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�.�. �ãà ¢«¥¢
�¡ ¨§®¬®àä¨§¬¥ ª®­¥ç­ëå «®ª «ì­ëå ª®«¥æ
å à ªâ¥à¨áâ¨ª¨ p2, à ¤¨ª « �¦¥ª®¡á®­ 
ª®â®àëå ¨¬¥¥â ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨
ç¥âëà¥

� ­­ ï áâ âìï ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ à ¡®-
âë [1], ¢ ª®â®à®© ãª § ­® áâà®¥­¨¥ ª®­¥ç­ëå «®-
ª «ì­ëå ª®«¥æ å à ªâ¥à¨áâ¨ª¨ p2 á à ¤¨ª «®¬
�¦¥ª®¡á®­  ¨­¤¥ªá  ­¨«ì¯®â¥­â­®áâ¨ 4.

�¥«ì ¤ ­­®© à ¡®âë { ­ ©â¨ ­¥®¡å®¤¨¬ë¥
¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨§®¬®à-
ä¨§¬  ¬¥¦¤ã ¤¢ã¬ï ¯à®¨§¢®«ì­ë¬¨ ª®«ìæ ¬¨
ãª § ­­®£® â¨¯ . �á¥ ª®«ìæ , à áá¬ âà¨¢ ¥¬ë¥
¢ ¤ ­­®© à ¡®â¥, ï¢«ïîâáï  áá®æ¨ â¨¢­ë¬¨ ¨
á®¤¥à¦ â ¥¤¨­¨æã.

� §®¢¥¬ æ¥«ë¥ ç¨á«  r, s1, s2, s3, s, s′, λ ¨­-
¢ à¨ ­â ¬¨ ª®«ìæ  R (â ª ª ª ®­¨ á®åà ­ïîâáï
¯à¨ ¨§®¬®àä¨§¬¥, á¬.: [1-3]). �á«¨ A = (aij) {
¬ âà¨æ  ­ ¤ ¯®«¥¬ F ,   σ {  ¢â®¬®àä¨§¬ ¯®«ï
F , â® ¢ ¤ «ì­¥©è¥¬ á¨¬¢®«®¬ Aσ ¡ã¤¥¬ ®¡®§­ -
ç âì ¬ âà¨æã (σ(aij)). �ãáâì A ¨ B { ¬ âà¨-
æë ­ ¤ ¯®«¥¬ F à §¬¥à­®áâ¥© m × n ¨ n × k
á®®â¢¥âáâ¢¥­­®, ¨ α1, . . . , αm ∈ Aut(F ), n, m,
k ∈ N . �¡®§­ ç¨¬ ç¥à¥§ [A,B](α1,...,αm) ¬ âà¨æã
� = (cij)m×k, £¤¥ cij = ai1b

αi
1j +ai2b

αi
2j +. . .+ainbαi

nj ,
i = 1,m, j = 1, k. �á«¨ α1 = . . . = αs = α, â®
[A, B](α1,...,αm) = ABα. �ãáâì

Ak = (ak
ij), Âk = (âk

ij),

Bk = (bk
ij), B̂k = (b̂k

ij), �Bk = (�bk
ij),

Ck = (ck
ij), Ĉk = (ĉk

ij), �Ck = (�ck
ij),

Dk = (dk
ij), D̂k = (d̂k

ij), �Dk = ( �dk
ij),

A =
{

(ak
ij), (âk

ij)
}

, B =
{

(bk
ij), (b̂k

ij), (�bk
ij)

}
,

C =
{

(ck
ij), (ĉk

ij), (�ck
ij)

}
, D =

{
(dk

ij), (d̂k
ij), ( �dk

ij)
}

.

�¡®§­ ç¨¬ ç¥à¥§ R = R(A,B,C, D, σi, θj , τk) ¨
R′ = R(A′, B′, C ′, D′, σ′i, θ

′
j , τ

′
k) ¤¢  ª®«ìæ  ª®­-

áâàãªæ¨¨ B (á ®¤¨­ ª®¢ë¬¨ ¨­¢ à¨ ­â ¬¨).
� ª ª ª p ∈ M , â® ¢®§¬®¦­ë á«¥¤ãîé¨¥ á¨-

âã æ¨¨:
a) p ∈ J(R)3,
b) p ∈ J(R)2 \ J(R)3,
c) p ∈ J(R) \ J(R)2.

