c′(x)(1−K) ≥ 0, K = ml/ms.

�à¥¤¯®«®¦¨¬, çâ®

(c1
l (t)− c(1)/K)(1−K) ≥ 0,

(c0(x)− c(x)/K)(1−K) ≥ 0.

�®£¤  ¤«ï à¥è¥­¨ï § ¤ ç¨ (1.3), (1.6), (1.10),
(1.11) á¯à ¢¥¤«¨¢  ®æ¥­ª 

(cl(x, t)− c(x)/K)(1−K) ≥ 0.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ äã­ªæ¨î

w(x, t) = (cl(x, t)−c(x)/K) exp{−µ2t/Dl+µx/Dl}.

�«ï ­¥¥ ¨¬¥¥¬ § ¤ çã, ¯®¤®¡­ãî â®©, çâ® à á-
á¬ âà¨¢ « áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. � ª-
¦¥, ¨á¯®«ì§ãï ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¨ «¥¬¬ã ®
§­ ª¥ ¯à®¨§¢®¤­®© ¢ â®çª¥ íªáâà¥¬ã¬  [5], ¯®-
«ãç¨¬ ®æ¥­ªã w(x, t)(1−K) ≥ 0, ¨§ ª®â®à®© á«¥-
¤ã¥â, çâ® ¢ á«ãç ¥ K < 1 ¨¬¥¥¬ cl(x, t) ≥ c(x)/K,
  ¢ á«ãç ¥ K < 1 { cl(x, t) ≥ c(x)/K.

� ª¨¬ ®¡à §®¬, ¯®¤ç¨­¨¢ ¤ ­­ë¥ § ¤ ç¨, ¯®-
¬¨¬® ¥áâ¥áâ¢¥­­ëå ®£à ­¨ç¥­¨©, á«¥¤ãîé¨å ¨§
®¯à¥¤¥«¥­¨ï ä §, ãá«®¢¨ï¬ ¬®­®â®­­®áâ¨ á¢®-
¡®¤­®© £à ­¨æë, ¬ë ¤®ª § «¨ áãé¥áâ¢®¢ ­¨¥
¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (1.1){(1.11),
¯à¨ç¥¬ µ = max s′(t) ª®­¥ç¥­ ¨ § ¢¨á¨â ®â à §-
­®áâ¥©

ϕi(x)−msc(x), fs(t)−msc(1), fl(t)−msc(1).

�¥¬¬ë 2, 3 ¤ îâ ®£à ­¨ç¥­¨ï ­  ¢å®¤­ë¥
äã­ªæ¨¨, ®¡¥á¯¥ç¨¢ îé¨¥ ¢ë¯®«­¥­¨¥ ãá«®¢¨©
(1.12){(1.15) ¤«ï à¥è¥­¨© § ¤ ç¨ (1.1){(1.11).

�¥®à¥¬  1. �ãáâì § ¤ ­­ë¥ äã­ªæ¨¨
ϕi, fi(i = s, l), c1

l , c ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬
«¥¬¬ 2, 3,   â ª¦¥ ¯à¨ K < 1 ãá«®¢¨î

0 ≤ c(x) ≤ K exp{−µ2T/Dl−(1−s0)µ/Dl}, (2.1)

  ¯à¨ K > 1{ ãá«®¢¨î

K(1− exp{−µ2T/Dl − (1− s0)µ/Dl} ≤ c(x) ≤ 1.
(2.2)

�®£¤  ®¡à â­ ï § ¤ ç  ¨¬¥¥â à¥è¥­¨¥ c0(x) ∈
L∞(s0, 1) ¨ c0(x) ≥ 0 ¯®çâ¨ ¢áî¤ã ­  [s0, 1].

