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�.�. �ã§ì¬¨ 
� áâà®¥¨¨ ª®«¥æ á ¯«  àë¬¨ £à ä ¬¨
¤¥«¨â¥«¥© ã«ï

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï  áá®æ¨ -
â¨¢ë¥ ª®«ìæ .

�¯à¥¤¥«¥¨¥. �à ä®¬ ¤¥«¨â¥«¥© ã-
«ï ª®«ìæ  R (¥ ®¡ï§ â¥«ì® ª®¬¬ãâ â¨¢®£® ¨
¥ ®¡ï§ â¥«ì® ¨¬¥îé¥£® ¥¤¨¨æã)  §ë¢ ¥âáï
£à ä, ¢¥àè¨ ¬¨ ª®â®à®£® ï¢«ïîâáï ¢á¥ ¥ã-
«¥¢ë¥ ¤¥«¨â¥«¨ ã«ï ª®«ìæ  (®¤®áâ®à®¨¥ ¨
¤¢ãáâ®à®¨¥), ¯à¨ç¥¬ ¤¢¥ à §«¨çë¥ ¢¥àè¨ë
x, y á®¥¤¨ïîâáï à¥¡à®¬ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  «¨¡® xy = 0, «¨¡® yx = 0 (á¬.: [1]).

�à ä ¤¥«¨â¥«¥© ã«ï ª®«ìæ  R ®¡ëç® ®¡®-
§ ç ¥âáï ç¥à¥§ �(R). �ë â ª¦¥ ¡ã¤¥¬ ¨á¯®«ì-
§®¢ âì â ª®¥ ®¡®§ ç¥¨¥.

�¤¥ï ¯®áâà®¥¨ï £à ä  ¤¥«¨â¥«¥© ã«ï ¢¯¥à-
¢ë¥ ¡ë«  ¨á¯®«ì§®¢   ¢ à ¡®â¥ [2], ¢ ª®â®-
à®© à¥è «¨áì ¯à®¡«¥¬ë, á¢ï§ ë¥ á à áªà á-
ª®© £à ä®¢ ¤¥«¨â¥«¥© ã«ï ª®¬¬ãâ â¨¢ëå ª®-
«¥æ. �à ä ¤¥«¨â¥«¥© ã«ï �. �¥ª ®¯à¥¤¥«¨«
á«¥¤ãîé¨¬ ®¡à §®¬: ¢ ª ç¥áâ¢¥ ¢¥àè¨ £à ä 
¤¥«¨â¥«¥© ã«ï ª®¬¬ãâ â¨¢®£® ª®«ìæ  ® à á-
á¬ âà¨¢ « ¢á¥ í«¥¬¥âë ª®«ìæ , ¯à¨ç¥¬ ¤¢¥ à §-
«¨çë¥ ¢¥àè¨ë x ¨ y á®¥¤¨ï« à¥¡à®¬ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  xy = 0.

� à ¡®â¥ [3] �. �¤¥àá® ¨ �. �¨¢¨£áâ®
¥áª®«ìª® ¨§¬¥¨«¨ á¯®á®¡ ¯®áâà®¥¨ï £à ä 
¤¥«¨â¥«¥© ã«ï: ¢¥àè¨ ¬¨ £à ä  ¤¥«¨â¥«¥©
ã«ï ª®¬¬ãâ â¨¢®£® ª®«ìæ  á ¥¤¨¨æ¥© áç¨â -
«¨áì ¢á¥ ¥ã«¥¢ë¥ ¤¥«¨â¥«¨ ã«ï ª®«ìæ . �®
¬¥¨î  ¢â®à®¢, â ª®¥ ®¯à¥¤¥«¥¨¥ «ãçè¥ ¨«-
«îáâà¨àã¥â áâàãªâãàã ¬®¦¥áâ¢  ¤¥«¨â¥«¥© ã-
«ï ª®«ìæ . �¥©áâ¢¨â¥«ì®,  ¯à¨¬¥à, ¢ [3, c.
438] ¤®ª § ®, çâ® £à ä ¤¥«¨â¥«¥© ã«ï ª®¬-
¬ãâ â¨¢®£® ª®«ìæ  á ¥¤¨¨æ¥©, ¢¥àè¨ ¬¨ ª®-
â®à®£® ï¢«ïîâáï «¨èì ¥ã«¥¢ë¥ ¤¥«¨â¥«¨ ã-
«ï ª®«ìæ , ï¢«ï¥âáï á¢ï§ë¬. �á«¨ ¦¥ à á-
á¬ âà¨¢ âì ¢ ª ç¥áâ¢¥ ¢¥àè¨ £à ä  ¢á¥ í«¥-
¬¥âë ª®«ìæ , â® íâ® ãâ¢¥à¦¤¥¨¥ áâ ®¢¨âáï
®ç¥¢¨¤ë¬, ¯®áª®«ìªã ã«ì { ¢¥àè¨ , ª®â®à ï
ï¢«ï¥âáï á¬¥¦®© ¤«ï ¢á¥å ®áâ «ìëå ¢¥àè¨
ª®«ìæ .

�®§¦¥ ¢ ¯¥ç â¨ ¯®ï¢¨«¨áì à ¡®âë, ¢ ª®â®-
àëå ¨áá«¥¤®¢ «¨áì £à äë ¤¥«¨â¥«¥© ã«ï ¥-
ª®¬¬ãâ â¨¢ëå ª®«¥æ. �«ï ¥ª®¬¬ãâ â¨¢®£®
ª®«ìæ  ¨á¯®«ì§ãîâáï ¤¢  ®¯à¥¤¥«¥¨ï £à ä  ¤¥-
«¨â¥«ï ã«ï. �®-¯¥à¢ëå, ¢¢¥¤¥® ¯®ïâ¨¥ ®à¨-
¥â¨à®¢ ®£® £à ä  ¤¥«¨â¥«ï ã«ï: ¢¥àè¨ -

¬¨ â ª®£® £à ä  áç¨â îâáï ¢á¥ ¤¥«¨â¥«¨ ã-
«ï («¥¢®áâ®à®¨¥ ¨ ¯à ¢®áâ®à®¨¥), ¯à¨ç¥¬
¤¢¥ à §«¨çë¥ ¢¥àè¨ë á®¥¤¨ïîâáï ®à¨¥â¨-
à®¢ ë¬ à¥¡à®¬ x −→ y â®£¤  ¨ â®«ìª® â®£-
¤ , ª®£¤  xy = 0 (á¬., ¢ ç áâ®áâ¨, à ¡®âë: [1,
4]. �®-¢â®àëå, ¨á¯®«ì§ã¥âáï ®¯à¥¤¥«¥¨¥, ¯à¨-
¢¥¤¥®¥  ¬¨ ¢ëè¥ (®¯à¥¤¥«¥ë© â ª¨¬ ®¡à -
§®¬ £à ä ¤¥«¨â¥«¥© ã«ï ¥ ®à¨¥â¨à®¢ )1.

� ¤ «ì¥©è¥¬   ¯à®âï¦¥¨¨ ¢á¥© à ¡®âë
¬ë, £®¢®àï ® £à ä¥ ¤¥«¨â¥«¥© ã«ï ª®«ìæ ,
¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ®¯à¥¤¥«¥¨¥, ¯à¨¢¥¤¥®¥
 ¬¨ ¢  ç «¥ áâ âì¨ (ïá®, çâ® ¢ á«ãç ¥ ª®¬-
¬ãâ â¨¢®áâ¨ ª®«ìæ  â ª®¥ ®¯à¥¤¥«¥¨¥ £à ä 
¤¥«¨â¥«¥© ã«ï á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥¨¥¬ �. �-
¤¥àá®  ¨ �. �¨¢¨£áâ®  ¨§ à ¡®âë [3]).

� áâ® ¢ à ¡®â å, ¯®á¢ïé¥ëå £à ä ¬ ¤¥«¨-
â¥«¥© ã«ï, ¨§ãç îâáï ª®«ìæ , £à äë ¤¥«¨â¥-
«¥© ã«ï ª®â®àëå ®¡« ¤ îâ â¥¬ ¨«¨ ¨ë¬ á¢®©-
áâ¢®¬. � ª, ¢ à ¡®â å [5{7] ¨áá«¥¤ãîâáï ª®¬¬ã-
â â¨¢ë¥ ª®«ìæ  á ¥¤¨¨æ¥©, £à äë ¤¥«¨â¥«¥©
ã«ï ª®â®àëå ¯«  àë. � ç áâ®áâ¨, ¢ áâ âì¥
[6] ®¯¨á ë ¢á¥ ª®¥çë¥ ª®¬¬ãâ â¨¢ë¥ ª®«ìæ 
á ¥¤¨¨æ¥©, ¨¬¥îé¨¥ ¯«  àë¥ £à äë ¤¥«¨â¥-
«¥© ã«ï. � ¡®â  [7] ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î
¡¥áª®¥çëå ª®¬¬ãâ â¨¢ëå ª®«¥æ á ¥¤¨¨æ¥©,
£à ä ¤¥«¨â¥«¥© ã«ï ª®â®àëå ¯«  à¥.

� áâ®ïé ï à ¡®â  ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î
ª®«¥æ (¥®¡ï§ â¥«ì® ¨¬¥îé¨å ¥¤¨¨æã ¨ ¥-
®¡ï§ â¥«ì® ª®¬¬ãâ â¨¢ëå), £à äë ¤¥«¨â¥«¥©
ã«ï ª®â®àëå ¯«  àë [8, 9]. � ¯¥à¢®¬ à §-
¤¥«¥ ¤®ª § ë ¥ª®â®àë¥ á¢®©áâ¢  £à ä  ¤¥«¨-
â¥«¥© ã«ï ª®«ìæ . � «®£¨ ¥ª®â®àëå ¨§ íâ¨å
á¢®©áâ¢ (¯à¥¤«®¦¥¨ï 1.1, 1.2) ¡ë«¨ ¤®ª § ë
¤«ï ª®¬¬ãâ â¨¢®£® á«ãç ï ¢ à ¡®â¥ [3]. �®
¢â®à®¬ à §¤¥«¥ ¬ë ®¯¨áë¢ ¥¬ ª®¥çë¥ ¯®¤¯àï-
¬® ¥à §«®¦¨¬ë¥ ª®«ìæ , ã¤®¢«¥â¢®àïîé¨¥ â®-
¦¤¥áâ¢ ¬ x2 − x3f(x) = 0, ptx = 0, £¤¥ f(x) ∈
Z[x] ¨ p > 2 { ¯à®áâ®¥ ç¨á«®, ¨ ¨¬¥îé¨¥ ¯«  à-
ë¥ £à äë ¤¥«¨â¥«¥© ã«ï. � âà¥âì¥¬ à §¤¥«¥
¨§ãç îâáï «®ª «ìë¥ ª®«ìæ , ã¤®¢«¥â¢®àïîé¨¥
â®¦¤¥áâ¢ã x2 − x3f(x) = 0, £¤¥ f(x) ∈ Z[x], £à -
äë ¤¥«¨â¥«¥© ã«ï ª®â®àëå ¯«  àë. �¥â¢¥à-
âë© à §¤¥« ¯®á¢ïé¥ ¨áá«¥¤®¢ ¨î ª®¥çëå
¨«ì¯®â¥âëå ª®«¥æ, ¨¬¥îé¨å ¯«  àë¥ £à -
äë ¤¥«¨â¥«¥© ã«ï.

