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�.�. �®­ç à®¢ 
� áé¥¯«¥­¨¥ ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¤«ï
à áç¥â  § ¤ ç ª®­¢¥ªæ¨¨ ¢ ¤¢ã¬¥à­ëå
®¡« áâïå á ªà¨¢®«¨­¥©­®© £à ­¨æ¥©

�«ï ¨áá«¥¤®¢ ­¨ï ª®­¢¥ªâ¨¢­ëå ¤¢¨¦¥­¨©
¦¨¤ª®áâ¨ ¢ ¤¢ã¬¥à­ëå ®¡« áâïå á â¢¥à¤®© ­¥-
¯à®­¨æ ¥¬®© £à ­¨æ¥©, ç áâì ª®â®à®© ï¢«ï¥âáï
ªà¨¢®«¨­¥©­®© ¢áâ ¢ª®©, ¯à¥¤« £ ¥âáï ç¨á«¥­-
­ë© ¬¥â®¤, ®á­®¢ ­­ë© ­  ¨¤¥¥ à áé¥¯«¥­¨ï ¯®
ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬. � áé¥¯«¥­¨¥ ¯® ä¨-
§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¢ § ¤ ç å £¨¤à®¤¨­ ¬¨ª¨
¡ §¨àã¥âáï ­  ¬¥â®¤¥ á« ¡®©  ¯¯à®ªá¨¬ æ¨¨ ¨
®¡®á­®¢ ­¨¨  ¤¤¨â¨¢­®áâ¨ íâ¨å ¯à®æ¥áá®¢ ¯à¨
¤®áâ â®ç­® ¬ «ëå è £ å ¯® ¢à¥¬¥­¨ [1-3].

� áé¥¯«¥­¨¥ ­  ¤¢  íâ ¯  (ª®­¢¥ªâ¨¢­ë© ¨
¤¨ääã§¨®­­ë© ¯¥à¥­®áë) ¯à®¢®¤¨âáï ¤«ï ãà ¢-
­¥­¨© ª®­¢¥ªæ¨¨, § ¯¨á ­­ëå ¢ ä¨§¨ç¥áª¨å ¯¥-
à¥¬¥­­ëå. �â ¯ ª®­¢¥ªæ¨¨ à¥ «¨§ã¥âáï ­  á¬¥-
é¥­­ëå á¥âª å ¤«ï ª®¬¯®­¥­â áª®à®áâ¨ ¨ á®áâ®-
¨â ¢ ¢ëç¨á«¥­¨¨ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨. � 
íâ ¯¥ ¤¨ääã§¨¨ ®áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ª ­®-
¢ë¬ ¨áª®¬ë¬ äã­ªæ¨ï¬: ¢¨åàî ¨ äã­ªæ¨¨ â®-
ª . � ª®© ¯®¤å®¤ ¯®§¢®«ï¥â ¨áª«îç¨âì à áç¥â
£à ¤¨¥­â  ¤ ¢«¥­¨ï ¨ ®¡¥á¯¥ç¨âì  ¢â®¬ â¨ç¥-
áª®¥ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï á®«¥­®¨¤ «ì­®áâ¨ ¢¥ª-
â®à  áª®à®áâ¨.

�¥áâ¨à®¢ ­¨¥ ¬¥â®¤  ¯à®¢®¤¨âáï ­  ¨§¢¥áâ-
­ëå § ¤ ç å ® á¢®¡®¤­®© ª®­¢¥ªæ¨¨ ¢ ¯®«®áâ¨
¯à¨ ¯®¤®£à¥¢¥ á¡®ªã.

�¢¥¤¥­¨¥. �«ï ¬®¤¥«¨à®¢ ­¨ï â¥¯«®¢®©
£à ¢¨â æ¨®­­®© ª®­¢¥ªæ¨¨ ¢ § ¬ª­ãâëå ®¡« -
áâïå 
 á â¢¥à¤®© ­¥¯à®­¨æ ¥¬®© £à ­¨æ¥© �
¯à¨¬¥­ïîâáï ãà ¢­¥­¨ï �¡¥à¡¥ª -�ãáá¨­¥áª ,
ª®â®àë¥ ¢ ¡¥§à §¬¥à­®© ä®à¬¥ ¨¬¥îâ á«¥¤ãî-
é¨© ¢¨¤:

~vt + ~v · ∇~v = −∇p′ + 1
Re

�~v + ~F , (1)

div~v = 0, (2)

Tt + ~v · ∇T = 1
RePr

�T. (3)

� ¤ ç  á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ áª®à®áâ¨ ¦¨¤ª®-
áâ¨ ~v, ¤ ¢«¥­¨ï p ¨ â¥¬¯¥à âãàë T , ã¤®¢«¥â¢®-
àïîé¨¬ ¯à¨ t = 0 ­ ç «ì­ë¬ ãá«®¢¨ï¬

~v = 0, T = T0(x), x ∈ 
,

­  £à ­¨æ¥ ®¡« áâ¨ � | ãá«®¢¨ï¬ ¯à¨«¨¯ ­¨ï
¤«ï áª®à®áâ¨

~v = 0, x ∈ �, t ∈ [0, t∗]

¨ ãá«®¢¨ï¬ ¯¥à¢®£®, ¢â®à®£® ¨«¨ âà¥âì¥£® à®¤ 
¤«ï â¥¬¯¥à âãàë:

T = TB(x, t), ∂T

∂n
= TB(x, t),

∂T

∂n
+ α(T − TB) = 0; x ∈ �, t ∈ [0, t∗].

