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�¥à¥§ Lq(M) ãá«®¢¨¬áï ®¡®§­ ç âì à¥è¥â-
ªã ª¢ §¨¬­®£®®¡à §¨©, á®¤¥à¦ é¨åáï ¢ ª¢ §¨-
¬­®£®®¡à §¨¨ M, ç¥à¥§ qR { ª¢ §¨¬­®£®®¡à -
§¨¥, ¯®à®¦¤¥­­®¥ ª« áá®¬ £àã¯¯ R. �á«¨ ª« áá
R = {G} á®¤¥à¦¨â «¨èì ®¤­ã £àã¯¯ã G, â®
¢¬¥áâ® qR ¯¨è¥¬ ¯à®áâ® qG.

�ãáâì M { ¯à®¨§¢®«ì­®¥ ª¢ §¨¬­®£®®¡à §¨¥
£àã¯¯. �á«¨ ¬­®¦¥áâ¢® ¢á¥å á®¡áâ¢¥­­ëå ¯®¤-
ª¢ §¨¬­®£®®¡à §¨© ¢ M, ç áâ¨ç­® ã¯®àï¤®ç¥­-
­®¥ ¯® ¢ª«îç¥­¨î, ¨¬¥¥â ¬ ªá¨¬ «ì­ë¥ í«¥¬¥­-
âë, â® íâ¨ ¬ ªá¨¬ «ì­ë¥ í«¥¬¥­âë ­ §ë¢ îâáï
¬ ªá¨¬ «ì­ë¬¨ ª¢ §¨¬­®£®®¡à §¨ï¬¨ (¨«¨ ª®-
 â®¬ ¬¨) ¢ à¥è¥âª¥ Lq(M). �áá«¥¤®¢ ­¨¥ ª®-
 â®¬®¢ ¢ à¥è¥âª¥ Lq(M) ï¢«ï¥âáï ¢ ¦­®© § -
¤ ç¥©, ¯®áª®«ìªã ã¬¥­¨¥ ­ å®¤¨âì ¯®à®¦¤ î-
é¥¥ ¬­®¦¥áâ¢® £àã¯¯ ª ¦¤®£® ¨§ ª® â®¬®¢ ç -
áâ® ¯à¨¢®¤¨â ª ®¯¨á ­¨î à¥è¥âª¨ Lq(M).

�¥á«®¦­® § ¬¥â¨âì, çâ® ¬­®¦¥áâ¢® ¬ ªá¨-
¬ «ì­ëå ª¢ §¨¬­®£®®¡à §¨© £àã¯¯ ­¥ ¡®«¥¥ ç¥¬
áç¥â­®. � [1] ¤®ª § ­®, çâ® ¥á«¨ G { ª®­¥ç­ ï
£àã¯¯ , â® à¥è¥âª  Lq(qG) ¨¬¥¥â ­¥¯ãáâ®¥ ª®-
­¥ç­®¥ ¬­®¦¥áâ¢® ª® â®¬®¢. �¤¥áì ¦¥ ­ ©¤¥­
¬¥â®¤ ¯®áâà®¥­¨ï íâ¨å ª® â®¬®¢. �«ï ¯®çâ¨
¯®«¨æ¨ª«¨ç¥áª¨å £àã¯¯ G ¢ [2] ¤®ª § ­®, çâ®
¬­®¦¥áâ¢® ª® â®¬®¢ ¢ à¥è¥âª¥ Lq(qG) ª®­¥ç­®
¨ ¢áïª®¥ á®¡áâ¢¥­­®¥ ª¢ §¨¬­®£®®¡à §¨¥, á®¤¥à-
¦ é¥¥áï ¢ qG, á®¤¥à¦¨âáï ¢ ­¥ª®â®à®¬ ¨§ íâ¨å
ª® â®¬®¢. �á«¨ ª®­¥ç­®-¯®à®¦¤¥­­ ï £àã¯¯  G
ï¢«ï¥âáï à áè¨à¥­¨¥¬  ¡¥«¥¢®© £àã¯¯ë ¯à¨ ¯®-
¬®é¨ ¯®çâ¨ ¯®«¨æ¨ª«¨ç¥áª®©, â® ¯® [3] Lq(qG)
á®¤¥à¦¨â «¨èì ª®­¥ç­®¥ ¬­®¦¥áâ¢® ª® â®¬®¢.