�¢¥¤¥¬ ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï, ¨á¯®«ì-
1 � ª ¢¨¤® ¨§ ááë«®ª ¢ à ¡®â¥ [1] ¨ ¥®à¨¥â¨à®¢ ë©, ¨ ®à¨¥â¨à®¢ ë¥ £à äë ¤¥«¨â¥«¥© ã«ï ¥ª®¬¬ãâ -

â¨¢®£® ª®«ìæ  ¨áá«¥¤®¢ «¨áì â ª¦¥ ¢ á«¥¤ãîé¥© à ¡®â¥: Redmond S.P. The zero-divisor graph of a noncommutative
ring // Int. J. Commut. Rings. 2002. ü1(4). P. 203{211.
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§ã¥¬ë¥ ¢  áâ®ïé¥© à ¡®â¥. �ãáâì ¤«ï ¯à®áâ®£®
ç¨á«  p

Np2 =< a; a2 = pa, p2a = 0 >;

Apn =
(

GF (pn) GF (pn)
0 0

)
;

A0
pn =

(
GF (pn) 0
GF (pn) 0

)
;

Bp =
(

GF (p) GF (p)
0 GF (p)

)
;

T2,p =
{(

a b
0 a

)
; a, b ∈ GF (p)

}
;

Np,p =








0 a b
0 0 a
0 0 0


 ; a, b ∈ GF (p)



.

� ¤ ®© à ¡®â¥ à ¤¨ª « �¦¥ª®¡á®  ª®«ì-
æ  R ®¡®§ ç ¥âáï ç¥à¥§ J(R). �®¤ â¥à¬¨®¬
"«®ª «ì®¥ ª®«ìæ®" ¬ë ¯®¨¬ ¥¬ â ª®¥ ª®¥ç-
®¥ ª®«ìæ® R á ¥¤¨¨æ¥©, ¤«ï ª®â®à®£® ä ªâ®à-
ª®«ìæ® R/J(R) ï¢«ï¥âáï ¯®«¥¬. �¥à¥§ D(R)
¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® ¢á¥å (®¤®áâ®à®-
¨å ¨ ¤¢ãáâ®à®¨å) ¤¥«¨â¥«¥© ã«ï ª®«ìæ  R,
ç¥à¥§ N(R) { ¬®¦¥áâ¢® ¨«ì¯®â¥âëå í«¥-
¬¥â®¢ ª®«ìæ  R. �à®¬¥ â®£®, ¡ã¤¥¬ ¯®« £ âì
D(R)∗ = D(R) \ {0}.

�«ï «î¡®£® í«¥¬¥â  a ∈ R, £¤¥ R {
¯à®¨§¢®«ì®¥ ª®«ìæ®, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥-
¤ãîé¨¥ ®¡®§ ç¥¨ï: l(a) = {x ∈ R; xa = 0},
r(a) = {x ∈ R;ax = 0}, ann(a) = l(a) ∩ r(a).

�à¨¢¥¤¥¬ ¥ª®â®àë¥ ®¯à¥¤¥«¥¨ï ¨§ â¥®à¨¨
£à ä®¢, ¨á¯®«ì§ã¥¬ë¥ ¢  áâ®ïé¥© à ¡®â¥ (á¬.:
[10{12]).

� àèàãâ®¬ ¢ £à ä¥ G  §ë¢ ¥âáï â ª ï
¯®á«¥¤®¢ â¥«ì®áâì à¥¡¥à E0, E1, . . . , En £à ä 
G, çâ® ª®¥ç ï ¢¥àè¨  à¥¡à  Ei á®¢¯ ¤ -
¥â á  ç «ì®© ¢¥àè¨®© à¥¡à  Ei+1 ¤«ï ¢á¥å
i = 0, 1, 2, . . . , n− 1. � àèàãâ  §ë¢ ¥âáï æ¥-
¯ìî, ¥á«¨ ª ¦¤®¥ ¥£® à¥¡à® ¢áâà¥ç ¥âáï ¢ ¥¬
¥ ¡®«¥¥ ®¤®£® à § . � àèàãâ  §ë¢ ¥âáï ¯à®-
áâ®© æ¥¯ìî, ¥á«¨ ¢á¥ ¥£® ¢¥àè¨ë à §«¨çë.
�à ä G  §ë¢ ¥âáï á¢ï§ë¬, ¥á«¨ «î¡ ï ¯ à 
¥£® à §«¨çëå ¢¥àè¨ á®¥¤¨¥  ¯à®áâ®© æ¥-
¯ìî. �«¨  ¬ àèàãâ  { ª®«¨ç¥áâ¢® à¥¡¥à ¢
¥¬. � ááâ®ï¨¥¬ d(u, v) ¬¥¦¤ã ¤¢ã¬ï à §«¨ç-
ë¬¨ ¢¥àè¨ ¬¨ u ¨ v £à ä  G  §ë¢ ¥âáï ¤«¨-
  ªà âç ©è¥© ¯à®áâ®© æ¥¯¨, á®¥¤¨ïîé¥© ¨å;
¥á«¨ u ¨ v ¥ á®¥¤¨¥ë, â® ¯®« £ ¥¬ d(u, v) = ∞.
�¨ ¬¥âà á¢ï§®£® £à ä  G ¥áâì ¬ ªá¨¬ «ì®¥
à ááâ®ï¨¥ ¬¥¦¤ã ¤¢ã¬ï ¥£® ¢¥àè¨ ¬¨. �¨ -
¬¥âà £à ä  G ®¡®§ ç ¥âáï diam(G). �â¥¯¥ìî
¢¥àè¨ë £à ä   §ë¢ ¥âáï ç¨á«® à¥¡¥à, ¨æ¨-
¤¥âëå íâ®© ¢¥àè¨¥.

�à ä  §ë¢ ¥âáï ª®¥çë¬, ¥á«¨ ¬®¦¥áâ¢®
¥£® ¢¥àè¨ ¨ ¬®¦¥áâ¢® ¥£® à¥¡¥à ª®¥ç® [11].

�¢ã¤®«ìë© £à ä G { íâ® £à ä, ¬®¦¥áâ¢® ¢¥à-
è¨ V ª®â®à®£® ¬®¦® à §¡¨âì   ¤¢  ¥¯¥-
à¥á¥ª îé¨åáï ¥¯ãáâëå ¯®¤¬®¦¥áâ¢  V1 ¨ V2
â ª¨¬ ®¡à §®¬, çâ® ª ¦¤®¥ à¥¡à® £à ä  G á®-
¥¤¨ï¥â ¢¥àè¨ë ¨§ à §ëå ¯®¤¬®¦¥áâ¢. �á«¨
¤¢ã¤®«ìë© £à ä G á®¤¥à¦¨â ¢á¥ à¥¡à , á®¥¤¨-
ïîé¨¥ ¬®¦¥áâ¢  V1 ¨ V2, â® íâ®â £à ä  §ë-
¢ ¥âáï ¯®«ë¬ ¤¢ã¤®«ìë¬. �®«ë¥ ¤¢ã¤®«ì-
ë¥ £à äë ®¡®§ ç îâáï Kn,m, £¤¥ n = |V1| ¨
m = |V2|. �®«ë¬ n-¢¥àè¨ë¬ £à ä®¬ Kn

 §ë¢ ¥âáï £à ä (¡¥§ ¯¥â¥«ì ¨ ªà âëå à¥¡¥à),
¢á¥ n ¢¥àè¨ë ª®â®à®£® á¬¥¦ë ¬¥¦¤ã á®¡®©.
�©«¥à®¢ë¬ £à ä®¬  §ë¢ ¥âáï £à ä, ¨¬¥îé¨©
æ¨ª«, ¢ ª®â®à®¬ á®¤¥à¦ âáï ¢á¥ ¢¥àè¨ë ¨ ¢á¥
à¥¡à  £à ä  ¨ ¢ ª®â®à®¬ ª ¦¤®¥ à¥¡à® ¢áâà¥-
ç ¥âáï ®¤¨ à §. �à ä  §ë¢ ¥âáï ¯«  àë¬,
¥á«¨ ¥£® ¬®¦® ¨§®¡à §¨âì   ¯«®áª®áâ¨ â ª¨¬
®¡à §®¬, çâ®¡ë ¨ª ª¨¥ ¤¢  ¥£® à¥¡à  ¥ ¯¥à¥-
á¥ª «¨áì.

� ¯®¬¨¬ â ª¦¥, çâ® £à ä ¯«  à¥ â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ® ¥ á®¤¥à¦¨â ¯®¤£à ä ,
£®¬¥®¬®àä®£® K3,3 ¨«¨ K5 (â¥®à¥¬  �ãà â®¢-
áª®£® [12, c. 133]). �  ¯à®âï¦¥¨¨ ¤ ®© áâ -
âì¨ ¬ë ¥®¤®ªà â® ¡ã¤¥¬ ¯®«ì§®¢ âìáï íâ®©
â¥®à¥¬®©.

1. �¥ª®â®àë¥ á¢®©áâ¢  £à ä  ¤¥«¨â¥«¥©
ã«ï ª®«ìæ 

�à¥¤«®¦¥¨¥ 1.1. �ãáâì R { ¯à®¨§¢®«ì-
®¥ ª®«ìæ®. �®£¤  £à ä �(R) ª®¥çë© ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ª®£¤  «¨¡® ª®«ìæ® R ª®¥ç-
®, «¨¡® D(R) = {0}.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬, çâ® �(R) ï¢-
«ï¥âáï ª®¥çë¬ ¨ ¥¯ãáâë¬ £à ä®¬. �®£¤ 
 ©¤ãâáï ¥ã«¥¢ë¥ x, y ∈ R, â ª¨¥, çâ® xy = 0.
�®áª®«ìªã r(x) ⊂ D(R), â® r(x) { ª®¥ç®¥ ¬®-
¦¥áâ¢®. �à®¬¥ â®£®, yr ∈ r(x) ¤«ï ¢á¥å r ∈ R.
�á«¨ ª®«ìæ® R ¡¥áª®¥ç®, â®  ©¤¥âáï i ∈ r(x)
â ª®©, çâ® ¬®¦¥áâ¢® J = {t ∈ R|yt = i} ¡¥á-
ª®¥ç®. �«ï ¢á¥å t, s ∈ J ¨¬¥¥¬ y(t − s) = 0.
� ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® r(y) ⊂ D(R) ¡¥áª®-
¥ç®; ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, ª®«ìæ® R
¤®«¦® ¡ëâì ª®¥çë¬. �¡à â®¥ ãâ¢¥à¦¤¥¨¥
®ç¥¢¨¤®. �à¥¤«®¦¥¨¥ ¤®ª § ®.

�à¥¤«®¦¥¨¥2 1.2. �ãáâì R { ¯à®¨§-
¢®«ì®¥ ª®«ìæ®. �®£¤  £à ä �(R) á¢ï§ë© ¨
diam(�(R)) ≤ 3.