�¤¥áì p′ | ¬®¤¨ä¨æ¨à®¢ ­­®¥ ¤ ¢«¥­¨¥ (®â-
ª«®­¥­¨¥ ®â £¨¤à®áâ â¨ç¥áª®£® ¤ ¢«¥­¨ï); ~F =
−(Gr/Re2)~g0T { á¨«  ¯« ¢ãç¥áâ¨; ~g0 { ¥¤¨­¨ç-
­ë© ¢¥ªâ®à ãáª®à¥­¨ï á¨«ë âï¦¥áâ¨; α { ¡¥§à §-
¬¥à­ë© ª®íää¨æ¨¥­â, å à ªâ¥à¨§ãîé¨© â¥¯«®-
®¡¬¥­ á ¢­¥è­¥© áà¥¤®©.

�®­¢¥ªâ¨¢­ë© ¨ ¤¨ääã§¨®­­ë© ¯¥à¥­®áë
¢ë¤¥«ïîâáï ¢ ãà ¢­¥­¨ïå ¤¢¨¦¥­¨ï (1) ¨ ¢
ãà ¢­¥­¨¨ ¯¥à¥­®á  â¥¯«  (3). �¤¥ï à áé¥¯«¥-
­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬, ª ª ®á­®¢  ¤«ï
®à£ ­¨§ æ¨¨ à áç¥â  á¢®¡®¤­®© ª®­¢¥ªæ¨¨, à¥ -
«¨§ã¥âáï ­  ª ¦¤®¬ ¢à¥¬¥­­®¬ á«®¥. �¥â®¤ à á-
é¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¡ §¨àã¥â-
áï ­  ¬¥â®¤¥ á« ¡®©  ¯¯à®ªá¨¬ æ¨¨ [1], ®¡®á­®-
¢ ­¨¨  ¤¤¨â¨¢­®áâ¨ ¯à®æ¥áá®¢ ¤«ï ¤®áâ â®ç­®
¬ «ëå è £®¢ ¯® ¢à¥¬¥­¨ [2] ¨ ¤®ª § â¥«ìáâ¢¥
áã¬¬ à­®©  ¯¯à®ªá¨¬ æ¨¨ ¨áå®¤­®£® ãà ¢­¥­¨ï
¢á«¥¤áâ¢¨¥ à áé¥¯«¥­¨ï. �¡é ï â¥®à¨ï à áé¥-
¯«¥­¨ï ­ ¨¡®«¥¥ ¯®«­® ¨§«®¦¥­  ¢ [3],   ®á®¡¥­-
­®áâ¨ à áé¥¯«¥­¨ï ¤«ï § ¤ ç ª®­¢¥ªæ¨¨ ¢ ¯àï-
¬®ã£®«ì­ëå ®¡« áâïå ¨ ¯ à ««¥«¥¯¨¯¥¤ å { ¢ [4{
6].

� ¤ ­­®© à ¡®â¥ ç¨á«¥­­ë© ¬¥â®¤ ­  ®á­®¢¥
à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ à §à ¡ -
âë¢ ¥âáï ¤«ï ¨áá«¥¤®¢ ­¨ï ª®­¢¥ªâ¨¢­ëå ¤¢¨-
¦¥­¨© ¦¨¤ª®áâ¨ ¢ § ¬ª­ãâ®© ¤¢ã¬¥à­®© ®¡« á-
â¨ á ªà¨¢®«¨­¥©­®© £à ­¨æ¥©. �¥â®¤ å à ªâ¥à¨-
§ã¥âáï á¢®©áâ¢®¬ í­¥à£¥â¨ç¥áª®© ­¥©âà «ì­®áâ¨
¯®«ï áª®à®áâ¥© [4]. � áé¥¯«¥­¨¥ ­  ¤¢  íâ ¯ 
(ª®­¢¥ªâ¨¢­ë© ¨ ¤¨ääã§¨®­­ë© ¯¥à¥­®áë) ¯à®-
¢®¤¨âáï ¤«ï ãà ¢­¥­¨© ª®­¢¥ªæ¨¨, § ¯¨á ­­ëå
¢ ä¨§¨ç¥áª¨å ¯¥à¥¬¥­­ëå. �â ¯ ª®­¢¥ªæ¨¨ à¥ -
«¨§ã¥âáï ¤«ï ¢¥ªâ®à  áª®à®áâ¨, ãá«®¢­® ­ §¢ ­-
­®© ª®­¢¥ªâ¨¢­®© áª®à®áâìî. �ë¤¥«¥­¨¥ íâ -
¯  ª®­¢¥ªæ¨¨ ¢ ¨áå®¤­ëå ãà ¢­¥­¨ïå ¯®§¢®«ï-
¥â ®¡¥á¯¥ç¨âì ª®àà¥ªâ­®áâì à áé¥¯«¥­¨ï á â®ç-
ª¨ §à¥­¨ï ã¤®¢«¥â¢®à¥­¨ï £à ­¨ç­ë¬ ãá«®¢¨ï¬.
�§ ãá«®¢¨© ¯à¨«¨¯ ­¨ï ¨ £¨¯¥à¡®«¨ç­®áâ¨ á¨-
áâ¥¬ë ãà ¢­¥­¨© á«¥¤ã¥â, çâ® £à ­¨ç­ë¥ ãá«®-
¢¨ï ­  íâ ¯¥ ª®­¢¥ªæ¨¨ ï¢«ïîâáï á«¥¤áâ¢¨¥¬
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�¥â®¤ à áé¥¯«¥­¨ï ¤«ï ¤¢ã¬¥à­ëå § ¤ ç ª®­¢¥ªæ¨¨ . . .