�®­¥ç­®-¯®à®¦¤¥­­ ï £àã¯¯  B, ¤«ï ª®â®-
à®© à¥è¥âª  Lq(qB) ­¥ ¨¬¥¥â ª® â®¬®¢, ­ ©¤¥­ 
¢ [2]; ª®­¥ç­®-¯®à®¦¤¥­­ ï £àã¯¯  G, ¤«ï ª®â®-
à®© à¥è¥âª  Lq(qG) ¨¬¥¥â ¡¥áª®­¥ç­®¥ ¬­®¦¥-
áâ¢® ª® â®¬®¢, ¯®áâà®¥­  ¢ [4].

�ë ¨áá«¥¤ã¥¬ ¢®¯à®á: ª®£¤  ª ¦¤®¥ ¨§ ¬ ª-
á¨¬ «ì­ëå ª¢ §¨¬­®£®®¡à §¨© ¯®à®¦¤ ¥âáï ®¤-
­®© ª®­¥ç­®© £àã¯¯®©? �.�. � å®¢®© [5] ¤«ï
¤¨í¤à «ì­®© £àã¯¯ë D ¢®áì¬®£® ¯®àï¤ª  ¯®ª -
§ ­®, çâ® ¥¤¨­áâ¢¥­­®¥ ¬ ªá¨¬ «ì­®¥ ª¢ §¨¬­®-
£®®¡à §¨¥ ¢ à¥è¥âª¥ Lq(qD) ­¥ ¯®à®¦¤ ¥âáï ª®-
­¥ç­®© £àã¯¯®©. � ¤ ­­®© à ¡®â¥ ¤®ª § ­  ­ -
«®£¨ç­ë© à¥§ã«ìâ â ¤«ï £àã¯¯ë ª¢ â¥à­¨®­®¢
¢®áì¬®£® ¯®àï¤ª .

�ãáâì K { ­¥ª®â®à®¥ ª¢ §¨¬­®£®®¡à §¨¥
£àã¯¯, K(G) { ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå ­¥-
¥¤¨­¨ç­ëå ¯®¤£àã¯¯ N £àã¯¯ë G, â ª¨å, çâ®
G/N ∈ K.

� ¯®¬­¨¬, çâ® ­¥¥¤¨­¨ç­ ï £àã¯¯  G ∈ K
­ §ë¢ ¥âáï ¯®¤¯àï¬® K-­¥à §«®¦¨¬®©, ¥á«¨
K(G) 6= (1). �­ ç¥, £àã¯¯  G ­ §ë¢ ¥âáï ¯®¤-
¯àï¬® K-à §«®¦¨¬®©.

�®¤£àã¯¯  A ¤¥ª àâ®¢  ¯à®¨§¢¥¤¥­¨ï
G =

∏
i∈I

Gi ­ §ë¢ ¥âáï ¯®¤¤¥ª àâ®¢ë¬ ¯à®¨§¢¥-
¤¥­¨¥¬ £àã¯¯ Gi, ¥á«¨ ¯à®¥ªæ¨ï A ­  ª ¦¤ë©
¬­®¦¨â¥«ì Gi á®¢¯ ¤ ¥â á Gi.

�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:
N { ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«;
Z(G) { æ¥­âà £àã¯¯ë G;
(a) { æ¨ª«¨ç¥áª ï £àã¯¯ , ¯®à®¦¤¥­­ ï í«¥-

¬¥­â®¬ a;
£à(a1, . . . , an) { £àã¯¯ , ¯®à®¦¤¥­­ ï í«¥¬¥­-

â ¬¨ a1, . . . , an;
A ≤ B ®§­ ç ¥â, çâ® A { ¯®¤£àã¯¯  £àã¯¯ë B;
A ∼= B ®§­ ç ¥â, çâ® A ¨§®¬®àä­  B;
kerϕ { ï¤à® £®¬®¬®àä¨§¬  ϕ;
�g { ®¡à § í«¥¬¥­â  g ¯à¨ ¥áâ¥áâ¢¥­­®¬ £®¬®-

¬®àä¨§¬¥ £àã¯¯ë G ­  ä ªâ®à-£àã¯¯ã G/N ;
£à(x1, . . . , xn ‖ t1 = t

′
1, . . . ) { ¯à¥¤áâ ¢«¥­¨¥

£àã¯¯ë ¢ ¯®à®¦¤ îé¨å x1, . . . , xn á ®¯à¥¤¥«ïî-
é¨¬¨ á®®â­®è¥­¨ï¬¨ t1 = t

′
1, . . .