� ¬¥ç ­¨¥. � ª ã¦¥ ®â¬¥ç «®áì, ãá«®¢¨ï
«¥¬¬ë 1 ®â­®áïâáï ª à §­®áâï¬

ϕi(x)−msc(x), fs(t)−msc(1), fl(t)−msc(1)

¨ µ = max s′(t) ®¯à¥¤¥«ï¥âáï íâ¨¬¨ à §­®áâï¬¨.
�®íâ®¬ã ãá«®¢¨ï (2.1) ((2.2)) ®áâ ¢«ïîâ ¤®áâ -
â®ç­ãî á¢®¡®¤ã ¢ ¢ë¡®à¥ ¨áå®¤­ëå ¤ ­­ëå.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¡®§­ ç¨¬ ç¥-
à¥§ � ¬­®¦¥áâ¢® äã­ªæ¨© c0(x) ∈ H2+α(
l(0))
á® §­ ç¥­¨ï¬¨ ¨§ ¨­â¥à¢ «  [0, 1], ã¤®¢«¥â¢®àï-
îé¨å ãá«®¢¨ï¬ á®£« á®¢ ­¨ï 1-£® ¯®àï¤ª  ¤«ï
§ ¤ ç¨ (1.1){(1.11) ¨ ®¡¥á¯¥ç¨¢ îé¨å ¢ë¯®«­¥-
­¨¥ ãá«®¢¨© (1.13), (1.15) ¤«ï à¥è¥­¨ï θi, ci, s § -
¤ ç¨ (1.1){(1.11) (ãá«®¢¨ï (1.12), (1.14) ¢ë¯®«­¥-
­ë ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢á«¥¤áâ¢¨¥ «¥¬¬ë 1). �
á¨«ã «¥¬¬ 2, 3 ¨ ãá«®¢¨© (2.1), (2.2) ¬­®¦¥áâ¢®
� á®¤¥à¦¨â ¡¥áª®­¥ç­®¥ ¬­®£® í«¥¬¥­â®¢.
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�ãáâì cj
0(x) ∈ � { ¬¨­¨¬¨§¨àãîé ï ¯®á«¥¤®-

¢ â¥«ì­®áâì ¤«ï äã­ªæ¨®­ «  I, â.¥.

lim
j→∞

T∫

0

(cj
l (s(t), t)− c(s(t))/K)2dt = Imin, (2.3)

£¤¥ cj
l (x, t) { à¥è¥­¨¥ § ¤ ç¨ (1.3), (1.6), (1.10),

(1.11), á®®â¢¥âáâ¢ãîé¥¥ ­ ç «ì­®¬ã à á¯à¥¤¥-
«¥­¨î cj

0. �ç¥¢¨¤­®, çâ®

‖cj
0‖Lp(s0,1) ≤ 1,∀p > 1. (2.4)

�¬­®¦ ï ®¡¥ ç áâ¨ à ¢¥­áâ¢  (1.3) ­ 
cj
l (x, t) − c1

l (t) ¨ ¨­â¥£à¨àãï ¯® ®¡« áâ¨ Ql(t) =
{s(τ) < x < 1, 0 < τ < t} á ãç¥â®¬ â®£®, çâ® §­ -
ç¥­¨ï äã­ªæ¨© cj

l (x, t), c1
l (t), c(x) «¥¦ â ¢ ¯à®¬¥-

¦ãâª¥ [0, 1], ¯®«ãç¨¬ ®æ¥­ªã

‖cj
l ‖W 1,0

2 (Ql(T )) ≤ M0, (2.5)

£¤¥ M0 ­¥ § ¢¨á¨â ®â ­®¬¥à  j. � á¨«ã (2.4) ¨
(2.5) ¬®¦­® ¢ë¤¥«¨âì ¯®á«¥¤®¢ â¥«ì­®áâì ¨­-
¤¥ªá®¢ (®áâ ¢¨¬ ¤«ï ­¥¥ ¯à¥¦­¨¥ ®¡®§­ ç¥­¨ï)
â ª, çâ®¡ë {cj

0(x)} áå®¤¨« áì á« ¡® ¢ Lp(s0, 1),  
{cj

l } { á« ¡® ¢ W 1,0
2 (Ql(T )).

�¡®§­ ç¨¬ á« ¡ë¥ ¯à¥¤¥«ë á®®â¢¥âáâ¢¥­­®
c̃0(x) ¨ c̃l(x, t). �à¨ íâ®¬ c̃0(x) ï¢«ï¥âáï ®¡®¡-
é¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1.3), (1.6), (1.10),
(1.11), á®®â¢¥âáâ¢ãîé¨¬ ­ ç «ì­®¬ã à á¯à¥¤¥-
«¥­¨î c0(x), â.¥.