ãà ¢­¥­¨©. �  íâ ¯¥ ¤¨ääã§¨¨ ®áãé¥áâ¢«ï¥â-
áï ¯¥à¥å®¤ ª ­®¢ë¬ ¨áª®¬ë¬ äã­ªæ¨ï¬: ¢¨å-
àî ¨ äã­ªæ¨¨ â®ª . � ­­ë© ¯¥à¥å®¤ ¯®§¢®«ï-
¥â ¨áª«îç¨âì à áç¥â £à ¤¨¥­â  ¤ ¢«¥­¨ï, ®¡¥á-
¯¥ç¨âì  ¢â®¬ â¨ç¥áª®¥ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï á®-
«¥­®¨¤ «ì­®áâ¨ ¢¥ªâ®à  áª®à®áâ¨, â ª ª ª ¤¨ä-
äã§¨®­­ ï áª®à®áâì ¯à¨­¨¬ ¥âáï ¢ ¨â®£¥ ¢ ª -
ç¥áâ¢¥ ¨áª®¬®©. �«ï äã­ªæ¨¨ â®ª  áç¨â îâ-
áï ¢ë¯®«­¥­­ë¬¨ á«¥¤áâ¢¨ï ãá«®¢¨© ¯à¨«¨¯ -
­¨ï ¤«ï ä¨§¨ç¥áª®© áª®à®áâ¨. � ¤ «ì­¥©è¥¬
¡ã¤¥¬ ®¯ãáª âì ª ¢ëçª¨ ¢ â¥à¬¨­ å ª®­¢¥ªâ¨¢-
­ ï ¨«¨ ¤¨ääã§¨®­­ ï áª®à®áâì. �â¬¥â¨¬, çâ®
¯à¨­æ¨¯¨ «ì­ë¬ ¬®¬¥­â®¬ ¢ ®à£ ­¨§ æ¨¨ à á-
ç¥â  ï¢«ï¥âáï ¢¢¥¤¥­¨¥ á¬¥é¥­­ëå á¥â®ª [7].

�¥áâ¨à®¢ ­¨¥ ¬¥â®¤  ¯à®¢®¤¨âáï ­  ¨§¢¥áâ-
­®© § ¤ ç¥ ® á¢®¡®¤­®© ª®­¢¥ªæ¨¨ ¢ ª¢ ¤à â­®©
¯®«®áâ¨ ¯à¨ ¯®¤®£à¥¢¥ á¡®ªã [8].

�®áâ ­®¢ª  à §­®áâ­®© § ¤ ç¨. �ãáâì
¨áª®¬ë¥ äã­ªæ¨¨ ~v, p′, T ã¤®¢«¥â¢®àïîâ ¢ ®¡« -
áâ¨ 
 = {(x, y) : 0 < x < 1, 0 < y < f(x)}
á¨áâ¥¬¥ ãà ¢­¥­¨© (1){(3). �¥à¥¯¨è¥¬ ¤ ­­ë¥
ãà ¢­¥­¨ï ¢ ¢¨¤¥

∂~v

∂t
+ K~v = −∇p′ + D~v + ~F , (4)

div~v = 0, (5)

∂T

∂t
+ KT = DT. (6)

�¤¥áì K { ®¯¥à â®à ª®­¢¥ªâ¨¢­®£® ¯¥à¥­®á  K =
~v · ∇; D { ®¯¥à â®à ¤¨ääã§¨®­­®£® ¯¥à¥­®á 
D = �ν�, �ν = 1/Re ¨«¨ �ν = 1/(RePr).

� ãà ¢­¥­¨¨ (4) ¢ë¤¥«¨¬ ¤¢  à §«¨ç­ëå ¯à®-
æ¥áá  ¯¥à¥­®á  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï: ª®­¢¥ª-
â¨¢­ë© ¨ ¤¨ääã§¨®­­ë©. �ç¨â ï íâ¨ ¯à®æ¥ááë
 ¤¤¨â¨¢­ë¬¨ ­  ¬ «ëå ¢à¥¬¥­­ëå ¨­â¥à¢ « å
tk ≤ t ≤ tk+1 (τ = tk+1 − tk), áä®à¬ã«¨àã¥¬
§ ¤ çã ª®­¢¥ªâ¨¢­®£® ¤¢¨¦¥­¨ï ¦¨¤ª®áâ¨, ¨á-
å®¤ï ¨§ ­¨¦¥á«¥¤ãîé¨å ¤¢ãå íâ ¯®¢ (®¯ãáâ¨¬
áâà¥«®çªã ­ ¤ ¢¥ªâ®à ¬¨). � §®¢¥¬ íâ ¯®¬ ª®­-
¢¥ªæ¨¨ ¤¢¨¦¥­¨¥, ®¯¨áë¢ ¥¬®¥ ãà ¢­¥­¨ï¬¨

~v − v

τ
= −K~v, (7)

£¤¥ ~v { ª®­¢¥ªâ¨¢­ ï áª®à®áâì. �à¨ ¯®áâà®¥­¨¨
à §­®áâ­®©  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à ª®­¢¥ªâ¨¢-
­®£® ¯¥à¥­®á  ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¢¨¤¥ áã¬-
¬ë ¤¢ãå ®¤­®¬¥à­ëå ª®á®á¨¬¬¥âà¨ç­ëå ®¯¥à -
â®à®¢: K~v = K1~v + K2~v [3].