�«ãç © (a). p ∈ J(R)3.
�¥®à¥¬ . R ∼= R′ â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  áãé¥áâ¢ãîâ ­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë P =
(pij)s1×s1 , R = (rij)s2×s2 , T = (tij)(s3+1)×(s3+1),

­¥ª®â®àë¥ ¬ âà¨æë Q = (qij)s2×s1 , S =
(sij)(s3+1)×s2 ¨  ¢â®¬®àä¨§¬ ρ ª®«ìæ  R0, â -
ª¨¥, çâ®

PT · [A′k, P ](σ′1,...,σ′s1 ) =
s2∑

ν=1
rkνAρ

ν , k = 1, s2,

PT · [B′
k, P ](σ′1,...,σ′s1 ) + PT · [C ′k, Q](σ′1,...,σ′s1 )+

QT · [D′T
k , P ](θ′1,...,θ′s2 ) =

s2∑
ν=1

skνAρ
ν +

s3∑
ν=0

tkνBρ
ν ,

PT · [C ′k, R](σ′1,...,σ′s1 ) =
s3∑

ν=0
tkνCρ

ν ,

RT · [D′T
k , P ](θ′1,...,θ′s2 ) =

s3∑
ν=0

tkν(DT
ν )ρ, k = 0, s3

¨ σi = σ′j, ¥á«¨ pji 6= 0; σi = θ′j, ¥á«¨ qji 6= 0;
θi = idF , ¥á«¨ s0i 6= 0; θi = θ′j, ¥á«¨ rji 6= 0;
θi = τ ′j, ¥á«¨ sji 6= 0; τi = idF , ¥á«¨ t0i 6= 0;
τi = τ ′j, ¥á«¨ tji 6= 0.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áã-
é¥áâ¢ã¥â ¨§®¬®àä¨§¬ ψ : R → R′. �®£¤ 
ψ(R0) ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ ¯®¤ª®«ìæ®¬ � -
«ã  ª®«ìæ  R′. � á¨«ã ¯à¥¤«®¦¥­¨ï 1 à ¡®âë
[1], ­ ©¤¥âáï ®¡à â¨¬ë© í«¥¬¥­â x ∈ R′ â ª®©,
çâ® xψ(R0)x−1 = R0.

� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ ψ : R → R′, ®¯à¥-
¤¥«ï¥¬®¥ ¯® ¯à ¢¨«ã r → xψ(r)x−1. �ç¥¢¨¤­®,
çâ® ϕ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬, ®áâ ¢«ïîé¨¬ R0
­  ¬¥áâ¥. �®«¥¥ â®£®, ϕ(α) = αρ ¤«ï «î¡®£®
α ∈ R0 ¨ ­¥ª®â®à®£® ρ ∈ Aut(R0).

� «¥¥, ¯ãáâì

ϕ(ui)=
s1∑

j=1
pjiu

′
j+

s2∑

j=1
qjiv

′
j+n0ip+

s3∑

j=1
njiw

′
j , i = 1,s1,

ϕ (vi) =
s2∑

j=1
rjiv

′
j + s0ip +

s3∑

j=1
sjiw

′
j , i = 1, s2,

ϕ (wi) = t0ip +
s3∑

j=1
tjiw

′
j , i = 1, s3,

ϕ (p) = t00p +
s3∑

j=1
tj0w

′
j , t00 = 1, tj0 = 0.
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�¡ ¨§®¬®àä¨§¬¥ ª®­¥ç­ëå «®ª «ì­ëå ª®«¥æ . . .

�®£¤  ¤«ï ¯à®¨§¢®«ì­®£® α ∈ R0 ¨¬¥¥¬

ϕ(uiα) = ϕ (ασiui) = ϕ (ασi) ϕ (ui) =
s1∑

j=1
(ασi)ρpjiu

′
j +

s2∑

j=1
(ασi)ρqjiv

′
j + (ασi)ρn0ip +

s3∑

j=1
(ασi)ρnjiw

′
j ,

ϕ(uiα) = ϕ(ui)ϕ(α) =
s1∑

j=1
pjiu

′
jα

ρ +
s2∑

j=1
qjiv

′
jα

ρ + n0ipαρ +
s3∑

j=1
njiw

′
jα

ρ =

=
s1∑

j=1
(αρ)σ′j pjiu

′
j +

s2∑

j=1
(αρ)θ′j qjiv

′
j + αρn0ip +

s3∑

j=1
(αρ)τ ′j njiw

′
j ,

ϕ(viα) = ϕ(αθivi) = ϕ(αθi)ϕ(vi) =
s2∑

j=1
(αθi)ρrjiv

′
j + (αθi)ρs0ip +

s3∑

j=1
(αθi)ρsjiw

′
j ,

ϕ(viα) = ϕ(vi)ϕ(α) =
s2∑

j=1
rjiv

′
jα

ρ + s0ipαρ +
s3∑

j=1
sjiw

′
jα

ρ =
s2∑

j=1
(αρ)θ′j rjiv

′
j + αρs0ip +

s3∑

j=1
(αρ)τ ′j sjiw

′
j ,

ϕ(wiα) = ϕ(ατiwi) = ϕ(ατi)ϕ(wi) = (ατi)ρt0ip +
s3∑

j=1
(ατi)ρtjiw

′
j ,

ϕ(wiα) = ϕ(wi)ϕ(α) = t0ipαρ +
s3∑

j=1
tjiw

′
jα

ρ = αρt0ip +
s3∑

j=1
(αρ)τ ′j tjiw

′
j .