T∫

0

1∫

s(t)

(−c̃l
∂η

∂t
+Dl

∂c̃l

∂x

∂η

∂x
)dxdt =

1∫

s(0)

c̃0(x)η(x, 0)dx

¤«ï «î¡ëå £« ¤ª¨å η â ª¨å, çâ®

η(s(t), t) = η(1, t) = 0, t ∈ [0, T ],

η(x, T ) = 0, x ∈ (s(T ), 1).
� íâ®¬ «¥£ª® ã¡¥¤¨âìáï, ¯¥à¥å®¤ï ª á« ¡®¬ã ¯à¥-
¤¥«ã ¢ ®¡¥¨å ç áâïå à ¢¥­áâ¢ 

T∫

0

1∫

s(t)

(−c̃j
l

∂η

∂t
+Dl

∂~cj
l

∂x

∂η

∂x
)dxdt =

1∫

s(0)

c̃j
0(x)η(x, 0)dx.

�§ «®ª «ì­ëå ®æ¥­®ª à¥è¥­¨© ¯ à ¡®«¨ç¥áª¨å
ãà ¢­¥­¨© [4] á«¥¤ã¥â, çâ®

|c̃j
l |(2+α)

Qn
l (T ) ≤ M(n),

£¤¥ Qn
l (T ) = {s(t) < x < 1, 1/n < t <

T},   M(n) ­¥ § ¢¨á¨â ®â ­®¬¥à  j. �®íâ®¬ã
¤«ï ª ¦¤®£® n ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {c̃j

l (x, t)}

¬®¦­® ¨§¢«¥çì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, á¨«ì-
­® áå®¤ïéãîáï ª à¥è¥­¨î c̃l(x, t) ¢ ­®à¬¥
H2+α−δ,1+α/2−δ/2(Qn

l (T )), (δ-¬ «®¥).
�¡¥¤¨¬áï, çâ®

T∫

0

(c̃l(s(t), t)− cs(s(t))/K)2dt = Imin.

�«ï íâ®£® ¯®ª ¦¥¬, çâ® á®®â¢¥âáâ¢ãîé ï à §-
­®áâì ¬¥­ìè¥ «î¡®£® ­ ¯¥à¥¤ § ¤ ­­®£® ε. � á -
¬®¬ ¤¥«¥: ¢ á¨«ã (2.3) áãé¥áâ¢ã¥â j0 â ª®¥, çâ®
¯à¨ ¢á¥å j ≥ j0

T∫

0

(cj
l (s(t), t)− cs(s(t))/K)2dt− Imin < ε/3.

�®áª®«ìªã 0 ≤ cj
l (x, t) ≤ 1, (x, t) ∈ Ql(T ) ¨

c̃(x, t) ∈ W 1,0
2 (Ql(T ), ¬®¦­® ¢ë¡à âì n0 â ª, çâ®-

¡ë ¤«ï «î¡®£® j

1/n0∫

0

(c̃l(s(t), t)− cj
l (s(t), t))(c̃l(s(t), t)+

cj
l (s(t), t)− 2cs(s(t))/K)dt < ε/3.

�ãáâì â¥¯¥àì {cj(n0)
l (x, t)} { ¯®¤¯®á«¥¤®¢ -

â¥«ì­®áâì, áå®¤ïé ïáï ª c̃l(x, t) ¢ ­®à¬¥
H2+α−δ,1+α/2−δ/2(Qn0

l (T )). �®£¤  áãé¥áâ¢ã¥â
j0(n0) ≥ j0 â ª®¥, çâ®

T∫

1/n0

(c̃l(s(t), t)− c
j0(n0)
l (s(t), t))(c̃l(s(t), t)+

c
j0(n0)
l (s(t), t))− 2cs(s(t))/K)dt < ε/3.

� ª¨¬ ®¡à §®¬,
T∫

0

(c̃l(s(t), t)− cs(s(t))/K)2dt− Imin =

T∫

0

(cj0(n0)
l (s(t), t)− cs(s(t))/K)2dt− Imin+

1/n0∫

0

(c̃l(s(t), t)− c
j0(n0)
l (s(t), t))(c̃l(s(t), t)+

c
j0(n0)
l (s(t), t)− 2cs(s(t))/K)dt+

T∫

1/n0

(c̃l(s(t), t)− c
j0(n0)
l (s(t), t))(c̃l(s(t), t)+

43



���������� � ��������

c
j0(n0)
l (s(t), t)− 2cs(s(t))/K) < ε.