�â ¯ ¤¨ääã§¨¨ ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬

v̂ − ~v
τ

= −∇p′ + Dv̂ + F,

ª®â®à®¥ ¢ à¥§ã«ìâ â¥ ¯à¨¬¥­¥­¨ï ®¯¥à æ¨¨ rotor
¯à¥®¡à §ã¥âáï ª ¢¨¤ã:

ω̂ − ~ω
τ

= Dω̂ + (rot F, k). (8)

�¤¥áì ¯®¤ v̂ ¯®­¨¬ ¥âáï ¤¨ääã§¨®­­ ï áª®-
à®áâì ¯à®æ¥áá  ¨ ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï ω̂ =
(rot v̂, k), ~ω = (rot ~v, k), v̂ = (û1, û2), û1 = ∂ψ̂/∂y,
û2 = −∂ψ̂/∂x. �à¨ íâ®¬ äã­ªæ¨ï â®ª  ψ̂ ã¤®-
¢«¥â¢®àï¥â ¢ ®¡« áâ¨ 
 ãà ¢­¥­¨î �ã áá®­ :

�ψ̂ = −ω̂, (9)

ª®â®à®¥ à¥è ¥âáï ¢ ¤ «ì­¥©è¥¬ ¬¥â®¤®¬ ãáâ -
­®¢«¥­¨ï [9]. �  £à ­¨æ¥ ®¡« áâ¨ ¨¬¥îâ ¬¥áâ®
ãá«®¢¨ï

ψ̂ = 0,
∂ψ̂

∂n
= 0, (10)

¯à¥¤áâ ¢«ïîé¨¥ á®¡®© á«¥¤áâ¢¨ï ãá«®¢¨© ¯à¨-
«¨¯ ­¨ï ¤«ï ä¨§¨ç¥áª®© áª®à®áâ¨.

� áé¥¯«¥­¨¥ ­  ª®­¢¥ªâ¨¢­ë© ¨ ¤¨ääã§¨-
®­­ë© íâ ¯ë ¢ ãà ¢­¥­¨¨ (3) ¯à¨¢®¤¨â ª ¯®á«¥-
¤®¢ â¥«ì­®¬ã à¥è¥­¨î á«¥¤ãîé¨å à §­®áâ­ëå
ãà ¢­¥­¨©:

~T − T

τ
= −K ~T , (11)

T̂ − ~T
τ

= DT̂ . (12)

�«ï à¥è¥­¨ï § ¤ ç¨ ¢ ®¡« áâ¨ 
 á ªà¨¢®«¨-
­¥©­®© £à ­¨æ¥© ®áãé¥áâ¢¨¬, ª ª ¨ ¢ [10], ®â®-
¡à ¦¥­¨¥ ®¡« áâ¨ â¥ç¥­¨ï ­  ª¢ ¤à â �
 = {0 ≤
ξ ≤ 1, 0 ≤ η ≤ 1}, ¯à¨¬¥­¨¢ ¯à¥®¡à §®¢ ­¨¥
ξ = x, η = y/f(x). �¥à¥¯¨è¥¬ ãà ¢­¥­¨ï (8),
(9), (12) ¢ ¯¥à¥¬¥­­ëå ξ, η ¢ á«¥¤ãîé¥¬ ®¡é¥¬
¢¨¤¥:

�t = B

f

[
Uξ + Vη

]
+ R, (13)

£¤¥ � = ω, � = ψ (ªàëèª  ®¯ãáª ¥âáï) ¨«¨
� = T . �à¨ íâ®¬

U = B11�ξ + B12�η, V = B12�ξ + B22�η,

  ª®íää¨æ¨¥­âë ¢ëç¨á«ïîâáï á«¥¤ãîé¨¬ ®¡à -
§®¬:

B11 = f, B12 = −ηf ′,

B22 = (1 + η2f ′2)/f, B = 1/Re,

R = (Gr/Re2)
(
∂T/∂ξ − η(f ′/f)∂T/∂η

)
,

¥á«¨ � = ω. �á«¨ ¦¥ � = ψ, â® B = λ ¨ R = λω
(λ | ¨â¥à æ¨®­­ë© ¯ à ¬¥âà). �á«¨ � = T , â®
B = 1/(RePr),   R = 0.

�®­¢¥ªâ¨¢­ë¥ ®¯¥à â®àë K1, K2 ¢ ¯¥à¥¬¥­-
­ëå ξ, η ¨¬¥îâ ¢¨¤:

K1v = 1
2
[
v1

∂v

∂ξ
+ ∂(v1v)

∂ξ

]
,
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K2v = �K2v + f ′

2f
v1v =

= 1
2f

[
(v2 − ηf ′v1)∂v

∂η
+

+ ∂

∂η
(v2 − ηf ′v1)v

]
+ f ′

2f
v1v.

� ®¡« áâ¨ �
 ¢¢®¤¨âáï ®á­®¢­ ï à §­®áâ­ ï á¥â-
ª  (ξn, ηm) ¤«ï à áç¥â  â¥¬¯¥à âãàë ¨ à¥ «¨§ -
æ¨¨ íâ ¯  ¤¨ääã§¨¨ (9), (12): ξn = (n − 1)hξ,
n = 1, 2, ..., N ; ηm = (m − 1)hη, m = 1, 2, ...,M ;
hξ = 1

�N , N = �N + 1; hη = 1
�M , M = �M + 1. �

à áç¥â­®© ®¡« áâ¨ �
 ¢¢®¤ïâáï â ª¦¥ ¤¢¥ ¢á¯®-
¬®£ â¥«ì­ëå à §­®áâ­ëå á¥âª¨: (ξn, ηm′), (m′ =
m + 1/2, n = 1, ..., N, m′ = 1, ..., �M) { ¤«ï à á-
ç¥â  ¯¥à¢®© ª®¬¯®­¥­âë ª®­¢¥ªâ¨¢­®© áª®à®áâ¨
~v1, ¨ (ξn′ , ηm), n′ = n + 1/2, n′ = 1, ..., �N, m =
1, ..., M) { ¤«ï à áç¥â  ¢â®à®© ª®¬¯®­¥­âë ª®­-
¢¥ªâ¨¢­®© áª®à®áâ¨ ~v2. �¤¥áì ~v1, ~v2 { ª®¬¯®­¥­-
âë ª®­¢¥ªâ¨¢­®© áª®à®áâ¨ ~v.