�«¥¤®¢ â¥«ì­®, (ασi)ρpji = (αρ)σ′j pji,
(ασi)ρqji = (αρ)θ′j qji, (αθi)ρrji = (αρ)θ′j rji,
(αθi)ρs0i = αρs0i, (αθi)ρsji = (αρ)τ ′j sji,
(ατi)ρt0i = αρt0i, (ατi)ρtji = (αρ)τ ′j tji. � ª

ª ª (αϕ)ψ = (αψ)ϕ ¤«ï «î¡ëå α ∈ R0, ϕ,ψ ∈
Aut(R0), â® ¬ë ¯®«ãç ¥¬ ­¥®¡å®¤¨¬ë¥ á®®â­®-
è¥­¨ï ¤«ï  ¢â®¬®àä¨§¬®¢ ¨§ ãá«®¢¨ï â¥®à¥¬ë.

� «¥¥,

ϕ(ui) · ϕ(uj)=
(

s1∑
ν=1

pνiu
′
ν +

s2∑
ν=1

qνiv
′
ν + n0ip +

s3∑
ν=1

nνiw
′
ν

)
·
(

s1∑
µ=1

pµju
′
µ +

s2∑
µ=1

qµjv
′
µ + n0jp +

s3∑
µ=1

nµjw
′
µ

)
=

=
(

s1∑
ν,µ=1

pνip
σ′ν
µj b

′0
νµ +

s1∑
ν=1

s2∑
µ=1

(
pνiq

σ′ν
µj c′0νµ + qµip

θ′µ
νjd

′0
νµ

))
p +

s2∑

k=1

(
s1∑

ν,µ=1
pνip

σ′ν
µja

′k
νµ

)
v′k+

+
s3∑

k=1

(
s1∑

ν,µ=1
pνip

σ′ν
µj b

′k
νµ +

s1∑
ν=1

s2∑
µ=1

(
pνiq

σ′ν
µj c′kνµ + qµip

θ′µ
νjd

′k
νµ

))
w′k,

ϕ(ui · uj) = ϕ

(
s2∑

ν=1
aν

ijvν + b0
ijp +

s3∑
ν=1

bν
ijwν

)
=

(
ϕ

(
b0
ij

)
+

s2∑
ν=1

ϕ
(
aν

ij

)
s0ν +

s3∑
ν=1

ϕ
(
bν
ij

)
t0ν

)
p+

+
s2∑

ν=1
ϕ

(
aν

ij

)
(

s2∑

k=1
rkνv′k

)
+

s2∑
ν=1

ϕ
(
aν

ij

)
(

s3∑

k=1
skνw′k

)
+

s3∑
ν=1

ϕ
(
bν
ij

)
(

s3∑

k=1
tkνw′k

)
=

=
(
(
b0
ij

)ρ
t00+

s2∑
ν=1

(
aν

ij

)ρ
s0ν +

s3∑
ν=1

(
bν
ij

)ρ
t0ν

)
p +

s2∑

k=1

s2∑
ν=1

(
aν

ij

)ρ
rkνv′k +

s3∑

k=1

(
s2∑

ν=1

(
aν

ij

)ρ
skν +

s3∑
ν=1

(
bν
ij

)ρ
tkν

)
w′k =

=
(

s2∑
ν=1

(
aν

ij

)ρ
s0ν +

s3∑
ν=0

(
bν
ij

)ρ
t0ν

)
p +

s2∑

k=1

s2∑
ν=1

(
aν

ij

)ρ
rkνv′k +

s3∑

k=1

(
s2∑

ν=1

(
aν

ij

)ρ
skν +

s3∑
ν=0

(
bν
ij

)ρ
tkν

)
w′k,
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â ª ª ª t00 = 1, tk0 = 0,