� § ¢¥àè¥­¨¥ ¤®ª § â¥«ìáâ¢  ®áâ «®áì § ¬¥-
â¨âì, çâ®, â ª ª ª c̃0(x) ï¢«ï¥âáï á« ¡ë¬ ¯à¥¤¥-
«®¬ ¢ Lp(s0, 1) ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨©, ¢á¥
§­ ç¥­¨ï ª®â®àëå ¯à¨­ ¤«¥¦ â ®âà¥§ªã [0, 1], â®
0 ≤ c̃0(x) ≤ 1 ¯®çâ¨ ¢áî¤ã ¨ c̃0(x) ∈ L∞(s0, 1).

3. �¢â®¬®¤¥«ì­ ï ®¡à â­ ï § ¤ ç .
�ç¨â ¥¬, çâ® â¢¥à¤ ï ä §  § ­¨¬ ¥â ®¡« áâì
(s(t),∞), ¦¨¤ª ï { (0, s(t))); s(0) = 0. �§¢¥áâ-
­® ®ª®­ç â¥«ì­®¥ à á¯à¥¤¥«¥­¨¥ ¯à¨¬¥á¨ ¢ â¢¥à-
¤®© ä §¥ cs(x, T ) = c ≡ const. �é¥âáï ­ ç «ì­®¥
à á¯à¥¤¥«¥­¨¥ ¯à¨¬¥á¨ ¢ ¦¨¤ª®© ä §¥ cl(x, 0) =
c0 ≡ const ¨§ ãá«®¢¨ï ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ -
«  J(c0), ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬ (1.0), ¢ ª®-
â®à®¬ cl ¨ cS ï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ (1.1){
(1.6), £¤¥ 
s(t) = (0, s(t)), 
l(t) = (s(t),∞) á ¤ ­-
­ë¬¨

θl(x, 0) = θl0 ≡ const, (3.1)
θs(0, t) = θ0

s ≡ const, (3.2)
cs(x, T ) = c(x) ≡ const, (3.3)
cl(x, 0) = c0(x) ≡ const, (3.4)

ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬ (1.12){(1.15).
�à¨ íâ®¬, ¥áâ¥áâ¢¥­­®, áç¨â ¥¬, çâ®

θl0 > msKc0, θ
0
s < msc, 0 < c < min{1,K}. (3.5)

�ç¨â ï, ª ª ¨ ¢ ®¡ëç­®©  ¢â®¬®¤¥«ì­®©
â¥à¬®¤¨ääã§¨®­­®© § ¤ ç¥, s(t) = 2β

√
t,  

θi, cl { äã­ªæ¨ï¬¨ á®®â¢¥âáâ¢¥­­® x/(2ai

√
t) ¨

x/(2
√

Dlt), ¯®«ãç¨¬ á«¥¤ãîé¨¥ ¨§¢¥áâ­ë¥ ï¢-
­ë¥ ä®à¬ã«ë ¤«ï à¥è¥­¨ï § ¤ ç¨ (1.1){(1.6),
(3.1){(3.4):
θs = θ0

s+(msc−θ0
s)·erf(x/2as

√
t)/erf(β/as), (3.6)

θl = θl0 + (msc− θl0) · erfc(x/2al

√
t)/erfc(β/al),

(3.7)
cs = c, (3.8)

cl = c0+
√

π√
Dl

β(c0−c)erfc(x/2Dl

√
t)/ exp

(
−β2/Dl−

√
π√
Dl

β · erfc(β/

√
Dl

)
, (3.9)

£¤¥ β { ¯®«®¦¨â¥«ì­ë© ª®à¥­ì ãà ¢­¥­¨ï
β = κs(msc−θ0

s)·exp(−β2/a2
s)/(as

√
π·erf(−β/as))+

κl(msc− θl0) · exp(−β2/a2
l )/(al

√
π · erfc(−β/al)).

� áãé¥áâ¢®¢ ­¨¨ ¯®«®¦¨â¥«ì­®£® ª®à­ï ¯®á«¥¤-
­¥£® ãà ¢­¥­¨ï «¥£ª® ã¡¥¤¨âìáï, § ¬¥ç ï, çâ®
¯à ¢ ï ç áâì áâà¥¬¨âáï ª "+∞" ¯à¨ β → 0 ¨
ª "−∞" ¯à¨ β → +∞.