�¥ «¨§ æ¨ï íâ ¯  ª®­¢¥ªæ¨¨. � ç «ì-
­ë¥ ãá«®¢¨ï ¤«ï ª®­¢¥ªâ¨¢­®© áª®à®áâ¨ ~v § ¤ -
îâáï á ¯à¥¤ë¤ãé¥£® ¢à¥¬¥­­®£® á«®ï ¨ ¯à¥¤áâ -
¢«ïîâ á®¡®© ¤¨ääã§¨®­­ãî áª®à®áâì, à ááç¨-
â ­­ãî ­  ¢á¯®¬®£ â¥«ì­ëå á¥âª å. �à¨ íâ®¬

v1n,m+1/2 = 1
fn

ψn,m+1 − ψnm

hη
,

v2n+1/2,m = −
(ψn+1,m − ψnm

hξ
−

−ηm
f ′n
fn

ψn,m+1 − ψnm

hη

)
.

�«ï à¥è¥­¨ï ãà ¢­¥­¨© (7), (11) ¨á¯®«ì§ã¥âáï
¤¢ãæ¨ª«¨ç¥cª¨© á¯®á®¡ à áé¥¯«¥­¨ï ¯® ­ ¯à -
¢«¥­¨ï¬ ­  ®á­®¢¥ í«¥¬¥­â à­ëå áå¥¬ �à ­ª {
�¨ª®«á®­  [3]. �à¥¤áâ ¢¨¬ ¤ ­­ãî áå¥¬ã ¤«ï
¨áª®¬®© äã­ªæ¨¨ ~w ­  ¯à®¨§¢®«ì­®© á¥âª¥
(i, j), ª®â®à ï ¬®¦¥â ¡ëâì ®á­®¢­®© (n,m) ¤«ï
â¥¬¯¥à âãàë «¨¡® ®¤­®© ¨§ ¢á¯®¬®£ â¥«ì­ëå
(n′,m), (n,m′) ¤«ï ª®¬¯®­¥­â ª®­¢¥ªâ¨¢­®©
áª®à®áâ¨:

( ~wk+1/4
ij − wk

ij

τ/2
)

+Kh
1

( ~wk+1/4
ij + wk

ij

2
)

=0,

( ~wk+1/2
ij − ~wk+1/4

ij

τ/2
)

+ �Kh
2

( ~wk+1/2
ij + ~wk+1/4

ij

2
)
+

+ f ′

2f
v1 ~wk+1/4

ij = 0,

(~wk+3/4
ij − ~wk+1/2

ij

τ/2
)
+ �Kh

2

( ~wk+3/4
ij + ~wk+1/2

ij

2
)
+

+ f ′

2f
v1 ~wk+3/4

ij = 0,

( ~wk+1
ij − ~wk+3/4

ij

τ/2
)
+ Kh

1

( ~wk+1
ij + ~wk+3/4

ij

2
)
=0. (14)

�¤¥áì Kh
1 , �Kh

2 ¯à¥¤áâ ¢«ïîâ á®¡®© ª®­¥ç­®-
à §­®áâ­ãî  ¯¯à®ªá¨¬ æ¨î ª®­¢¥ªâ¨¢­ëå ®¯¥-
à â®à®¢. �® ¢­ãâà¥­­¨å â®çª å á¥â®ª (n,m),
(n′,m) ¨«¨ (n,m′) à áá¬ âà¨¢ ¥âáï  ¯¯à®ªá¨¬ -
æ¨ï, ¨á¯®«ì§ãîé ï æ¥­âà «ì­ë¥ à §­®áâ¨ ¢¨¤ 

Kh
1 ~wij = 1

2hξ

(
v1

k
i+1/2,j ~wi+1,j−

−v1
k
i−1/2,j ~wi−1,j

)
,

�Kh
2 ~wij = 1

fi2hy

(
v2

k
i,j+1/2 ~wi,j+1−

−v2
k
i,j−1/2 ~wi,j−1−

−fi+1 − fi−1
2hξ

ηjv1k
ij + ηj+1v1k

i,j+1
2 ~wi,j+1+

+fi+1 − fi−1
2hξ

ηjv1k
ij + ηj−1v1k

i,j−1
2 ~wi,j−1

)
.