�®ª § â¥«ìáâ¢®. �á«¨ �(R) á®áâ®¨â «¨èì
¨§ ®¤®© ¢¥àè¨ë, â® ¢á¥ ¤®ª § ®. �®íâ®¬ã ¡ã-
¤¥¬ ¯®« £ âì, çâ® ¢ �(R)  ©¤ãâáï ¤¢¥ à §«¨ç-
ë¥ ¢¥àè¨ë x ¨ y. �á«¨ xy = 0 ¨«¨ yx = 0, â®
d(x, y) = 1. �®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® xy 6= 0
¨ yx 6= 0.

2 � ª ¢¨¤® ¨§ ááë«®ª ¢ à ¡®â¥ [1], ¤ ®¥ ãâ¢¥à¦¤¥¨¥ ¥§ ¢¨á¨¬® ¡ë«® ¤®ª § ® ¢ á«¥¤ãîé¥© à ¡®â¥: Redmond
S.P. The zero-divisor graph of a noncommutative ring // Int. J. Commut. Rings. 2002. ü1(4). P. 203{211.
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�ãáâì x2 = y2 = 0. �á«¨ xy = y, â® 0 = x2y =
xy; ¯à®â¨¢®à¥ç¨¥. �á«¨ xy = x, â® 0 = xy2 = xy;
¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, xy 6= x, xy 6= y.
�®£¤  x− xy− y ï¢«ï¥âáï ¯à®áâ®© æ¥¯ìî ¤«¨ë
2, á®¥¤¨ïîé¥© x ¨ y.

�ãáâì x2 = 0 ¨ y2 6= 0. �®£¤   ©¤¥âáï
b ∈ D(R)∗ \ {x, y}, â ª®©, çâ® yb = 0 «¨¡® by = 0.
�ãáâì yb = 0. �á«¨ bx = 0, â® x ¨ y á®¥¤¨¥ë
¯à®áâ®© æ¥¯ìî ¤«¨ë 2: x− b− y. �ãáâì bx 6= 0.
�á«¨ bx = x, â® 0 = ybx = yx; ¯à®â¨¢®à¥ç¨¥.
�á«¨ bx = y, â® 0 = bx2 = yx; ¯à®â¨¢®à¥ç¨¥.
�«¥¤®¢ â¥«ì®, bx 6= x ¨ bx 6= y. �®íâ®¬ã x ¨ y
á®¥¤¨¥ë ¯à®áâ®© æ¥¯ìî ¤«¨ë 2: x − bx − y.
�«ï á«ãç ï, ª®£¤  by = 0, à ááã¦¤ ï â ª¨¬ ¦¥
®¡à §®¬, ¬®¦® ¯®ª § âì, çâ® x ¨ y á®¥¤¨¥ë
¯à®áâ®© æ¥¯ìî ¤«¨ë 2.

� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤ 
x2 6= 0 ¨ y2 = 0.

� «¥¥, ¯ãáâì x2 6= 0, y2 6= 0. �®£¤   ©¤¥âáï
b ∈ D(R)∗ \ {x, y}, â ª®©, çâ® yb = 0 «¨¡® by = 0,
¨  ©¤¥âáï a ∈ D(R)∗ \ {x, y}, â ª®©, çâ® xa = 0
«¨¡® ax = 0. �á«¨ a = b, â® x ¨ y á®¥¤¨¥ë ¯à®-
áâ®© æ¥¯ìî ¤«¨ë 2: x−a−y. �ãáâì a 6= b. �®§-
¬®¦ë á«¥¤ãîé¨¥ á«ãç ¨: 1) xa = 0, by = 0; 2)
ax = 0, yb = 0; 3) ax = 0, by = 0; 4) xa = 0, yb = 0.
�ãáâì xa = 0, by = 0. �á«¨ ab = 0, â® x ¨ y á®-
¥¤¨¥ë ¯à®áâ®© æ¥¯ìî ¤«¨ë 3: x − a − b − y.
�ãáâì ab 6= 0. �á«¨ ab = x, â® 0 = xab = x2;
¯à®â¨¢®à¥ç¨¥. �á«¨ ab = y, â® 0 = aby = y2;
¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬, ab 6= x, ab 6= y.
�®íâ®¬ã x ¨ y á®¥¤¨¥ë ¯à®áâ®© æ¥¯ìî ¤«¨-
ë 2: x − ab − y. � «®£¨ç® à áá¬ âà¨¢ ¥âáï
á«ãç ©, ª®£¤  ax = 0, yb = 0.

�ãáâì â¥¯¥àì ax = 0, by = 0. �á«¨ ya = 0, â®
x ¨ y á®¥¤¨¥ë ¯à®áâ®© æ¥¯ìî ¤«¨ë 2: x−a−y.
�ãáâì ya 6= 0. �á«¨ ya = x, â® 0 = yax = x2;
¯à®â¨¢®à¥ç¨¥. �á«¨ ya = y, â® yax = yx = 0.
�®¢  ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. � ª¨¬ ®¡à §®¬,
ya 6= x, ya 6= y. �á«¨ ya = b, â® x ¨ y á®¥¤¨¥-
ë ¯à®áâ®© æ¥¯ìî ¤«¨ë 2: x− ya− y. �á«¨ ¦¥
ya 6= b, â® x ¨ y á®¥¤¨¥ë ¯à®áâ®© æ¥¯ìî ¤«¨ë
3: x− ya− b− y.

� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤ 
xa = 0, yb = 0 (¢ íâ®¬ á«ãç ¥ ¤«¨  æ¥¯¨, á®-
¥¤¨ïîé¥© x ¨ y, § ¢¨á¨â ®â ¯à®¨§¢¥¤¥¨ï ay).
�à¥¤«®¦¥¨¥ ¤®ª § ®.

�à¥¤«®¦¥¨¥ 1.3. �ãáâì �(R) = Kn,m

¤«ï ¥ª®â®à®£® ª®«ìæ  R. �®£¤  «¨¡® ¢ ª®«ìæ¥
R ¥â ¥ã«¥¢ëå ¨«ì¯®â¥âëå í«¥¬¥â®¢,
«¨¡® �(R) = K1,m.

�®ª § â¥«ìáâ¢®. �ãáâì �(R) = Kn,m ¨
D(R)∗ = V1 ∪ V2, V1 ∩ V2 = ∅. �á«¨ R á®¤¥à¦¨â
¥ã«¥¢®© ¨«ì¯®â¥âë© í«¥¬¥â, â®  ©¤¥âáï
â ª®© ¥ã«¥¢®© í«¥¬¥â a ∈ R, çâ® a2 = 0. �®-
áª®«ìªã a2 = 0, â® a ∈ D(R)∗, â.¥. a ï¢«ï¥âáï

¢¥àè¨®© ¢ �(R). �«¥¤®¢ â¥«ì®, a ∈ V1 ¨«¨
a ∈ V2. �®«®¦¨¬, çâ® a ∈ V1.

�ãáâì a 6= −a. �«¥¤®¢ â¥«ì®, −a ∈ V2.
�à¥¤¯®«®¦¨¬, çâ® V1 \ {a} 6= ∅, ¨ ¢®§ì¬¥¬
v ∈ V1 \ {a}. �®£¤  −av = 0 «¨¡® v(−a) = 0,
â.¥. av = 0 ¨«¨ va = 0; ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ -
â¥«ì®, V1 = {a} ¨ �(R) = K1,m.

�ãáâì a = −a. �á«¨ V1 = {a}, â® ¢á¥ ¤®-
ª § ®. �®«®¦¨¬, çâ® V1 \ {a} 6= ∅. �®§ì¬¥¬
v ∈ V1 \ {a} ¨ b ∈ V2. �®£¤  ¨«¨ ab = 0, ¨«¨
ba = 0. � ¬¥â¨¬, çâ® av 6= 0 ¨ va 6= 0, ¯à¨-
ç¥¬ va2 = 0, a2v = 0, â.¥. va, av ∈ V2. �¤ ª®
«¨¡® (va)b = 0, «¨¡® b(av) = 0. �«¥¤®¢ â¥«ì®,
b = va ¨«¨ b = av. �à®¬¥ â®£®, (va)(av) = 0,
â.¥. va = av = b. � á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®-
à  í«¥¬¥â  b ¨¬¥¥¬ V2 = {b} ¨ �(R) = K1,m.
�à¥¤«®¦¥¨¥ ¤®ª § ®.

�§ â¥®à¨¨ £à ä®¢ ¨§¢¥áâ®, çâ® á¢ï§ë©
£à ä ï¢«ï¥âáï í©«¥à®¢ë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ª ¦¤ ï ¢¥àè¨  íâ®£® £à ä  ¨¬¥¥â
ç¥âãî áâ¥¯¥ì.

�¥®à¥¬  1.1. �ãáâì R { ª®¥ç®¥ ª®«ìæ®
á ¥¤¨¨æ¥©. �à ä �(R) ï¢«ï¥âáï í©«¥à®¢ë¬ ¢
â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ R ã¤®¢«¥â¢®-
àï¥â ®¤®¬ã ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

(1) R { ¯®«¥;
(2) R = ⊕k

i=1GF (pαi
i ), ¯à¨ç¥¬ pi 6= 2 ¯à¨

i = 1, ..., k ¨ k ≥ 2;
(3) R { â ª®¥ «®ª «ì®¥ ª®«ìæ®, çâ® |R| =

2n, n ≥ 2, ¨ x2 = 0 ¤«ï ¢á¥å x ∈ J(R).
�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® R {

ª®¥ç®¥ ª®«ìæ® á ¥¤¨¨æ¥© ¨ £à ä �(R) ï¢«ï¥â-
áï í©«¥à®¢ë¬. �ãáâì n = |R| = p1α1 . . . ps

αs , s ≥
1. �®£¤  R = R1 ⊕ . . . ⊕ Rs, £¤¥ |Ri| = pi

αi , i =
1, . . . , s.

�«ãç © 1. �ãáâì s ≥ 2 ¨ ei { ¥¤¨¨æ 
ª®«ìæ  Ri, i ≤ s.

� áá¬®âà¨¬ í«¥¬¥â a = (0, . . . , 0, ei, 0, . . . , 0).
�£®  ã«ïâ®à à ¢¥

R1 ⊕ . . .⊕Ri−1 ⊕ {0} ⊕Ri+1 ⊕ . . .⊕Rs,

¨ ç¨á«® á¬¥¦ëå ¢¥àè¨ ¤«ï í«¥¬¥â  a ¢ �(R)
à ¢®

p1
α1 . . . pi−1

αi−1pi+1
αi+1 . . . ps

αs − 1.