�â¢¥à¦¤¥­¨¥. �ãáâì § ¤ ­­ë¥ ª®­áâ ­âë
θ0

s , θl0, c ã¤®¢«¥â¢®àïîâ, ¯®¬¨¬® ãá«®¢¨© (3.5),
­¥à ¢¥­áâ¢ã

c ≤ (θl0 −msc)
√

Dl/π exp(−β2/a2
l )(

ms(K − 1)βerfc(−β2/Dl)
) . (3.10)

�®£¤  ®¡à â­ ï  ¢â®¬®¤¥«ì­ ï § ¤ ç  ¨¬¥¥â à¥-
è¥­¨¥

c0 = c/K ·
(

1−
√

π/Dl · β(1−K) · erfc(β/Dl)
exp(−β2/Dl)

)
.

(3.11)
�à¨ íâ®¬ I(c0) = 0.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï. �£à ­¨-
ç¨¬áï á«ãç ¥¬ K < 1. �¥âàã¤­® ¯à®¢¥à¨âì, çâ®
¤«ï c0, ¤ ¢ ¥¬®£® ä®à¬ã«®© (3.11), I(c0) = 0.
�áâ ¥âáï ¤®ª § âì á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢
(1.12){(1-15). � ¬¥â¨¬, çâ® (1.12) ¨ (1.14) ®ç¥-
¢¨¤­ë. �®ª ¦¥¬ (1.15). �«ï íâ®£® à áá¬®âà¨¬
äã­ªæ¨î

f(β) = exp(−β2/Dl)−
√

π√
Dl

β · erfc(β/
√

Dl).

�«ï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© äã­ªæ¨¨
¨¬¥¥¬: f(0) = 1, f(+∞) = 0, f ′(β) < 0. �«¥¤®-
¢ â¥«ì­®, f(β) > 0. �®íâ®¬ã c < c0 < 1. � ¤àã-
£®© áâ®à®­ë, ¢á«¥¤áâ¢¨¥ (3.9), ¤«ï cl(x, t) ¨¬¥¥â
¬¥áâ® ­¥à ¢¥­áâ¢®

c0 ≤ cl(x, t) ≤ c/K.

� ª¨¬ ®¡à §®¬, (1.15) ¢ë¯®«­¥­®.
�¥¯¥àì ¤®ª ¦¥¬ (1.13). �  á¢®¡®¤­®© £à ­¨-

æ¥ x = s(t) ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

θl = ms · c = ms ·K · cl.

� á¨«ã (3.5),

θl = θl0 > msKc0 = msKcl

¯à¨ x → ∞. �á«®¢¨¥ (3.10) á ãç¥â®¬ (3.11) ¢«¥-
ç¥â

∂θl

∂x
(s(t), t) ≥ msK

∂cl

∂x
(s(t), t),

®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® (1.15),
¨­ ç¥ ãà ¢­¥­¨¥

∂θl

∂x
= msK

∂cl

∂x
,

ª®â®à®¥ ¢ ­ è¥¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

A exp(−x2/4a2
l t) = D exp(−x2/4Dlt), A, B = const,

¨¬¥«® ¡ë ¯® ªà ©­¥© ¬¥à¥ ¤¢  ¯®«®¦¨â¥«ì­ëå
ª®à­ï, çâ®, ®ç¥¢¨¤­®, ­¥¢®§¬®¦­®.

� ¬¥ç ­¨¥. � á«ãç ¥ ­¥à ¢¥­áâ¢ , ¯à®â¨-
¢®¯®«®¦­®£® (3.10), ¤«ï à¥è¥­¨ï, á®®â¢¥âáâ¢ãî-
é¥£® (3.11), ãá«®¢¨¥ (1.13) ­¥ ¢ë¯®«­¥­®: ¨¬¥¥â
¬¥áâ® ¯¥à¥®å« ¦¤¥­¨¥ ¯¥à¥¤ äà®­â®¬ ªà¨áâ «-
«¨§ æ¨¨. �¤­ ª® ®¡à â­ ï § ¤ ç  ¬®¦¥â ¨¬¥âì
à¥è¥­¨¥, ­® ¬¨­¨¬ã¬ äã­ªæ¨®­ «  I(c0) ã¦¥ ­¥
¡ã¤¥â à ¢¥­ ­ã«î.
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