�­ ç¥­¨ï ª®¬¯®­¥­â áª®à®áâ¨ á ¯à¥¤ë¤ãé¥£®
k-£® á«®ï à ááç¨âë¢ îâáï ¯®-à §­®¬ã ¤«ï ª -
¦¤®© à áç¥â­®© á¥âª¨ ¢ § ¢¨á¨¬®áâ¨ ®â ¨áª®-
¬®© äã­ªæ¨¨. � ¬¥â¨¬, çâ® ¤¨ääã§¨®­­ ï áª®-
à®áâì (u1, u2) ã¦¥ § à ­¥¥ à ááç¨â ­  ­  ®á­®¢-
­®© á¥âª¥ (n,m). � £à ­¨ç­ëå â®çª å ¨á¯®«ì§ã-
¥âáï  ¯¯à®ªá¨¬ æ¨ï ­ ¯à ¢«¥­­ë¬¨ à §­®áâï¬¨
 ­ «®£¨ç­® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ­® ¢ [5]. � -
¬¥â¨¬ â ª¦¥, çâ® ¯à¨ à áç¥â¥ ª®¬¯®­¥­â ª®­-
¢¥ªâ¨¢­®© áª®à®áâ¨ ­  á¬¥é¥­­ëå á¥âª å ãç¨-
âë¢ îâáï ¢ ª®íää¨æ¨¥­â å ãá«®¢¨ï ¯à¨«¨¯ ­¨ï
¯à¨ ¢ëå®¤¥ §  £à ­¨æã ¢á¯®¬®£ â¥«ì­®© á¥âª¨ ¨
¯à¨ ¯®¯ ¤ ­¨¨ ­  £à ­¨æã ®á­®¢­®© á¥âª¨. �á-
¯®«ì§ã¥¬ ï  ¯¯à®ªá¨¬ æ¨ï ª®­¢¥ªâ¨¢­ëå ®¯¥-
à â®à®¢ ®¡¥á¯¥ç¨¢ ¥â ª®á®á¨¬¬¥âà¨ç­®áâì à §-
­®áâ­ëå ®¯¥à â®à®¢ ª®­¢¥ªæ¨¨. �®«ãç¥­­ë¥ á¨-
áâ¥¬ë à §­®áâ­ëå ãà ¢­¥­¨© ¢ (14) à¥è îâáï
á ¯®¬®éìî ¬¥â®¤  ¯à®£®­ª¨. �®âï ¤«ï ¬ -
âà¨æë á¨áâ¥¬ë ¨ ­¥ ¢ë¯®«­¥­ë ãá«®¢¨ï ¤¨ £®-
­ «ì­®£® ¯à¥®¡« ¤ ­¨ï, ¬¥â®¤ ¯à®£®­ª¨ ãáâ®©-
ç¨¢ [11]. �ëè¥¨§«®¦¥­­ë¥  ¯¯à®ªá¨¬ æ¨¨ ®¯¥-
à â®à®¢ K1, K2 ¨¬¥îâ ¢â®à®© ¯®àï¤®ª [3]. �á-
¯®«ì§ã¥¬ ï áå¥¬  ®¡« ¤ ¥â á¢®©áâ¢®¬ í­¥à£¥â¨-
ç¥áª®© ­¥©âà «ì­®áâ¨ ¯®«ï áª®à®áâ¥©, â.¥. á®-
åà ­¥­¨¥¬ ­®à¬ë áª®à®áâ¨ ¢ L2 (¤«ï ¤®ª § -
â¥«ìáâ¢  á¬.: [4]).
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�¥ «¨§ æ¨ï íâ ¯  ¤¨ääã§¨¨. �à¨ ¯¥-
à¥å®¤¥ ­  íâ ¯ ¤¨ääã§¨¨ ­ áç¨âë¢ ¥âáï ¢¨åàì
ª®­¢¥ªâ¨¢­®© áª®à®áâ¨ ~ω ­  ®á­®¢­®© á¥âª¥

~wn,m =
v2n+1/2,m − v2n−1/2,m

hξ
−

−ηm
fn+1 − fn−1

fhξ

1
fn
·

·v2n,m+1/2−v2n,m−1/2
hη

−

− 1
fn

v1n,m+1/2 − v1n,m−1/2
hη

,

¨ ¨¬¥­­® ®­ ¡¥à¥âáï ¢ ª ç¥áâ¢¥ ­ ç «ì­®£® ãá«®-
¢¨ï ¤«ï íâ ¯  ¤¨ääã§¨¨ ω̂k = ~ω.

�â ¯ ¤¨ääã§¨¨ à¥ «¨§ã¥âáï á ¨á¯®«ì§®¢ ­¨-
¥¬ ¬¥â®¤  áâ ¡¨«¨§¨àãîé¥© ¯®¯à ¢ª¨. �à¥¤-
áâ ¢¨¬ à §­®áâ­ãî áå¥¬ã ¢â®à®£® ¯®àï¤ª   ¯-
¯à®ªá¨¬ æ¨¨ ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (13) ¢ á«¥-
¤ãîé¥¬ ¢¨¤¥ [1, 10]:

�k+1/2 − �k

τ
= B

f

[
Uk

ξ + V k+1/2
η

]
+

+Rk+1/2,

�k+1 − �k+1/2

τ
= B

f

[
Uk+1

ξ − Uk
ξ

]
. (15)

�¤¥áì ¨á¯®«ì§ãîâáï ¯à¥¤áâ ¢«¥­¨ï

Uk+1 = B11�k+1
ξ + B12�k+1/2

η ,

Uk = B11�k
ξ + B12�k

η,

V k+1/2 = B12�k
ξ + B22�k+1/2

η

¨  ¯¯à®ªá¨¬ æ¨ï ¢å®¤ïé¨å ¢ (15) ¯à®¨§¢®¤­ëå
á«¥¤ãîé¥£® ¢¨¤ :

(∂Uk+1

∂ξ

)
n,m

=

= 1
hξ

[(
( �B)11

)
n+1,m

�k+1
n+1,m − �k+1

n,m

hξ
−

−(
( �B)11

)
n,m

�k+1
nm − �k+1

n−1,m

hξ

]
+

+ 1
2hξ

[(
( �B)12

)
n+1,m

·

·�
k+1/2

n+1,m+1 − �k+1/2
n+1,m−1

2hη
−

−(
( �B)12

)
n−1,m

·

·�
k+1/2

n−1,m+1 − �k+1/2
n−1,m−1

2hη

]
.

�«ï ­ å®¦¤¥­¨ï ψ ¨á¯®«ì§ã¥âáï ¢ëè¥¯à¨-
¢¥¤¥­­ ï áå¥¬  ¤«ï ®à£ ­¨§ æ¨¨ ¨â¥à æ¨®­­®£®
¯à®æ¥áá .