ϕ(ui) · ϕ(vj) =
(

s1∑
ν=1

pνiu
′
ν +

s2∑
ν=1

qνiv
′
ν + n0ip +

s3∑
ν=1

nνiw
′
ν

)
·
(

s2∑
µ=1

rµjv
′
µ + s0jp +

s3∑
µ=1

sµjw
′
µ

)
=

= p

s1∑
ν=1

s2∑
µ=1

pνir
σ′ν
µj c′0νµ +

s3∑

k=1

(
s1∑

ν=1

s2∑
µ=1

pνir
σ′ν
µj c′kνµ

)
w′k,

ϕ(ui · vj) = ϕ

(
c0
ijp +

s3∑
ν=1

cν
ijwν

)
= p

s3∑
ν=0

(
cν
ij

)ρ
t0ν +

s3∑

k=1

(
s3∑

ν=0

(
cν
ij

)ρ
tkν

)
w′k,

ϕ(vj) · ϕ(ui) =
(

s2∑
µ=1

rµjv
′
µ + s0jp +

s3∑
µ=1

sµjw
′
µ

)
·
(

s1∑
ν=1

pνiu
′
ν +

s2∑
ν=1

qνiv
′
ν + noip +

s3∑
ν=1

nνiw
′
ν

)
=

= p

s1∑
ν=1

s2∑
µ=1

rµip
θ′µ
νi d

′0
νµ +

s3∑

k=1

(
s1∑

ν=1

s2∑
µ=1

rµjp
θ′
νid

′k
νµ

)
w′k,

ϕ(vj · ui) = ϕ

(
d0

ijp +
s3∑

ν=1
dν

ijwν

)
=

s3∑
ν=0

(
dν

ij

)ρ
t0ν +

s3∑

k=1

(
s3∑

ν=0

(
dν

ij

)ρ
tkν

)
w′k.

�§ ¢ëè¥¯à¨¢¥¤¥­­ëå à ¢¥­áâ¢ á«¥¤ãîâ ¯¥à-
¢ë¥ ç¥âëà¥ à ¢¥­áâ¢  ¨§ ãá«®¢¨ï â¥®à¥¬ë.

�¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­® (á¬.: [2]).
�¥®à¥¬  ¤®ª § ­ .

�«ãç © (b). p ∈ J(R)2 \ J(R)3.

�¥®à¥¬ . R ∼= R′ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  áãé¥áâ¢ãîâ ­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë

P = (pij)s1×s1 ,

R = (rij)(s2+1)×(s2+1), T = (tij)(s3+s)×(s3+s),

­¥ª®â®àë¥ ¬ âà¨æë

Q = (qij)(s2+1)×s1 , S = (sij)(s3+s)×(s2+1),

¨  ¢â®¬®àä¨§¬ ρ ¯®«ï F , â ª¨¥, çâ®

PT · [A′k, P ](σ′1,...,σ′s1 ) =
s2∑

ν=0
rkνAρ

ν , k = 0, s2,

PT ·
[
B̂′

k, P
]

(σ′1,...,σ′s1 )
+ PT ·

[
Ĉ ′k, Q

]
(σ′1,...,σ′s1 )

+ QT ·
[
D̂′T

k , P
]

(θ′1,...,θ′s2 )
=

=
s2∑

ν=0
skνAρ

ν +
s∑

ν=1
tkνB̂ρ

ν +
s3∑

ν=1
tkν+sB

ρ
ν , k = 1, s,

PT · [B′
k, P ](σ′1,...,σ′s1 ) + PT · [C ′k, Q](σ′1,...,σ′s1 ) + QT · [D′T

k , P
]
(θ′1,...,θ′s2 ) =

=
s2∑

ν=0
sk+s νAρ

ν +
s∑

ν=1
tk+s νB̂ρ

ν +
s3∑

ν=1
tk+s ν+sB

ρ
ν , k = 1, s3,

PT ·
[
Ĉ ′k, R

]
(σ′1,...,σ′s1 )

=
s∑

ν=1
tkνĈρ

ν +
s3∑

ν=1
tk ν+sC

ρ
ν , k = 1, s,

PT · [C ′k, R](σ′1,...,σ′s1 ) =
s∑

ν=1
tk+s νĈρ

ν +
s3∑

ν=1
tk+s ν+sC

ρ
ν , k = 1, s3,

PT ·
[
D̂′T

k , R
]

(θ′1,...,θ′s2 )
=

s∑
ν=1

tkν(D̂T
ν )ρ +

s3∑
ν=1

tk ν+2(DT
ν )ρ, k = 1, s,

PT · [D′T
k , R

]
(θ′1,...,θ′s2 ) =

s∑
ν=1

tk+2 ν(D̂T
ν )ρ +

s3∑
ν=1

tk+2 ν+2(DT
ν )ρ, k = 1, s3
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�¡ ¨§®¬®àä¨§¬¥ ª®­¥ç­ëå «®ª «ì­ëå ª®«¥æ . . .

¨ σi = idF , ¥á«¨ q0i 6= 0; σi = σ′j, ¥á«¨ pji 6= 0;
σi = θ′j, ¥á«¨ qji 6= 0; θi = idF , ¥á«¨ r0i 6= 0;
θi = θ′j, ¥á«¨ rji 6= 0; θi = σ′j, ¥á«¨ sji 6= 0;
θi = τ ′j, ¥á«¨ sj+s i 6= 0; τi = σ′j, ¥á«¨ tj i+s 6= 0;
τi = τ ′j, ¥á«¨ tj+s i+s 6= 0 ¨ pij = tij, ¯à¨
i, j ∈ {1, . . . , s}; ti+s, j = 0, ¯à¨ i = 1, s3, j = 1, s;
r00 = 0, ri0 = 0 ¯à¨ i = 1, s2; si0 = 0, ¯à¨
i = 1, s + s3.