� ª ª ª £à ä �(R) í©«¥à®¢, â® íâ® ç¨á«® ¤®«¦-
® ¡ëâì ç¥âë¬, â.¥. pi 6= 2 ¤«ï ¢á¥å i ≤ s.
� ª¨¬ ®¡à §®¬, n { ¥ç¥â®¥ ç¨á«®. � ç áâ®-
áâ¨, ¥á«¨ 2x = 0 ¤«ï ¥ª®â®à®£® x ∈ R, â® x = 0.
�ãáâì  ©¤¥âáï â ª®© ¥ã«¥¢®© í«¥¬¥â u ∈ R,
çâ® u2 = 0. �®£¤  u 6= −u ¨ áâ¥¯¥ì í«¥¬¥â 
u ¢ £à ä¥ �(R) ¡ã¤¥â ¥ç¥â®©. �¥©áâ¢¨â¥«ì®,
¢¥àè¨  −u ï¢«ï¥âáï á¬¥¦®© á u ¨ ¤«ï «î-
¡®© á¬¥¦®© á u ¢¥àè¨ë y(y 6= −u) ¢¥àè¨ 
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−y â®¦¥ ï¢«ï¥âáï á¬¥¦®© á u. � ª¨¬ ®¡à §®¬,
¬ë ¯®ª § «¨, çâ® áâ¥¯¥ì u ¥ç¥â ; ¯à®â¨¢®à¥-
ç¨¥. �«¥¤®¢ â¥«ì®, ¯à¨ s ≥ 2 ¢ ª®«ìæ¥ R ¥â
¥ã«¥¢ëå ¨«ì¯®â¥âëå í«¥¬¥â®¢, â.¥. R {
¯àï¬ ï áã¬¬  ¯®«¥© GF (qi), 1 ≤ i ≤ k, £¤¥ qi {
¥ç¥âë¥ ç¨á« .

�«ãç © 2. �ãáâì |R| = pn, £¤¥ p > 2 {
¯à®áâ®¥ ç¨á«® ¨ n ≥ 2 {  âãà «ì®¥ ç¨á«®.

�á«¨ J(R) 6= 0, â®  ©¤¥âáï 0 6= a ∈ J(R),
â ª®©, çâ® a2 = 0. �®£¤  a 6= −a ¨ áâ¥¯¥ì a ¥-
ç¥â . �¥©áâ¢¨â¥«ì®, −a ï¢«ï¥âáï á¬¥¦®© á
a. �à®¬¥ â®£®, ¤«ï «î¡®© ¢¥àè¨ë y, á¬¥¦®©
á ¢¥àè¨®© a ¨ ¥ à ¢®© −a, ¢¥àè¨  −y â®¦¥
ï¢«ï¥âáï á¬¥¦®© á a. � ª¨¬ ®¡à §®¬, ¬ë ¯®ª -
§ «¨, çâ® ¥á«¨ a2 = 0, â® áâ¥¯¥ì ¢¥àè¨ë a ¥-
ç¥â . �à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, J(R) = 0
¨ R { ¯àï¬ ï áã¬¬  ¯®«¥© å à ªâ¥à¨áâ¨ª¨ p.

�«ãç © 3. �ãáâì |R| = 2n, £¤¥ n ≥ 2. �à¥¤-
¯®«®¦¨¬, çâ® ¢ ª®«ìæ¥ R áãé¥áâ¢ã¥â â ª®© í«¥-
¬¥â a ∈ D(R)∗, çâ® a2 6= 0 ¨ ann(a) 6= (0). �®
â¥®à¥¬¥ � £à ¦  |l(a)| , |r(a)| , |ann(a)| { ç¥â-
ë¥ ç¨á« . �«¥¤®¢ â¥«ì®, áâ¥¯¥ì í«¥¬¥â  a,
à ¢ ï

|(l(a) ∪ r(a)) \ {0}| = |l(a)|+ |r(a)| − |ann(a)| − 1,

ï¢«ï¥âáï ¥ç¥âë¬ ç¨á«®¬. �®«ãç¥®¥ ¯à®â¨-
¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ¤«ï ª ¦¤®£® a ∈ D(R)
a2 = 0 «¨¡® ann(a) = (0).

� «¥¥, ¥á«¨ J(R) = 0, â® R { ¯àï¬ ï áã¬-
¬  ¯®«ëå ¬ âà¨çëå ª®«¥æ  ¤ ¯®«ï¬¨ å à ª-
â¥à¨áâ¨ª¨ 2. �¤ ª® e2

11 6= 0 ¨ ann(e11) 6= 0,
¯®áª®«ìªã e22 ∈ ann(e11). � ç¨â, ¢ à §«®¦¥-
¨¨ R ¥ ¬®¦¥â ¡ëâì ¬ âà¨çëå ª®«¥æ ¤ ¦¥
¢â®à®£® ¯®àï¤ª , â.¥. R = ⊕k

i=1GF (2βi). �ãáâì
k ≥ 2 ¨ e1 { ¥¤¨¨æ  ¯®«ï GF (2β1). �¡®§ -
ç¨¬ a = (e1, 0, 0, . . . , 0) ∈ R. �®£¤  a2 6= 0 ¨
ann(a) 6= (0); ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®,
k = 1 ¨ R { ¯®«¥.

�ãáâì â¥¯¥àì J(R) 6= 0. �«¥¤®¢ â¥«ì®,
R/J(R) ∼= ⊕k

i=1Mni(GF (2βi)) ¨  ©¤¥âáï â ª®¥
 âãà «ì®¥ ç¨á«® N ≥ 1, çâ® J(R)N 6= 0,
J(R)N+1 = 0. �«ï «î¡®£® ¥ã«¥¢®£® a ∈ J(R)
¨¬¥¥¬ ann(a) 6= (0), ¯®áª®«ìªã 0 6= J(R)N ⊆
ann(a). �®íâ®¬ã a2 = 0 ¤«ï ¢á¥å a ∈ J(R).
�ãáâì e1, ..., ek { á¨áâ¥¬  ®àâ®£® «ìëå ¨¤¥¬¯®-
â¥â®¢, ®¡à §ë ª®â®àëå ¢ R/J(R) ï¢«ïîâáï ¥¤¨-
¨æ ¬¨ ¢ Mn1(GF (2β1)), ..., Mnk

(GF (2βk)) á®®â-
¢¥âáâ¢¥®. �ãáâì k ≥ 2. �®£¤  e2

1 6= 0 ¨
ann(e1) 6= (0), ¯®áª®«ìªã e2 ∈ ann(e1); ¯à®â¨¢®-
à¥ç¨¥. � ç¨â, k = 1 ¨ R/J(R) = Mn1(GF (2β1)).
�à¥¤¯®«®¦¨¬, çâ® n1 > 1. � á¨«ã ¨«ì¯®â¥â-
®áâ¨ J(R) ª®«ìæ® R ï¢«ï¥âáï SBI-ª®«ìæ®¬ [13,
á. 84]. �«¥¤®¢ â¥«ì®, á®£« á® [13, á. 86], á¨-
áâ¥¬ã ¬ âà¨çëå ¥¤¨¨æ ª®«ìæ  Mn1(GF (2β1))
¬®¦® ¯®¤ïâì ¢ ª®«ìæ® R. � ááã¦¤ ï â ª¨¬

¦¥ á¯®á®¡®¬, ª ª íâ® ¡ë«® á¤¥« ® ¢ëè¥, ¯à¨-
¤¥¬ ª ¯à®â¨¢®à¥ç¨î. � ç¨â, n1 = 1 ¨ R { «®-
ª «ì®¥ ª®«ìæ®.

�¡à â®, ¯ãáâì R = ⊕s
i=1GF (pαi

i ), pi 6= 2 ¯à¨
i = 1, ..., s. �«¥¬¥â a = (a1, . . . , as) ï¢«ï¥âáï ¤¥-
«¨â¥«¥¬ ã«ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ai = 0
¤«ï ¥ª®â®à®£® i. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© ¤¥-
«¨â¥«ì ã«ï a = (a1, a2, . . . , as). �ãáâì I { ¬®-
¦¥áâ¢® ¢á¥å ¨¤¥ªá®¢ i, ¤«ï ª®â®àëå ai = 0. �®-
£¤  ¬®¦¥áâ¢® á¬¥¦ëå á í«¥¬¥â®¬ a ¢¥àè¨
á®¢¯ ¤ ¥â á® ¬®¦¥áâ¢®¬ (A1 ⊕ . . .⊕As) \ {0},
£¤¥ Ak = GF (pαk

k ) ¯à¨ k ∈ I ¨ Ak = (0)
¯à¨ k /∈ I. �®íâ®¬ã áâ¥¯¥ì í«¥¬¥â  a à ¢ ∏

k∈I pk
αk − 1. �â® ç¥â®¥ ç¨á«®. �«¥¤®¢ â¥«ì-

®, £à ä �(R) í©«¥à®¢.
�ãáâì R { «®ª «ì®¥ ª®«ìæ®, ¯à¨ç¥¬ |R| =

2n, n ≥ 2, ¨ x2 = 0 ¤«ï ¢á¥å x ∈ J(R). � ¬¥â¨¬,
çâ® ¤«ï «®ª «ì®£® ª®«ìæ  D(R) = J(R) (á¬.:
[14, á. 74]). � «¥¥, ¤«ï «î¡ëå x, y ∈ D(R) ¨¬¥-
¥¬ 0 = (x + y)2 = x2 + xy + yx + y2 = xy + yx,
â.¥. xy = −yx. �®íâ®¬ã ann(x) = l(x) = r(x) ¤«ï
«î¡®£® í«¥¬¥â  x ∈ D(R). �®§ì¬¥¬ ¯à®¨§¢®«ì-
ë© í«¥¬¥â a ∈ D(R)∗. �®áª®«ìªã a2 = 0, â®
ann(a) 6= (0). �«¥¤®¢ â¥«ì®, ann(a) ¨¬¥¥â ç¥â-
ë© ¯®àï¤®ª. �®íâ®¬ã áâ¥¯¥ì í«¥¬¥â  a, à ¢-
 ï |ann(a)| − |{0, a}|, ï¢«ï¥âáï ç¥âë¬ ç¨á«®¬
(¥á«¨ áâ¥¯¥ì í«¥¬¥â  a à ¢  ã«î, â® ¢ á¨«ã
á¢ï§®áâ¨ £à ä  ¤¥«¨â¥«¥© ã«ï £à ä �(R) á®-
áâ®¨â ¨§ ®¤®© ¢¥àè¨ë a ¨, á«¥¤®¢ â¥«ì®, í©-
«¥à®¢). � ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ® £à ä
�(R) í©«¥à®¢. �¥®à¥¬  ¤®ª §  .

2. �®¤¯àï¬® ¥à §«®¦¨¬ë¥ ª®¥çë¥
ª®«ìæ , ã¤®¢«¥â¢®àïîé¨¥ â®¦¤¥áâ¢ã

¢¨¤  x2 = x3f(x), £¤¥ f(x) ∈ Z[x] ¨ ¨¬¥îé¨¥
¯«  àë¥ £à äë ¤¥«¨â¥«¥© ã«ï

�¥¬¬  2.1. �ãáâì R { ª®«ìæ®, ã¤®¢«¥â¢®-
àïîé¥¥ ¥ª®â®à®¬ã â®¦¤¥áâ¢ã ¢¨¤ 

x2 = x3f(x), (1)

£¤¥ f(x) ∈ Z[x], ¨ K { ¨«ì-¨¤¥ « ª®«ìæ  R. �®-
£¤  xy + yx = 0, x2 = 0 ¨ 2xyz = 0 { â®¦¤¥áâ¢ 
¢ K. � ç áâ®áâ¨, ¥á«¨ ptR = 0, t ≥ 1 ¨ p 6= 2,
â® K3 = 0.