�®á¯®«ì§®¢ ¢è¨áì ãá«®¢¨ï¬¨ (10) ¨ ãà ¢­¥-
­¨¥¬ (9), ¯®«ãç¨¬  ­ «®£ ãá«®¢¨© �®¬  ¤«ï ¢¨å-
àï (á¬. â ª¦¥: [10]). � ç áâ­®áâ¨, ­  £à ­¨æ¥
η = 0 (¯à¨ m = 1) íâ¨ ãá«®¢¨ï ¨¬¥îâ á«¥¤ãî-
é¨© ¢¨¤:

ψn,1 = 0, ωn,1 = − 1
hη

1
fn

Vn,2,

Vn,2 = −η2(f ′)n(ψξ)n,2+

+1 + η2
2(f ′)2

n

fn
(ψη)n,2,

£¤¥ ¤«ï ¯¥à¢ëå ¯à®¨§¢®¤­ëå äã­ªæ¨¨ â®ª 
¨á¯®«ì§ãîâáï  ¯¯à®ªá¨¬ æ¨¨ ¢â®à®£® ¯®àï¤ª .
� ¬¥â¨¬, çâ® ãá«®¢¨ï ¯à¥¢à é îâáï ¢ ª« áá¨ç¥-
áª¨¥ ãá«®¢¨ï �®¬  ¢ á«ãç ¥ ¯àï¬®«¨­¥©­®© £à -
­¨æë f(x) = 1.

�¥§ã«ìâ âë ç¨á«¥­­®£®  ­ «¨§ . �¡é ï
áå¥¬  à¥è¥­¨ï § ¤ ç¨ á®áâ®¨â ¢ ®áãé¥áâ¢«¥­¨¨
á«¥¤ãîé¨å íâ ¯®¢.

1. �¥à¥å®¤ ­  ­®¢ë© ¢à¥¬¥­­®© á«®© tk+1

­ ç¨­ ¥âáï á à áç¥â  â¥¬¯¥à âãàë T k+1

­  ®á­®¢­®© á¥âª¥ ¯® áå¥¬¥ (14) ¤«ï íâ ¯ 
ª®­¢¥ªæ¨¨ ¨ ¯® áå¥¬¥ (15) á á®®â¢¥âáâ¢ãî-
é¨¬¨ â¥¬¯¥à âãà­ë¬¨ £à ­¨ç­ë¬¨ ãá«®-
¢¨ï¬¨ ­  íâ ¯¥ ¤¨ääã§¨¨.

2. �à¨ ­ ©¤¥­­®¬ T k+1 ®áãé¥áâ¢«ï¥âáï
à áç¥â ª®­¢¥ªâ¨¢­®© áª®à®áâ¨ ~vk+1 ­ 
¢á¯®¬®£ â¥«ì­ëå á¥âª å ¨ ¢¨åàï áª®à®áâ¨
~ωk+1 | ­  ®á­®¢­®©.

3. �  ª ¦¤®¬ k-¬ ¢à¥¬¥­­®¬ á«®¥ à áç¥â  ω̂
¯® áå¥¬¥ (15) ¢¢®¤¨âáï ¢­ãâà¥­­¨© ¨â¥à -
æ¨®­­ë© ¯à®æ¥áá à áç¥â  ψ̂ . �®á«¥ ®ª®­-
ç ­¨ï ¨â¥à æ¨© ¯à¨ s = S áç¨â ¥âáï, çâ®
á § ¤ ­­®© â®ç­®áâìî εψ ®¯à¥¤¥«¥­ë §­ -
ç¥­¨ï ψ̂ ­  (k + 1)-¬ ¢à¥¬¥­­®¬ á«®¥:
ψ̂k+1 = ψ̂S .

4. �à¨ ¯¥à¥å®¤¥ ­  á«¥¤ãîé¨© ¢à¥¬¥­­®©
á«®© (ª íâ ¯ã 1) ¨áª®¬ ï áª®à®áâì ¯®« £ -
¥âáï à ¢­®© v̂ (®­  ¨§¢¥áâ­  ­  ®á­®¢­®©
á¥âª¥ ¨ ¬®¦¥â ¡ëâì ­ áç¨â ­  ­  ¢á¯®¬®-
£ â¥«ì­ëå).

�â¥à æ¨®­­ë© ¯à®æ¥áá ¤«ï ψ̂ áç¨â ¥âáï á®è¥¤-
è¨¬áï, ¥á«¨ ¢ë¯®«­¥­ ªà¨â¥à¨© áå®¤¨¬®áâ¨ [5,
8]

max
n,m

|ψs+1
n,m − ψs

n,m| < εψ ·max
n,m

|ψs+1
n,m|.
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�¨á. 1: �¨­¨¨ â®ª . �§®â¥à¬ë (á¯à ¢ )

�¨á. 2: �¨­¨¨ â®ª . �§®â¥à¬ë (á¯à ¢ )