�®ª § â¥«ìáâ¢®. �­ «®£¨ç­® ¯à¨¢¥¤¥­­®-
¬ã à ­¥¥ ¤®ª § â¥«ìáâ¢ã à áá¬®âà¨¬ ¨§®¬®à-
ä¨§¬ ϕ : R → R′ ®áâ ¢«ïîé¨© R0 ­  ¬¥áâ¥.

� «¥¥, ¯ãáâì

ϕ(ui) = q0ip +
s1∑

j=1
pjiu

′
j +

s∑

j=1
njipu′j+

+
s2∑

j=1
qjiv

′
j +

s3∑

j=1
nj+s iw

′
j ,

ϕ (vi) = r0ip +
s∑

j=1
sjipu′j +

s2∑

j=1
rjiv

′
j +

s3∑

j=1
sj+s iw

′
j ,

ϕ (pui) =
s∑

j=1
tjipu′j +

s3∑

j=1
tj+s iw

′
j ,

ϕ (wi) =
s∑

j=1
tj i+spu′j +

s3∑

j=1
tj+s i+sw

′
j ,

ϕ (p) = pr00 +
s∑

j=1
sj 0pu′j +

s2∑

j=1
rj0v

′
j +

s3∑

j=1
sj+s 0w

′
j ,

£¤¥ r00 = 1, rj0 = sj0 = 0.
�®£¤  ¤«ï ¯à®¨§¢®«ì­®£® α ∈ R0 ¨¬¥¥¬

ϕ(uiα) = ϕ (ασiui) = ϕ (ασi) ϕ (ui) =

= (aσi)ρ
q0ip +

s1∑

j=1
(aσi)ρ

pjiu
′
j +

s∑

j=1
(aσi)ρ

njipu′j +
s2∑

j=1
(aσi)ρ

qjiv
′
j +

s3∑

j=1
(aσi)ρ

nj+s iw
′
j ,

ϕ(uiα) = ϕ(ui)ϕ(α) = q0ipαρ +
s1∑

j=1
pjiu

′
jα

ρ +
s∑

j=1
njipu′jα

ρ +
s2∑

j=1
qjiv

′
jα

ρ +
s3∑

j=1
nj+s iw

′
jα

ρ =

= αρq0ip +
s1∑

j=1
(αρ)σ′j pjiu

′
j +

s∑

j=1
(αρ)σ′j njipu′j +

s2∑

j=1
(αρ)θ′j qjiv

′
j +

s3∑

j=1
(αρ)τ ′j nj+s iw

′
j ,

ϕ(viα) = ϕ(αθivi) = ϕ(αθi)ϕ(vi) =
(
αθi

)ρ
r0ip +

s∑

j=1

(
αθi

)ρ
sjipu′j +

s2∑

j=1

(
αθi

)ρ
rjiv

′
j +

s3∑

j=1

(
αθi

)ρ
sj+s iw

′
j ,

ϕ(viα) = ϕ(vi)ϕ(α) = r0ipαρ +
s∑

j=1
sjipu′jα

ρ +
s2∑

j=1
rjiv

′
jα

ρ +
s3∑

j=1
sj+s iw

′
jα

ρ =

= αρr0ip +
s∑

j=1
(αρ)σ′j sjipu′j +

s2∑

j=1
(αρ)θ′j rjiv

′
j +

s3∑

j=1
(αρ)τ ′j sj+s iw

′
j ,

ϕ(wiα) = ϕ(ατiwi) = ϕ(ατi)ϕ(wi) =
s∑

j=1
(ατi)ρ

tj i+spu′j +
s3∑

j=1
(ατi)ρ

tj+s i+sw
′
j ,

ϕ(wiα) = ϕ(wi)ϕ(α) =
s∑

j=1
tj i+spu′jα

ρ +
s3∑

j=1
tj+s i+sw

′
jα

ρ =
s∑

j=1
(αρ)σ′j tj i+spu′j +

s3∑

j=1
(αρ)τ ′j tj+s i+sw

′
j .

(ασi)ρq0i = αρq0i, (ασi)ρpji = (αρ)σ′j pji, (ασi)ρqji = (αρ)θ′j qji,

(
αθi

)ρ
r0i = αρr0i,

(
αθi

)ρ
rji = (αρ)θ′j rji,

(
αθi

)ρ
sji = (αρ)σ′j sji,

(
αθi

)ρ
sj+s i = (αρ)τ ′j sj+s i,

(ατi)ρ
tj i+s = (αρ)σ′j tj i+s, (ατi)ρ

tj+s i+s = (αρ)τ ′j tj+s i+s.