�®ª § â¥«ìáâ¢®. �ãáâì a ∈ K { ¯à®¨§-
¢®«ìë© ¥ã«¥¢®© í«¥¬¥â. �®£¤  aN = 0 ¤«ï
¥ª®â®à®£®  âãà «ì®£® ç¨á«  N > 1. �á¯®«ì-
§ãï â®¦¤¥áâ¢® (1), ¯®«ãç¨¬, çâ® a2 = a3f(a) =
a4 (f(a))2 = . . . = aN (f(a))N−2 = 0. � ª¨¬ ®¡à -
§®¬, a2 = 0 ¤«ï ¢á¥å a ∈ K. �ãáâì a, b ∈ K. �®-
£¤  (a+b)2 = 0, â.¥. 0 = a2 +ab+ba+b2 = ab+ba.
� ª¨¬ ®¡à §®¬, ab+ba = 0 ¤«ï ¢á¥å a, b ∈ K. � -
«¥¥, ¢®§ì¬¥¬ ¯à®¨§¢®«ìë¥ í«¥¬¥âë a, b, c ∈ K.
�®á¯®«ì§®¢ ¢è¨áì â®¦¤¥áâ¢®¬ ab + ba = 0, ¯®-
«ãç¨¬, çâ® a(bc) = −(bc)a = −b(ca) = (ca)b =
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� áâà®¥¨¨ ª®«¥æ. . .

c(ab) = −abc, â.¥. 2abc = 0. �á«¨ ¦¥ ptR = 0, t ≥
1 ¨ p 6= 2, â® abc = 0. �¥¬¬  ¤®ª §  .

�¥¬¬  2.2. �à äë �(Apn), �(A0
pn) ¯à¨ pn >

3 ¥ ¯«  àë. �à äë �(A3), �(A0
3) ¯«  àë.

�à ä �(Bp) ¥ ¯«  à¥ ¯à¨ p > 2.
�®ª § â¥«ìáâ¢®. �à ä �(Apn) ¯à¨ pn > 3

¥ ¯«  à¥, ¯®áª®«ìªã £à ä ¤¥«¨â¥«¥© ã«ï
¬®¦¥áâ¢  {e11, αe11, βe11}∪{e12, αe12, βe12}, £¤¥
α, β ∈ GF (pn) \ {0, 1} ¨ α 6= β, á®¤¥à¦¨â
¢ ª ç¥áâ¢¥ ¯®¤£à ä  K3,3. � «®£¨ç® £à ä
�(A0

pn) ¯à¨ pn > 3 ¥ ¯«  à¥, ¯®áª®«ìªã £à ä
¤¥«¨â¥«¥© ã«ï ¬®¦¥áâ¢  {e11, αe11, βe11} ∪
{e21, αe21, βe21}, £¤¥ α, β ∈ GF (pn) \ {0, 1} ¨ α 6=
β, â ª¦¥ á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ ¯®¤£à ä  K3,3.
�à ä �(Bp) ¥ ¯«  à¥ ¯à¨ p > 2, ¯®áª®«ìªã
£à ä ¬®¦¥áâ¢  {e11, 2e11, e12} ∪ {e22, 2e22, 2e12}
á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ ¯®¤£à ä  K3,3. �®áª®«ìªã
¢á¥ ¢¥àè¨ë £à ä  �(A3), ªà®¬¥ e12 ¨ 2e12, ¨¬¥-
îâ áâ¥¯¥ì 2, â® £à ä �(A3) ¥ ¬®¦¥â á®¤¥à¦ âì
¯®¤£à ä , £®¬¥®¬®àä®£® K5 ¨«¨ K3,3. �®íâ®-
¬ã £à ä �(A3) ¯«  à¥. � «®£¨ç® ¢á¥ ¢¥à-
è¨ë £à ä  �(A0

3), ªà®¬¥ e21 ¨ 2e21, ¨¬¥îâ áâ¥-
¯¥ì 2. �®íâ®¬ã �(A0

3) â ª¦¥ ¯«  à¥. �¥¬¬ 
¤®ª §  .

�à¥¤«®¦¥¨¥ 2.1. �ãáâì R { ¯®¤¯àï-
¬® ¥à §«®¦¨¬®¥ ª®¥ç®¥ ª®«ìæ®, ã¤®¢«¥â¢®-
àïîé¥¥ ¥ª®â®à®¬ã â®¦¤¥áâ¢ã ¢¨¤  (1), ¯à¨-
ç¥¬ £à ä �(R) ¯«  à¥. �ãáâì ptR = 0, £¤¥
p > 2 { ¯à®áâ®¥ ç¨á«®. �®£¤  ¤«ï ª®«ìæ  R
¢ë¯®«ï¥âáï ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

(1) R ∼= GF (pn);
(2) R3 = (0);
(3) R { «®ª «ì®¥ ª®«ìæ®, â ª®¥, çâ®

J(R)3 = (0);
(4) R ∼= A3(A0

3).
�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ J(R)∗ =

J(R) \ {0}. �á«¨ J(R) = 0, â® ¯® â¥®à¥¬¥
�¥¤¤¥à¡¥à -�àâ¨  R = Mk(GF (pn)). �á«¨
k ≥ 2, â®, ¯® «¥¬¬¥ 2.2 �(R), ¥ ¯«  à¥; ¯à®â¨-
¢®à¥ç¨¥. � ç¨â, R ∼= GF (pn). �á«¨ R = J(R),
â®, ¯® «¥¬¬¥ 2.1, R3 = (0).

�ãáâì J(R) 6= (0), R 6= J(R) ¨ ptR = 0,
£¤¥ p > 2 { ¯à®áâ®¥ ç¨á«®. �®£¤  R/J(R) ∼=
⊕k

i=1Mni(GF (qi)). �® «¥¬¬¥ 2.1 xy + yx =
0, x2 = 0, xyz = 0 { â®¦¤¥áâ¢  ¢ J(R). �®-
ª ¦¥¬, çâ® n1 = . . . = nk = 1. �ãáâì e1, ..., ek {
á¨áâ¥¬  ®àâ®£® «ìëå ¨¤¥¬¯®â¥â®¢, ®¡à -
§ë ª®â®àëå ¢ R/J(R) ï¢«ïîâáï ¥¤¨¨æ ¬¨
¢ Mn1(GF (q1)), ...,Mnk

(GF (qk)) á®®â¢¥âáâ¢¥®.
�à¥¤¯®«®¦¨¬,  ¯à¨¬¥à, çâ® n1 > 1. � á¨«ã
¨«ì¯®â¥â®áâ¨ J(R) ª®«ìæ® R ï¢«ï¥âáï SBI-
ª®«ìæ®¬ [13, á. 84]. �«¥¤®¢ â¥«ì®, á®£« á® [13,
á. 86],  ©¤ãâáï â ª¨¥ í«¥¬¥âë x, y, z, t ∈ e1Re1,
çâ® x2 = x, y2 = y, zt = x, tz = y, z2 = t2 =

0, xy = yx = 0, yz = zx = 0, xz = zy = z.
�®£¤  £à ä ¬®¦¥áâ¢  {x, 2x, z} ∪ {y, 2y, 2z} á®-
¤¥à¦¨â ¢ ª ç¥áâ¢¥ ¯®¤£à ä  K3,3; ¯à®â¨¢®à¥-
ç¨¥. �«¥¤®¢ â¥«ì®, n1 = . . . = nk = 1 ¨
R/J(R) ∼= ⊕k

i=1GF (qi).
� ¬¥â¨¬, çâ® ¯à¨ k > 3 £à ä ¬®¦¥áâ¢ 

{e1, 2e1, e2} ∪ {e3, 2e3, e4} á®¤¥à¦¨â ¢ ª ç¥áâ¢¥
¯®¤£à ä  £à ä K3,3. �«¥¤®¢ â¥«ì®, k ≤ 3.

�®ª ¦¥¬, çâ® ¤«ï «î¡®£® i, 1 ≤ i ≤ k, ¯à -
¢ë© ¨¤¥ « eiJ(S) ï¢«ï¥âáï ¤¢ãáâ®à®¨¬ ¨¤¥ -
«®¬ ª®«ìæ  S. �®áª®«ìªã xy = −yx { â®¦¤¥áâ¢®
¢ J(R), â® J(R)(eiJ(R)) ⊆ eiJ(R)2 ⊆ eiJ(R).
�ãáâì, ¤ «¥¥, s /∈ J(R). �®£¤  s =

∑k
j=1 αjej + q,

£¤¥ q ∈ J(R), αj /∈ J(R)∗, j = 1, ..., k. � ç¨â,
seiJ(R) = αieiJ(R) + qeiJ(R). �¡®§ ç¨¬ qi =
αiei − eiαi ∈ J(R), i = 1, k. �®£¤  αieiJ(R) =
(αiei)eiJ(R) = (qi + eiαi)eiJ(R) ⊆ J(R)eiJ(R) +
eiJ(R) ⊆ eiJ(R). �«¥¤®¢ â¥«ì®, seiJ(R) =
αieiJ(R) + qeiJ(R) ⊆ eiJ(R). �¥¬ á ¬ë¬ ¤®ª -
§ ®, çâ® eiJ(R) / R, i = 1, k. � «®£¨ç® ¤®ª -
§ë¢ ¥âáï, çâ® ®¤®áâ®à®¨¥ ¨¤¥ «ë J(R)ei,
(1− ei)J(R) = {b− eib|b ∈ J(R)}, J(R)(1− ei) =
{b − bei|b ∈ J(R)}, i = 1, k ï¢«ïîâáï ¤¢ãáâ®à®-
¨¬¨ ¨¤¥ « ¬¨ ª®«ìæ  R.

�®áª®«ìªã R 6= J(R), â®, ¯® ªà ©¥© ¬¥à¥,
®¤¨ ¨§ ¨¤¥¬¯®â¥â®¢ ei, i = 1, k, ¥ à ¢¥ ã«î.
�¥  àãè ï ®¡é®áâ¨, ¬ë ¬®¦¥¬ ¯®«®¦¨âì, çâ®
e1 6= 0. �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®-
¦¥¨ï à áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨.

C«ãç © 1. e1J(R) = (0).
�®ª ¦¥¬, çâ® J(R)e1 6= (0). �à¥¤¯®«®¦¨¬

¯à®â¨¢®¥, â.¥. J(R)e1 = (0). � áá¬®âà¨¬ ¨¤¥ «
I = Re1R. �®áª®«ìªã e1 6= 0, â® I 6= (0). �®ª -
¦¥¬, çâ® I∩J(R) = (0). �ãáâì q =

∑m
i=1 xie1yi ∈

I ∩ J(R), £¤¥ xi, yi ∈ R, i ≤ m. �ë ¬®¦¥¬ § ¯¨-
á âì xi =

∑k
j=1 αijej + qi, yi =

∑k
l=1 βilel+q′i, £¤¥

qi, q
′
i ∈ J(R), βilel − elβil = q′il ∈ J(R), αij , βil /∈

J(R)∗. �®£¤  ¨¬¥¥¬

q =∑m
i=1

(
(
∑k

j=1 αijej + qi)e1(
∑k

l=1 βilel + q′i)
)

=

=
∑

i,j,l αijeje1βilel =
∑

i,l (αi1e1(elβil + q′il)) =

=
∑k

i=1 αi1e1βi1.