� ª ç¥áâ¢¥ ®á­®¢­®£® â¥áâ  à áá¬ âà¨¢ ¥âáï
§ ¤ ç  ® á¢®¡®¤­®© ª®­¢¥ªæ¨¨ ¢ ¯®«®áâ¨ 0 ≤
x ≤ 1 ; 0 ≤ y ≤ f(x) ¯à¨ ¯®¤®£à¥¢¥ á¡®ªã. �à¨
íâ®¬ Re = Pr = 1, Gr = 104,   ¢¥ªâ®à á¨«ë âï-
¦¥áâ¨ ­ ¯à ¢«¥­ ¯à®â¨¢ ®á¨ Oy. � ­ ç «ì­ë©
¬®¬¥­â ¢à¥¬¥­¨ ¦¨¤ª®áâì ¯®ª®¨âáï ¨ ­ £à¥â  ¯®
§ ª®­ã T (x, y, 0) = x. �à ­¨ç­ë¥ ãá«®¢¨ï á®®â-
¢¥âáâ¢ãîâ â¢¥à¤ë¬ ­¥¯à®­¨æ ¥¬ë¬ £à ­¨æ ¬ á
§ ¤ ­­®© â¥¬¯¥à âãà®© T (x, y, t) = x . �¥áâ § -
ª«îç ¥âáï ¢ ¯®«ãç¥­¨¨ áâ æ¨®­ à­®£® à¥è¥­¨ï
¤® ã¤®¢«¥â¢®à¥­¨ï ­¥à ¢¥­áâ¢  [4, 5]

|Nuk+1 −Nuk| < ε,

£¤¥ ç¨á«® �ãáá¥«ìâ  Nu ®¯à¥¤¥«ï¥â ¨­â¥£à «ì-
­ë© ¯®â®ª â¥¯«  ­  ¯à ¢®© (£®àïç¥©) £à ­¨æ¥
x = 1 (á¬. [4, 5]). �à¨ â¥áâ¨à®¢ ­¨¨ ¯®« £ ¥âáï

ε = 10−8, εψ = 10−5,

τ = τ0 = h2/4, h = hξ = hη.

�¥§ã«ìâ âë â¥áâ¨à®¢ ­¨ï  «£®à¨â¬ ,   ¨¬¥­­®:
å à ªâ¥à¨áâ¨ª  ¨­â¥­á¨¢­®áâ¨ â¥ç¥­¨ï ψmax ¨
¨­â¥£à «ì­ë© â¥¯«®¢®© ¯®â®ª ­  ¯à ¢®© áâ¥­ª¥
x = 1 ¢ á«ãç ¥ ¯àï¬®«¨­¥©­®© £à ­¨æë f(x) = 1
¯à¨¢®¤ïâáï ¢ â ¡«¨æ¥, ¢ ¯®á«¥¤­¥© áâà®ª¥ ª®â®-
à®© ¯à¥¤áâ ¢«¥­ë ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï å à ª-
â¥à¨áâ¨ª ¨§ [8].

�¥âª  ψmax Nu
9× 9 7.3558 1.9405

11× 11 7.0415 1.8886
17× 17 6.6450 1.8057
21× 21 6.5460 1.7831
33× 33 6.4360 1.7607
41× 41 6.4115 1.7539

[8] 6.37 1.752

�áâ®©ç¨¢®áâì  «£®à¨â¬  ¨ íªá¯¥à¨¬¥­â «ì-
­ë© ¯®àï¤®ª áå®¤¨¬®áâ¨ ¯à®¢¥àïîâáï ¯ãâ¥¬ ¢ë-
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ç¨á«¨â¥«ì­®£® íªá¯¥à¨¬¥­â  ­  ¯®á«¥¤®¢ â¥«ì-
­®áâïå á¥â®ª 11×11, 21×21, 41×41, ¯à¨ íâ®¬ ¢¥-
¤ãâáï ­ ¡«î¤¥­¨ï §  ¢¥«¨ç¨­®© ri, å à ªâ¥à¨-
§ãîé¥© ¤«ï ª ¦¤®© á¥âª¨ ¨­â¥­á¨¢­®áâì ¤¢¨¦¥-
­¨ï max

n,m
|ψn,m|. �ªá¯¥à¨¬¥­â «ì­ë© ¯®àï¤®ª

áå®¤¨¬®áâ¨ r ¨ ¯à¨¡«¨¦¥­­® ®¯à¥¤¥«¥­­ ï ®â-
­®á¨â¥«ì­ ï ¯®£à¥è­®áâì ¢ëç¨á«ïîâáï, á®£« á-
­® ¯à ¢¨«ã �ã­£¥ (á¬., ­ ¯à¨¬¥à: [12]). � ª¨¬
á¯®á®¡®¬ ®¯à¥¤¥«ï¥âáï r ≈ 1.9 ¨ ®â­®á¨â¥«ì­ ï
¯®£à¥è­®áâì �ε ≈ 2.8%.

�«ï ªà¨¢®«¨­¥©­ëå £à ­¨æ, § ¤ ¢ ¥¬ëå ª ª

f(x) = 1 + 0.1 sin πx ¨ f(x) = −0.1x + 1.1, à¥-
§ã«ìâ âë à áç¥â®¢ ¯à¨¢¥¤¥­ë ­  à¨áã­ª å 1 ¨ 2,
á®®â¢¥âáâ¢¥­­®. �  à¨áã­ª å ¯à¥¤áâ ¢«¥­ë á¥-
¬¥©áâ¢  «¨­¨© â®ª  ¨ ¨§®â¥à¬.

� ª¨¬ ®¡à §®¬, ¯à®¢¥¤¥­® ¯®áâà®¥­¨¥ ¨ â¥-
áâ¨à®¢ ­¨¥ ç¨á«¥­­®£®  «£®à¨â¬  ¤«ï ¨áá«¥¤®-
¢ ­¨ï § ¤ ç ª®­¢¥ªæ¨¨ ¢ ¤¢ã¬¥à­ëå ®¡« áâïå á
ªà¨¢®«¨­¥©­®© £à ­¨æ¥©. �â¬¥â¨¬ â ª¦¥, çâ®
à¥ «¨§ æ¨ï íâ ¯  ¤¨ääã§¨¨ ¬®¦¥â ¡ëâì ®áãé¥-
áâ¢«¥­  ­  ®á­®¢¥ ¬¥â®¤  ¯à®£®­ª¨ á ¯ à ¬¥âà -
¬¨ [5].
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