ϕ(ui) · ϕ(uj) =
(

q0ip +
s1∑

ν=1
pνiu

′
ν +

s∑
ν=1

nνipu′ν +
s2∑

ν=1
qνiv

′
ν +

s3∑
ν=1

nν+s iw
′
ν

)
·

13
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·
(

q0jp +
s1∑

µ=1
pµju

′
µ +

s∑
µ=1

nµjpu′µ +
s2∑

µ=1
qµjv

′
µ +

s3∑
µ=1

nµ+s jw
′
µ

)
=

= p

s1∑
ν,µ=1

pνip
σ′ν
µja

′0
νµ +

s∑

k=1


q0ipkj + pki (q0j)σ′k +

s1∑

i,j=1
pνip

σ′ν
µj b̂

′k
νµ +

s1∑
ν=1

s2∑
µ=1

(
pνiq

σ′ν
µi ĉ′kνµ + qµjp

θ′µ
νi d̂

′k
νµ

)

 pu′k+

+
s2∑

k=1

(
s1∑

ν,µ=1
pνip

σ′ν
µja

′k
νµ

)
v′k +

s3∑

k=1

(
s1∑

ν,µ=1
pνip

σ′ν
µj b

′k
νµ +

s1∑
ν=1

s2∑
µ=1

(
pνiq

σ′ν
µj c′kνµ + qµip

θ′µ
νjd

′
νµ

))
w′k,

ϕ(ui · uj) = ϕ

(
a0

ijp +
s∑

ν=1
b̂ν
ijpuν +

s2∑
ν=1

aν
ijvν +

s3∑
ν=1

bν
ijwν

)
=

=
(
a0

ij

)ρ
ϕ (p) +

s∑
ν=1

(
b̂ν
ij

)ρ

ϕ (puν) +
s2∑

ν=1

(
aν

ij

)ρ
ϕ (vν) +

s3∑
ν=1

(
bν
ij

)ρ
ϕ (wν) =

=
(
a0

ij

)ρ


pr00 +

s∑

j=1
sk 0pu′k +

s2∑

k=1
rk0v

′
+

s3∑

k=1
sk+s 0w

′
k


 +

s∑
ν=1

(
b̂ν
ij

)ρ
(

s∑

k=1
tνpu′k +

s3∑

k=1
tk+s νw′k

)
+

+
s2∑

ν=1

(
aν

ij

)ρ

(
r0νp +

s∑

k=1
skνpu′k+

s2∑

k=1
rkνv′k+

s3∑

k=1
sk+s νw′k

)
+

s3∑
ν=1

(
bν
ij

)ρ

(
s∑

k=1
tk ν+spu′k+

s3∑

k=1
tk+s ν+sw

′
k

)
=

= p

s2∑
ν=0

(
aν

ij

)ρ
r0ν +

s∑

k=1

(
s2∑

ν=0

(
aν

ij

)ρ
skν +

s∑
ν=1

(
b̂ν
ij

)ρ

tkν +
s3∑

ν=1

(
bν
ij

)ρ
tk ν+s

)
pu′k+

+
s2∑

k=1

s2∑
ν=0

(
aν

ij

)ρ
rkνv′k +

s3∑

k=1

(
s2∑

ν=0

(
aν

ij

)ρ
sk+s ν +

s∑
ν=1

(
b̂ν
ij

)ρ

tk+s ν +
s3∑

ν=1

(
bν
ij

)ρ
tk+s ν+s

)
wk,

ϕ(ui) · ϕ(vj) =
(

q0ip +
s1∑

ν=1
pνiu

′
ν +

s∑
ν=1

nνipu′ν +
s2∑

ν=1
qνiv

′
ν +

s3∑
ν=1

nν+s iw
′
ν

)
·

·
(

r0jp +
s∑

µ=1
sµjpu′µ +

s2∑
µ=1

rµjv
′
µ +

s3∑
µ=1

sµ+s jw
′
µ

)
=

=
s∑

k=1

(
pkir

σ′k
oj +

s1∑
ν=1

s2∑
µ=1

pνir
σ′ν
µj ĉ′kνµ

)
pu′k +

s3∑

k=1

(
s1∑

ν=1

s2∑
µ=1

pνir
σ′ν
µj c′kνµ

)
w′k,

ϕ(ui) · ϕ(vj) = ϕ

(
s∑

ν=1
ĉν
ijpuν +

s3∑
ν=1

cν
ijwν

)
=

=
s∑

ν=1

(
ĉν
ij

)ρ

(
s∑

k=1
tkνpu′k +

s3∑

k=1
tk+s νw′k

)
+

s3∑
ν=1

(
cν
ij

)ρ

(
s∑

k=1
tk ν+spu′k +

s3∑

k=1
tk+s ν+sw

′
k

)
=

=
s∑

k=1

(
s∑

ν=1

(
ĉν
ij

)ρ
tkν +

s3∑
ν=1

(
cν
ij

)ρ
tk ν+s

)
pu′k +

s3∑

k=1

(
s∑

ν=1

(
ĉν
ij

)ρ
tk+s ν +

s3∑
ν=1

(
cν
ij

)ρ
tk+s ν+s

)
w′k,

ϕ(vj) · ϕ(ui) =
(

r0jp +
s∑

µ=1
sµjpu′µ +

s2∑
µ=1

rµjv
′
µ +

s3∑