� «¥¥,

q =
∑k

i=1 αi1e1e1βi1 =∑k
i=1 (αi1e1(βi1e1 + q′i1)) =

=
(∑k

i=1 αi1e1βi1
)

e1 = qe1 = 0.

�«¥¤®¢ â¥«ì®, I ∩ J(R) = (0), ¯à¨ç¥¬ J(R) 6=
(0) ¨ I 6= (0). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á â¥¬,
çâ® ª®«ìæ® R ¯®¤¯àï¬® ¥à §«®¦¨¬®. �®íâ®¬ã

21



���������� � ��������

J(R)e1 6= (0). � ª ª ª J(R)(1− e1) { ¨¤¥ « ª®«ì-
æ  R ¨ J(R)e1 ∩ J(R)(1 − e1) = (0), â® J(R)(1−
e1) = 0. �âáî¤  á«¥¤ã¥â, çâ® J(R) = J(R)e1.
� ç¨â, J(R)2 = J(R)e1J(R) = (0). �à®¬¥ â®-
£®, pJ(R) = pJ(R)e1 = J(R)pe1 ⊆ J(R)2 = (0) ¨
pe1 = pe2

1 = e1(pe1) ∈ e1J(R) = (0), â.¥. pJ(R) =
0 ¨ pe1 = 0.

�á«¨ k = 1, â® pR = 0 ¨ R { GF (p)-
 «£¥¡à . �® â¥®à¥¬¥ �¥¤¤¥à¡¥à -� «ìæ¥¢ ,
R = GF (q1)e1

.
+ J(R), £¤¥ e1J(R) = (0), J(R) =

J(R)e1. �ãáâì u { ¥ã«¥¢®© í«¥¬¥â ¨§ J(R).
�®£¤  uR = uGF (q1)e1 / R. �á«¨ áãé¥áâ¢ã¥â ¥-
ã«¥¢®© í«¥¬¥â v ∈ J(R), ¥ á®¤¥à¦ é¨©áï ¢
uR, â® uR ∩ vR = (0). �à®â¨¢®à¥ç¨¥. �«¥¤®-
¢ â¥«ì®, J(R) = uR ¨ R ∼= A0

q1 . �® «¥¬¬¥ 2.1
R ∼= A0

3.

�á«¨ k ≥ 2, â® (0) = J(R)e1 ∩ J(R)ej =
J(R) ∩ J(R)ej = J(R)ej ¯à¨ j ≥ 2. � ááã¦¤ ï
â ª ¦¥, ª ª íâ® ¡ë«® á¤¥« ® ¢ëè¥, ¯®«ãç¨¬,
çâ® J(R) = ejJ(R), j ≥ 2. �á«¨ k = 3, â® J(R) =
e2J(R) = e3J(R) ¨ J(R) = e2e3J(R) = (0).
�à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, k = 2, J(R) =
e2J(R)e1, pe1 = 0, pe2 = (pe2)e2 ∈ J(R)e2 = (0)
¨ R { GF (p)- «£¥¡à . �® â¥®à¥¬¥ �¥¤¤¥à¡¥à -
� «ìæ¥¢ , R = GF (q1)e1

.
+ GF (q2)e2

.
+ J(R).

�ãáâì u { ¥ã«¥¢®© í«¥¬¥â ¨§ J(R). �®£¤ 
ue1 = e2u = u. �®¤ª®«ìæ®, ¯®à®¦¤¥®¥ í«¥¬¥-
â ¬¨ {e1, e2, u}, ¨§®¬®àä® ª®«ìæã Bp. �¤ ª®
¯® «¥¬¬¥ 2.1 ¯à¨ p > 2 £à ä �(Bp) ¥ ¯«  à¥,
¯®íâ®¬ã á«ãç © k = 2 ¥¢®§¬®¦¥.

� «®£¨ç® ¯à¨ J(R)e1 = (0) ¯®«ãç ¥¬ R ∼=
A3.

C«ãç © 2. e1J(R) 6= (0) ¨ J(R)e1 6= (0).
� ª ª ª e1J(R) ∩ e2J(R) = (0) ¨

J(R)e1 ∩ J(R)e2 = (0), â® ¢ á¨«ã â®£®,
çâ® ª®«ìæ® R ¯®¤¯àï¬® ¥à §«®¦¨¬®, ¨¬¥-
¥¬ e2J(R) = (0) ¨ J(R)e2 = (0). �à®¬¥
â®£®, â ª ª ª (1− e1)J(R) ∩ e1J(R) = (0) ¨
J(R)(1− e1) ∩ J(R)e1 = (0), â® (1−e1)J(R) = (0)
¨ J(R)(1 − e1) = (0). �®íâ®¬ã e1J(R) = J(R) =
J(R)e1.

� áá¬®âà¨¬ ¨¤¥ « I = Re2R. �®§ì¬¥¬
q ∈ Re2R ∩ J(R). �à®¢¥¤ï â¥ ¦¥ à ááã¦¤¥-
¨ï, çâ® ¨ ¯à¨ à áá¬®âà¥¨¨ á«ãç ï 1, ¬®¦-
® ¯®ª § âì, çâ® q = qe2 = 0. �«¥¤®¢ â¥«ì®,
Re2R ∩ J(R) = (0). �®áª®«ìªã ª®«ìæ® R ¯®¤¯àï-
¬® ¥à §«®¦¨¬® ¨ J(R) 6= (0), â® Re2R = (0),
â.¥. e2 = 0. � ç¨â, k = 1.

�®ª ¦¥¬, çâ® e1 { ¥¤¨¨æ  ª®«ìæ  R. �î-
¡®© í«¥¬¥â a ¨§ ª®«ìæ  R ¬®¦¥â ¡ëâì § ¯¨-
á  á«¥¤ãîé¨¬ ®¡à §®¬: a = e1α + q = βe1 + q′,
£¤¥ q, q′ ∈ J(R), α, β /∈ J(R)∗. � ç¨â,
e1a = e1α + q = a ¨ ae1 = βe1 + q′ = a. �â ª,
e1 { ¥¤¨¨æ  ª®«ìæ  R ¨ R { «®ª «ì®¥ ª®«ìæ®.
�à¥¤«®¦¥¨¥ ¤®ª § ®.

� ª ¢¨¤® ¨§ ¯à¥¤«®¦¥¨ï 2.1, § ¤ ç  ¯®«®-
£® ®¯¨á ¨ï ª®¥çëå ¯®¤¯àï¬® ¥à §«®¦¨¬ëå
ª®«¥æ, ã¤®¢«¥â¢®àïîé¨å â®¦¤¥áâ¢ã ¢¨¤  (1)
¨ ¨¬¥îé¨å ¯«  àë© £à ä ¤¥«¨â¥«¥© ã«ï,
à §¡¨¢ ¥âáï   ¤¢  á«ãç ï: ®¯¨á ¨¥ ¨«ì¯®-
â¥âëå ª®«¥æ ¨ ®¯¨á ¨¥ «®ª «ìëå ª®«¥æ,
¨¬¥îé¨å ¯«  àë¥ £à äë ¤¥«¨â¥«¥© ã«ï.
�ª §ë¢ ¥âáï, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï â¥®à¥¬ .

�¥®à¥¬  2.1. �ãáâì R { ¯®¤¯àï¬® ¥à §«®-
¦¨¬®¥ ª®¥ç®¥ ª®«ìæ®, ã¤®¢«¥â¢®àïîé¥¥ ¥-
ª®â®à®¬ã â®¦¤¥áâ¢ã ¢¨¤  x2 = x3f(x), f(x) ∈
Z[x], ¯à¨ç¥¬ ptR = 0, £¤¥ p > 2 { ¯à®áâ®¥ ç¨-
á«®. �à ä �(R) ¯«  à¥ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  R ¨§®¬®àä® ®¤®¬ã ¨§ á«¥¤ãîé¨å ª®«¥æ:

(1) R ∼= GF (pn), p > 2, n ≥ 1;
(2) R ∼= A3(A0

3);
(3) R =

〈
a : a2 = 0, pa = 0

〉
, p = 3, 5;

(4) R ∼= Zp2 , p = 3, 5;
(5) R ∼= T2,p, p = 3, 5.

�ë á ç «  ¤®ª ¦¥¬ àï¤ ¢á¯®¬®£ â¥«ìëå
ãâ¢¥à¦¤¥¨© ¨ ¢ ª®æ¥ à §¤¥«  4 ¢¥à¥¬áï ª
¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.1.

3. �®ª «ìë¥ ª®«ìæ , ã¤®¢«¥â¢®àïîé¨¥
â®¦¤¥áâ¢ã ¢¨¤  x2 = x3f(x), £¤¥ f(x) ∈ Z[x],

¨ ¨¬¥îé¨¥ ¯«  àë¥ £à äë
¤¥«¨â¥«¥© ã«ï

�  ¯à®âï¦¥¨¨ ¢á¥£® íâ®£® à §¤¥«  ¬ë ¡ã-
¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï «®ª «ì®£® ª®«ìæ  R á«¥-
¤ãîé¥¥ ®¡®§ ç¥¨¥: M = J(R). � ¯®¬¨¬,
çâ® D(R) = M ¤«ï «®ª «ì®£® ª®«ìæ  R [14,
á. 74] ¨ ¯® «¥¬¬¥ 1.2 x2 = 0, xy+yx = 0, 2xyz = 0
¤«ï ¢á¥å x, y, z ∈ M . �á¥ à¥§ã«ìâ âë ¤ ®£®
à §¤¥«  ¤®ª §ë¢ îâáï ¤«ï «®ª «ì®£® ª®«ìæ  á
M 6= 0, ¯®áª®«ìªã ¤«ï «î¡®£® ¯®«ï £à ä ¤¥«¨-
â¥«¥© ã«ï ¯ãáâ, á«¥¤®¢ â¥«ì®, ¯«  à¥.

�¥¬¬  3.1 [14, c. 36]. �ãáâì R { «®ª «ì-
®¥ ª®«ìæ®. �®£¤  |R| = pt, |M | = pr, £¤¥ p {
¥ª®â®à®¥ ¯à®áâ®¥ ç¨á«® ¨ 1 ≤ r < t.

�à¥¤«®¦¥¨¥ 3.1. �ãáâì R { «®ª «ì®¥
ª®«ìæ® á M 6= 0, ã¤®¢«¥â¢®àïîé¥¥ â®¦¤¥áâ¢ã
¢¨¤  (1) ¨ ¨¬¥îé¥¥ ¯«  àë© £à ä ¤¥«¨â¥«¥©
ã«ï. �®£¤  R ã¤®¢«¥â¢®àï¥â ®¤®¬ã ¨§ á«¥-
¤ãîé¨å ãá«®¢¨©:

(1) M2 = 0, |M | ≤ 5, |R| ≤ 25;
(2) M3 = 0,

∣∣M2∣∣ = 2;
(3) M3 6= 0,M4 = 0, |R| = 2t, t ≥ 4.