µ=1

sµ+s jw
′
µ

)
·

·
(

q0ip +
s1∑

ν=1
pνiu

′
ν +

s∑
ν=1

nνipu′ν +
s2∑

ν=1
qνiv

′
ν +

s3∑
ν=1

nν+s iw
′
ν

)
=

=
s∑

k=1

(
rojpki +

s1∑
ν=1

s2∑
µ=1

rµjp
θ′ν
νi d̂

′k
νµ

)
pu′k +

s3∑

k=1

(
s1∑

ν=1

s2∑
µ=1

rµjp
θ′ν
νi d

′k
νµ

)
w′k,

14
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ϕ(vj) · ϕ(ui) = ϕ

(
s∑

ν=1
d̂ν

ijpuν +
s3∑

ν=1
dν

ijwν

)
=

=
s∑

ν=1

(
d̂ν

ij

)ρ
(

s∑

k=1
tkνpu′k +

s3∑

k=1
tk+s νw′k

)
+

s3∑
ν=1

(
dν

ij

)ρ

(
s∑

k=1
tk ν+spu′k +

s3∑

k=1
tk+s ν+sw

′
k

)
=

=
s∑

k=1

(
s∑

ν=1

(
d̂ν

ij

)ρ

tkν +
s3∑

ν=1

(
dν

ij

)ρ
tk ν+s

)
pu′k +

s3∑

k=1

(
s∑

ν=1

(
d̂ν

ij

)ρ

tk+s ν +
s3∑

ν=1

(
dν

ij

)ρ
tk+s ν+s

)
w′k.

�§ ¢ëè¥¯à¨¢¥¤¥­­ëå à ¢¥­áâ¢ á«¥¤ãîâ ­¥-
®¡å®¤¨¬ë¥ ãá«®¢¨ï â¥®à¥¬ë.

�¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­® (á¬. [2]).
�¥®à¥¬  ¤®ª § ­ .
�«ãç © (c). p ∈ J(R) \ J(R)2.
�¥®à¥¬ . R ∼= R′ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  áãé¥áâ¢ãîâ ­¥¢ëà®¦¤¥­­ë¥ ¬ âà¨æë
P = (pij)(s1+1)×(s1+1), R = (rij)(s2+s′)×(s2+s′),

T = (tij)(s3+s′′+λ)×(s3+s′′+λ),

s′′ = s− s′, ­¥ª®â®àë¥ ¬ âà¨æë

Q = (qij)(s2+s′)×(s1+1), S = (sij)(s3+s′′+λ)×(s2+s′)

¨  ¢â®¬®àä¨§¬ ρ ¯®«ï F , â ª¨¥, çâ®

PT ·
[
Â′k, P

]
(σ′1,...,σ′s1 )

=
s′∑

ν=1
rk, νÂρ

ν +
s2∑

ν=1
rk, ν+s′A

ρ
ν , k = 1, s′,

PT · [A′k, P ](σ′1,...,σ′s1 ) =
s′∑

ν=1
rk+s′, νÂρ

ν +
s2∑

ν=1
rk+s′, ν+s′A

ρ
ν , k = 1, s2,

PT ·
[
B̂′

k+s′ , P
]

(σ′1,...,σ′s1 )
+ PT ·

[
Ĉ ′k+s′ , Q

]
(σ′1,...,σ′s1 )

+ QT ·
[
D̂′T

k+s′ , P
]

(θ′1,...,θ′s2 )
=

=
s′∑

ν=1
sk, νÂρ

ν +
s2∑

ν=1
sk, ν+s′A

ρ
ν +

s′′∑
ν=1

tk, νB̂ρ
ν+s′ +

λ∑
ν=1

tk, ν+s′′ �Bρ
ν +

s3∑
ν=1

tk, ν+s′′+λBρ
ν , k = 1, s′′,

PT · [ �B′
k, P

]
(σ′1,...,σ′s1 ) + PT · [ �C ′k, Q

]
(σ′1,...,σ′s1 ) + QT · [ �D′T

k , P
]
(θ′1,...,θ′s2 ) =

=
s′∑

ν=1
sk+s′′, νÂρ

ν+
s2∑

ν=1
sk+s′′, ν+s′A

ρ
ν+

s′′∑
ν=1

tk+s′′, νB̂ρ
ν+s′+

λ∑
ν=1

tk+s′′, ν+s′′ �Bρ
ν+

s3∑
ν=1

tk+s′′, ν+s′′+λBρ
ν , k = 1, λ,

PT · [B′
k, P ](σ′1,...,σ′s1 ) + PT · [C ′k, Q](σ′1,...,σ′s1 ) + QT · [D′T

k , P
]
(θ′1,...,θ′s2 ) =

s′∑
ν=1

sk+s′′+λ, νÂρ
ν+

+
s2∑

ν=1
sk+s′′+λ, ν+s′A

ρ
ν +

s2∑
ν=1

tk+s′′+λ, νB̂ρ
ν+s′ +

λ∑
ν=1

tk+s′′+λ, ν+s′′ �Bρ
ν +

s3∑
ν=1

tk+s′′+λ, ν+s′′+λBρ
ν , k = 1, s3,

PT ·
[
Ĉ ′k+s′ , R

]
(σ′1,...,σ′s1 )

=
s′′∑

ν=1
tk, νĈρ

ν+s′ +
λ∑

ν=1
tk, ν+s′′ �Cρ

ν +
s3∑

ν=1
tk, ν+s′′+λCρ

ν , k = 1, s′′,

PT · [ �C ′k, R
]
(σ′1,...,σ′s1 ) =

s′′∑
ν=1

tk+s′′, νĈρ
ν+s′ +

λ∑
ν=1

tk+s′′, ν+s′′ �Cρ
ν +

s3∑
ν=1

tk+s′′, ν+s′′+λCρ
ν , k = 1, λ,

PT · [C ′k, R](σ′1,...,σ′s1 ) =
s′′∑

ν=1
tk+s′′+λ, νĈρ

ν+s′ +
λ∑

ν=1
tk+s′′+λ, ν+s′′ �Cρ

ν +
s3∑

ν=1
tk+s′′+λ, ν+s′′+λCρ

ν , k = 1, s3,

PT ·
[
D̂′T

k+s′ , R
]

(θ′1,...,θ′s2 )
=

s′′∑
ν=1

tk, ν

(
D̂T

ν+s′

)ρ

+
λ∑

ν=1
tk, ν+s′′

( �DT
ν

)ρ +
s3∑

ν=1
tk, ν+s′′+λ

(
DT

ν

)ρ
, k = 1, s′′,
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PT ·[ �D′T
k , R

]
(θ′1,...,θ′s2 ) =

s′′∑
ν=1

tk+s′′, ν

(
D̂T

ν+s′

)ρ

+
λ∑

ν=1
tk+s′′, ν+s′′

( �DT
ν

)ρ+
s3∑

ν=1
tk+s′′, ν+s′′+λ

(
DT

ν

)ρ
, k = 1, λ,

PT·[D′T
k , R

]
(θ′1,...,θ′s2 )=

s′′∑
ν=1

tk+s′′+λ, ν

(
D̂T

ν+s′

)ρ

+
λ∑

ν=1
tk+s′′+λ, ν+s′′

( �DT
ν

)ρ+
s3∑

ν=1
tk+s′′+λ, ν+s′′+λ

(
DT

ν

)ρ
, k = 1, s3,

σi = σ′j , ¥á«¨ pji 6= 0;
σi = θ′j , ¥á«¨ qji 6= 0;
θi = σ′j , ¥á«¨ rji 6= 0;
θi = θ′j , ¥á«¨ rj+s′, i+s′ 6= 0;
θi = σ′j , ¥á«¨ sji 6= 0;
θi = τ ′j , ¥á«¨ sj+s′, i+s′ 6= 0;
τi = σ′j , ¥á«¨ tj i 6= 0;
τi = θ′j , ¥á«¨ tj+s′′, i+s′′ 6= 0;
τi = τ ′j , ¥á«¨ tj+s′′+λ, i+s′′+λ 6= 0,
p00 = 1;
pi0 = 0, ¯à¨ i = 1, s1;
qi0 = 0, ¯à¨ i = 1, s′ + s2;

pij = rij , ¯à¨ i, j = 1, s′;
ps′+i, j = sij , ¯à¨ i = 1, s′′, j = 1, s′;
qs′+i, j = ss′′+i, j , ¯à¨ i = 1, λ, j = 1, s′;
rs′+i, j = 0, ¯à¨ i = 1, s2, j = 1, s′;
ss′′+λ+i, j = 0, ¯à¨ i = 1, s3, j = 1, s′;
pi, s′+j = 0, ¯à¨ i = 1, s′, j = 1, s′′;
ps′+i, s′+j = tij , ¯à¨ i, j = 1, s′′;
qs′+i, s′+j = ti, s′′+j , ¯à¨ i = 1, λ, j = 1, s′′;
ts′′+λ+i, j = 0, ¯à¨ i = 1, s3, j = 1, s′′;
rs′+i, s′+j = ts′′+i, s′′+j , ¯à¨ i, j = 1, λ;
ti, s′′+j = 0, ¯à¨ i = 1, s′′, j = 1, λ;
ts′′+λ+i, s′′+j = 0, ¯à¨ i = 1, s3, j = 1, λ.
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