�®ª § â¥«ìáâ¢®. �ãáâì M2 = 0. �á«¨
|M | ≥ 6, â® K5 ⊆ �(R); ¯à®â¨¢®à¥ç¨¥. �«¥-
¤®¢ â¥«ì®, |M | ≤ 5. �®áª®«ìªã M { ¯à -
¢®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ¯®«¥¬ R/M , â®
|R/M | ≤ |M | ≤ 5 ¨ |R| ≤ 25.
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� áá¬®âà¨¬ á«ãç ©, ª®£¤  M2 6= (0),
M3 = (0). �á«¨

∣∣M2∣∣ ≥ 4, â® |M | ≥ 8. �®íâ®¬ã
¬ë ¬®¦¥¬ ¢§ïâì ¯®¯ à® à §«¨çë¥ ¥ã«¥¢ë¥
í«¥¬¥âë a, b, c ∈ M2 ¨ ¯®¯ à® à §«¨çë¥ ¥-
ã«¥¢ë¥ í«¥¬¥âë x, y, z ∈ M \ {a, b, c}. �à ä
{a, b, c}∪ {x, y, z} á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ ¯®¤£à ä 
K3,3; ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®,

∣∣M2∣∣ ≤ 3.
�®ª ¦¥¬, çâ® á«ãç ©

∣∣M2∣∣ = 3 ¥¢®§¬®¦¥.
�ãáâì

∣∣M2∣∣ = 3 ¨ M2 = {0, x, 2x}, x2 = 0. �®§ì-
¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â y ∈ M \ M2. �®-
áª®«ìªã y2 = 0, â® £à ä ¤¥«¨â¥«¥© ã«ï ¬®¦¥-
áâ¢  {x, 2x, y, 2y, x + y} ®¡à §ã¥â K5; ¯à®â¨¢®à¥-
ç¨¥. �«¥¤®¢ â¥«ì®,

∣∣M2∣∣ = 2.
�áâ «®áì à áá¬®âà¥âì á«ãç © M3 6= 0. �®

«¥¬¬¥ 2.1 |R| = 2t, t ≥ 4. �®ª ¦¥¬, çâ® ¨-
¤¥ªá ¨«ì¯®â¥â®áâ¨ M ¢ íâ®¬ á«ãç ¥ à ¢¥ 4.
�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥,   ¨¬¥®: Mk−1 6= 0,
Mk = 0, k ≥ 5. �®£¤ 

∣∣M2∣∣ ≥ 8 ¨
∣∣Mk−2∣∣ ≥ 4.

�à®¬¥ â®£®, M2Mk−2 = 0 ¨ k − 2 > 2. �®-
íâ®¬ã, ¢§ï¢ ¯®¯ à® à §«¨çë¥ ¥ã«¥¢ë¥ í«¥-
¬¥âë a, b, c ∈ Mk−2 ¨ x, y, z ∈ M2 \ {a, b, c},
¬ë ¯®«ãç¨¬, çâ® £à ä K3,3 ï¢«ï¥âáï ¯®¤£à -
ä®¬ £à ä  �(R); ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®,
M4 = 0. �à¥¤«®¦¥¨¥ ¤®ª § ®.

�¥®à¥¬  3.1. �ãáâì R { «®ª «ì®¥ ª®«ì-
æ® á M 6= 0, ã¤®¢«¥â¢®àïîé¥¥ â®¦¤¥áâ¢ã ¢¨-
¤  (1) ¨ ¨¬¥îé¥¥ ¯«  àë© £à ä ¤¥«¨â¥«¥©
ã«ï. �®£¤  R ã¤®¢«¥â¢®àï¥â ®¤®¬ã ¨§ á«¥-
¤ãîé¨å ãá«®¢¨©:

(1) M2 = 0, |M | ≤ 5, |R| ≤ 25;
(2) M3 = 0,

∣∣M2∣∣ = 2, |M | ≤ 8, |R| ≤ 16,
R/M = Z2;

(3) M4 = 0,
∣∣M3∣∣ = 2,

∣∣M2∣∣ = 4, |M | ≤ 16,
|R| ≤ 32, R/M = Z2.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  â¥®-
à¥¬ë  ¬ ã¦® ®æ¥¨âì ¯®àï¤®ª ª®«ìæ  R ¢
á«ãç ïå (2) ¨ (3) ¨§ ¯à¥¤«®¦¥¨ï 3.1. �â ª,
¯ãáâì M3 = 0,

∣∣M2∣∣ = 2. �®áª®«ìªã M2 { ¯à -
¢®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ¯®«¥¬ R/M , â®∣∣M2∣∣ ≥ |R/M | ¨ R/M = Z2. �á«¨ |M | = 4, â® ¢á¥
¤®ª § ®. �®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® |M | ≥ 8.
�®£¤ 

∣∣M/M2∣∣ ≥ 4. �ãáâì M2 = {0, x}. �®§ì-
¬¥¬ m1, m2 ∈ M \ M2 â ª¨¥, çâ® m1 6= m2 ¨
m1−m2 6= x, â.¥. m1−m2 /∈ M2. �á«¨ m1m2 = 0,
â® ¬®¦¥áâ¢® {x,m1, m2, m1 + x,m2 + x} ®¡à -
§ã¥â K5; ¯à®â¨¢®à¥ç¨¥. � ç¨â, m1m2 6= 0.
� ª¨¬ ®¡à §®¬, ann(m) = {0, x,m, m + x} ¤«ï
«î¡®£® í«¥¬¥â  m ∈ M \ M2. � áá¬®âà¨¬
¬®¦¥áâ¢® ¯à¥¤áâ ¢¨â¥«¥© ¥ã«¥¢ëå ª« áá®¢
{m1,m2, . . . , mk} ¢ M/M2. �®£« á® â®«ìª® çâ®
¤®ª § ®¬ã, mimj 6= 0 ¯à¨ i 6= j. � ç¨â,
mimj = x ¯à¨ i 6= j. �á«¨ k ≥ 4, â® ¨¬¥¥¬
m1m2 = m1m3 = m1m4 = x. �«¥¤®¢ â¥«ì®,
m1(m2 −m3) = m1(m4 −m3) = 0. � ç¨â, m2 −

m3, m4−m3 ∈ ann(m1) = {0, x, m1,m1+x}. � á¨-
«ã ¢ë¡®à  m2,m3,m4 í«¥¬¥âë m2−m3,m4−m3
¥ ¬®£ãâ ¡ëâì à ¢ë¬¨ ã«î ¨«¨ x. �ãáâì
m2 − m3 6= m4 − m3. �®£¤  ¢®§¬®¦ë ¤¢  á«ã-
ç ï: 1) m2 − m3 = m1, m4 − m3 = m1 + x;
2)m2 − m3 = m1 + x, m4 − m3 = m1. �¥âàã¤-
® ¢¨¤¥âì, çâ® ¢ ®¡®¨å á«ãç ïå m4 −m2 ∈ M2;
¯à®â¨¢®à¥ç¨¥. � ç¨â, m2 −m3 = m4 −m3, â.¥.
m2 = m4. �®¢  ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨î. �«¥-
¤®¢ â¥«ì®, k ≤ 3. �®íâ®¬ã |M | = 2k + 2 ≤ 8 ¨
|R| ≤ 16.

� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  M3 6= 0,
M4 = 0, |R| = 2t, t ≥ 4. �á«¨

∣∣M2∣∣ ≥ 6, â® £à ä
�(R) á®¤¥à¦¨â £à ä K5. �«¥¤®¢ â¥«ì®,

∣∣M2∣∣ ≤
4. �®áª®«ìªã M3 6= 0, â®

∣∣M3∣∣ = 2,
∣∣M2∣∣ =

4, R/M = Z2. �à ä �(R) á¢ï§¥ ¨ ¯«  à¥,
¯®íâ®¬ã ¢ �(R) áãé¥áâ¢ã¥â ¥ª®â®à ï ¢¥àè¨ 
x ∈ M , áâ¥¯¥ì ª®â®à®© ¥ ¯à¥¢®áå®¤¨â 5 [12,
á. 129]. � ª¨¬ ®¡à §®¬, |l(x)| ≤ 7 (¯®áª®«ìªã
0, x ∈ l(x)). �«¥¤®¢ â¥«ì®, |M | = |Mx| · |l(x)| ≤∣∣M2∣∣ · |l(x)| ≤ 4 · 7 = 28, â.¥. |M | ≤ 16 ¨ |R| ≤ 32.
�¥®à¥¬  ¤®ª §  .

4. �®¥çë¥ ¨«ì¯®â¥âë¥ ª®«ìæ ,
¨¬¥îé¨¥ ¯«  àë¥ £à äë

¤¥«¨â¥«¥© ã«ï

�à¥¤«®¦¥¨¥ 4.1. �ãáâì R { ª®¥ç-
®¥ ¨«ì¯®â¥â®¥ ª®«ìæ®, ¨¬¥îé¥¥ ¯«  à-
ë© £à ä ¤¥«¨â¥«¥© ã«ï. �®£¤  R ã¤®¢«¥â¢®-
àï¥â ®¤®¬ã ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

(1) R2 = 0, |R| ≤ 5;
(2) R3 = 0,

∣∣R2∣∣ ≤ 3;
(3) R4 = 0,

∣∣R3∣∣ = 2,
∣∣R2∣∣ = 4.

�®ª § â¥«ìáâ¢®. �ãáâì Rk = 0, Rk−1 6= 0.
�®ª ¦¥¬, çâ® k ≤ 4. �à¥¤¯®«®¦¨¬, çâ® k ≥
5. �¡®§ ç¨¬ t =

[
k
2
]
. �®£¤  RtRt+1 = 0 ¨∣∣Rt+1∣∣ ≥ 4, |Rt| ≥ 8. �§ï¢ âà¨ ¥ã«¥¢ëå í«¥¬¥-

â  ¨§ Rt+1 ¨ âà¨ ¥ã«¥¢ëå í«¥¬¥â  ¨§ Rt\Rt+1,
¯®«ãç¨¬, çâ® ¢ �(R) á®¤¥à¦¨âáï £à ä K3,3; ¯à®-
â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, R4 = 0. �á«¨ R2 =
0, â® ¢ á¨«ã â®£®, çâ® �(R) ¥ ¬®¦¥â á®¤¥à¦ âì
K5, ¯®«ãç ¥¬ |R| ≤ 5.

�ãáâì R3 = 0, R2 6= 0. �á«¨
∣∣R2∣∣ ≥ 4, â®

|R| ≥ 8, ¯®íâ®¬ã K3,3 á®¤¥à¦¨âáï ¢ �(R); ¯à®â¨-
¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®,

∣∣R2∣∣ ≤ 3.
�áâ «®áì à áá¬®âà¥âì á«ãç ©, ª®£¤  R3 6= 0.

�á®, çâ®
∣∣R2∣∣ ≤ 5. �á«¨ ¦¥

∣∣R3∣∣ ≥ 4, â®
|R| ≥ 16. � ç¨â, K3,3 á®¤¥à¦¨âáï ¢ �(R); ¯à®â¨-
¢®à¥ç¨¥. �®íâ®¬ã ¢®§¬®¦¥ ¥¤¨áâ¢¥ë© ¢ à¨-
 â:

∣∣R3∣∣ = 2,
∣∣R2∣∣ = 4. �à¥¤«®¦¥¨¥ ¤®ª § ®.

�¥®à¥¬  4.1. �ãáâì R { ª®¥ç®¥ ¨«ì-
¯®â¥â®¥ ª®«ìæ®, ¨¬¥îé¥¥ ¯«  àë© £à ä
¤¥«¨â¥«¥© ã«ï. �®£¤  R ã¤®¢«¥â¢®àï¥â ®¤®-
¬ã ¨§ á«¥¤ãîé¨å ãá«®¢¨©:
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(1) R2 = 0, |R| ≤ 5;
(2) R3 = 0,

∣∣R2∣∣ = 2, |R| ≤ 12;
(3) R3 = 0,

∣∣R2∣∣ = 3, |R| ≤ 18;
(4) R4 = 0,

∣∣R3∣∣ = 2,
∣∣R2∣∣ = 4, |R| ≤ 24.

�®ª § â¥«ìáâ¢®. �®£« á® ¯à¥¤«®¦¥-
¨î 4.1, R4 = 0. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë
à áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨.

�«ãç © 1. �ãáâì R4 = 0, R3 6= 0. �® ¯à¥¤-
«®¦¥¨î 4.1 ¨¬¥¥¬

∣∣R3∣∣ = 2,
∣∣R2∣∣ = 4.

1.1. �ãáâì y2 = 0 ¤«ï ¢á¥å y ∈ R. �®£¤  ¯®
«¥¬¬¥ 2.1 xy + yx = 0 ¤«ï ¢á¥å x, y ∈ R. �®-
áª®«ìªã R3 6= 0, â®  ©¤ãâáï â ª¨¥ ¯®¯ à® à §-
«¨çë¥ í«¥¬¥âë a, b, c ∈ R \ {0}, çâ® abc 6= 0.
�«¥¬¥âë b, ab, bc, abc ¯®¯ à® à §«¨çë. �¥©-
áâ¢¨â¥«ì®, ¥á«¨ ab = bc, â® abc = bc2 = 0;
¯à®â¨¢®à¥ç¨¥. �á«¨ abc = ab, â® 0 = abc2 =
abc; ¯à®â¨¢®à¥ç¨¥. � «®£¨ç® ¨§ â®£®, çâ®
abc = bc, á«¥¤ã¥â 0 = a2ba = abc; ¯à®â¨¢®à¥ç¨¥.
� ª¨¬ ¦¥ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ® í«¥¬¥â
b ¥ à ¢¥ ¨ ®¤®¬ã ¨§ í«¥¬¥â®¢ ab, bc, abc.
�à¥¤¯®«®¦¨¬, çâ® |l(b) \ {0, b, ab, bc, abc}| ≥ 2 ¨
b1, b2 ∈ l(b) \ {0, b, ab, bc, abc}. �®£¤  ¬®¦¥áâ¢®
{b, b1, b2} ∪ {ab, bc, abc} ®¡à §ã¥â K3,3; ¯à®â¨¢®-
à¥ç¨¥. �«¥¤®¢ â¥«ì®, |l(b)| ≤ 6. �®íâ®¬ã
|R| = |l(b)| · |Rb| ≤ |l(b)| ·

∣∣R2∣∣ ≤ 6 · 4 = 24.
1.2. �ãáâì a2 6= 0 ¤«ï ¥ª®â®à®£® a ∈

R. �ãáâì R3 = {0, x}. �à¥¤¯®«®¦¨¬, çâ®∣∣l(a) \R3∣∣ ≥ 3. �®£¤   ©¤ãâáï ¯®¯ à® à §-
«¨çë¥ a1, a2, a3 ∈ l(a) \ R3. � ¬¥â¨¬, çâ®
a, x + a /∈ l(a), ¯®áª®«ìªã a2 6= 0. �«¥¤®¢ â¥«ì-
®, ¬®¦¥áâ¢® {x, a, x + a}∪{a1, a2, a3} ®¡à §ã¥â
K3,3; ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, |l(a)| ≤ 4 ¨
|R| ≤ 16.

�«ãç © 2. �ãáâì R3 = 0,
∣∣R2∣∣ = 3. �ãáâì

â ª¦¥ R2 = {0, x, y}.
2.1. �ãáâì z2 = 0 ¤«ï ¢á¥å z ∈ R. �®§ì-

¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â b ∈ R \ R2. �á«¨
|l(b) \ {0, x, y, b}| ≥ 3, â® áãé¥áâ¢ãîâ ¯®¯ à®
à §«¨çë¥ b1, b2, b3 ∈ l(b)\{0, x, y, b}. �¨¤¨¬, çâ®
¬®¦¥áâ¢® {x, y, b} ∪ {b1, b2, b3} ®¡à §ã¥â K3,3;
¯à®â¨¢®à¥ç¨¥. � ç¨â, |l(b)| ≤ 6 ¨ |R| ≤ 18.

2.2. �ãáâì a2 6= 0 ¤«ï ¥ª®â®à®£® a ∈ R.
�®£¤  a, x + a, y + a /∈ l(a). �à¥¤¯®«®¦¨¬, çâ®∣∣l(a) \R2∣∣ ≥ 1. �«ï «î¡®£® a1 ∈ l(a) \R2 ¬®¦¥-
áâ¢® {x, y, a1}∪{a, x+a, y+a} ®¡à §ã¥â K3,3; ¯à®-
â¨¢®à¥ç¨¥. � ç¨â, |l(a)| =

∣∣R2∣∣ = 3 ¨ |R| ≤ 9.

�«ãç © 3. �ãáâì R3 = 0,
∣∣R2∣∣ = 2. �ãáâì

â ª¦¥ R2 = {0, x}.
3.1. �ãáâì y2 = 0 ¤«ï ¢á¥å y ∈ R. �®§ì-

¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â b ∈ R \ R2. �á«¨
|l(b) \ {0, x, b, x + b}| ≥ 3, â® ¤«ï «î¡ëå âà¥å à §-
«¨çëå í«¥¬¥â®¢ b1, b2, b3 ∈ l(b) \ {0, x, b, x + b}
¬®¦¥áâ¢® {x, b, x+b}∪{b1, b2, b3} ®¡à §ã¥â K3,3;
¯à®â¨¢®à¥ç¨¥. �®íâ®¬ã |l(b)| ≤ 6 ¨ |R| ≤ 12.

3.2. �ãáâì a2 6= 0 ¤«ï ¥ª®â®à®£® a ∈ R. �®-
£¤  x + a /∈ l(a). �á«¨

∣∣l(a) \R2∣∣ ≥ 3, â® ¤«ï
«î¡ëå âà¥å à §«¨çëå í«¥¬¥â®¢ a1, a2, a3 ∈
l(a) \ R2 ¬®¦¥áâ¢® {x, a, x + a} ∪ {a1, a2, a3}
®¡à §ã¥â K3,3; ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®,
|l(a)| ≤ 4 ¨ |R| ≤ 8. �¥®à¥¬  ¤®ª §  .

�¥¯¥àì, ª®£¤  ¤®ª § ë ¢á¥ ¥®¡å®¤¨¬ë¥
à¥§ã«ìâ âë, ¬ë ¬®¦¥¬ ¯à¨áâã¯¨âì ª ¤®ª § -
â¥«ìáâ¢ã â¥®à¥¬ë 2.1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �ãáâì
R { ¯®¤¯àï¬® ¥à §«®¦¨¬®¥ ª®¥ç®¥ ª®«ìæ®,
ã¤®¢«¥â¢®àïîé¥¥ ¥ª®â®à®¬ã â®¦¤¥áâ¢ã ¢¨¤ 
x2 = x3f(x), f(x) ∈ Z[x], ¯à¨ç¥¬ ptR = 0, £¤¥
p > 2 { ¯à®áâ®¥ ç¨á«®. �® ¯à¥¤«®¦¥¨î 2.1,
¥á«¨ ª®«ìæ® R ¥ ï¢«ï¥âáï ¯®«¥¬ ¨ ¥ ¨§®¬®àä®
ª®«ìæ ¬ A3, A0

3, â® ®® «¨¡® ¨«ì¯®â¥â®, «¨¡®
«®ª «ì®. � áá¬®âà¨¬ ª ¦¤ë© ¨§ íâ¨å á«ãç ¥¢
®â¤¥«ì®.

�ãáâì ª®«ìæ® R ¨«ì¯®â¥â®. �®£¤  ¯® «¥¬-
¬¥ 2.1 y2 = 0 ¤«ï ¢á¥å y ∈ R. �§ â¥®à¥¬ë 4.1
á«¥¤ã¥â, çâ® «¨¡® R { ª®«ìæ® á ã«¥¢ë¬ ã¬®-
¦¥¨¥¬    ¡¥«¥¢®© £àã¯¯¥ (Zp, +), p = 3, 5, «¨-
¡®

∣∣R2∣∣ = 3, |R| ≤ 18. � áá¬®âà¨¬ á«ãç ©, ª®£¤ ∣∣R2∣∣ = 3, |R| ≤ 18. �®áª®«ìªã R ¯®¤¯àï¬® ¥-
à §«®¦¨¬®, â® |R| = 9. �® [14, á. 54] ª®«ìæ®
R ¨§®¬®àä® «¨¡® N3,3, «¨¡® ª®«ìæã N9. �¤ -
ª® ®¡  íâ¨ ª®«ìæ  ¥ ã¤®¢«¥â¢®àïîâ ¨ª ª®¬ã
â®¦¤¥áâ¢ã ¢¨¤  x2 = x3f(x).

� «¥¥, ¯ãáâì R { «®ª «ì®¥ ª®«ìæ®. �® â¥-
®à¥¬¥ 3.1 |R| ≤ 25, |J(R)| ≤ 5, â.¥. |R| = p2,
|J(R)| = p, p = 3, 5. �® [14, á. 54] ª®«ìæ® R ¨§®-
¬®àä® «¨¡® Zp2 , «¨¡® T2,p, £¤¥ p = 3, 5. �®-
áª®«ìªã J(Zp2)2 = 0 ¨ J(T2,p)2 = 0, â® ®¡  ª®«ì-
æ  ã¤®¢«¥â¢®àïîâ ¥ª®â®àë¬ â®¦¤¥áâ¢ ¬ ¢¨¤ 
x2 = x3f(x). � «¥¥, £à äë �(T2,p) ¨ �(Zp2) ¯« -
 àë, ¯®áª®«ìªã

∣∣J(Zp2)
∣∣ = |J(T2,p)| = p ≤ 5.

�¥âàã¤® ¯à®¢¥à¨âì, çâ® ¢á¥ ª®«ìæ  ¨§ ãá«®-
¢¨ï â¥®à¥¬ë ¯®¤¯àï¬® ¥à §«®¦¨¬ë. �¥®à¥¬ 
¤®ª §  .
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