� ¬ ¯®­ ¤®¡¨âáï á«¥¤ãîé¨© ¯à¨§­ ª
¯à¨­ ¤«¥¦­®áâ¨ ª®­¥ç­®-®¯à¥¤¥«¥­­®© £àã¯¯ë
G ª¢ §¨¬­®£®®¡à §¨î qR (ç áâ­ë© á«ãç ©
â¥®à¥¬ë 3[1]).

�¥®à¥¬  (¯à¨§­ ª ¯à¨­ ¤«¥¦­®áâ¨).
�®­¥ç­®-®¯à¥¤¥«¥­­ ï ¢ ª¢ §¨¬­®£®®¡à §¨¨ N
£àã¯¯  G ¯à¨­ ¤«¥¦¨â ª¢ §¨¬­®£®®¡à §¨î,
¯®à®¦¤¥­­®¬ã ª« áá®¬ £àã¯¯ R (R ⊆ N ), â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® í«¥¬¥­â 
g ∈ G, g 6= 1 áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ϕg £àã¯-
¯ë G ¢ ­¥ª®â®àãî £àã¯¯ã ¨§ ª« áá  R, â ª®©,
çâ® ϕg(g) 6= 1.

�«ï ª ¦¤®£® ¯à®áâ®£® ç¨á«  p ¯®«®¦¨¬:

K = £à(a, b ‖ ap2 = 1, ap = bp, b−1ab = ap+1);

M { ª« áá ¢á¥å £àã¯¯ ¨§ qK, ­¥ á®¤¥à¦ é¨å
¯®¤£àã¯¯, ¨§®¬®àä­ëå K.

�®£« á­® [1], M ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬
¬ ªá¨¬ «ì­ë¬ ª¢ §¨¬­®£®®¡à §¨¥¬ ¢ à¥è¥âª¥
Lq(qK) ¨ ®¯à¥¤¥«ï¥âáï ¢ qK ª¢ §¨â®¦¤¥áâ¢®¬

(∀x)(∀y)(xp2 = 1 & xp = yp &
y−1xy = xp+1 → [x, y] = 1).

�¥à¥§ K ¡ã¤¥¬ ®¡®§­ ç âì ¬­®£®®¡à §¨¥, § -
¤ ¢ ¥¬®¥ â®¦¤¥áâ¢ ¬¨:

(∀x)(xp2 = 1),
∗� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ ���� "� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ë" (�¥à®¯à¨ïâ¨¥ 1).
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(∀x)(∀y)([x, y]p = 1),
(∀x)(∀y)(∀z)([x, y, z] = 1),

£¤¥ p { ä¨ªá¨à®¢ ­­®¥ ¯à®áâ®¥ ç¨á«®.
� áá¬®âà¨¬ £àã¯¯ã Gn, n ∈ N, ¨¬¥îéãî ¢

¬­®£®®¡à §¨¨ K ¯à¥¤áâ ¢«¥­¨¥
Gn = £à(x1, . . . , xn ‖ xp

i = [xi, xi−(2j+1)],
1 ≤ 2j + 1 < i, i = 2, . . . , n,

[x2i, x2j ] = 1, 2 ≤ 2i, 2j ≤ n,

[x2i+1, x2j+1] = 1, 1 ≤ 2i + 1, 2j + 1 ≤ n).
� ç áâ­®áâ¨, G1 { æ¨ª«¨ç¥áª ï £àã¯¯  ¯®-

àï¤ª  p2.
� ¬ ¯®­ ¤®¡ïâáï á«¥¤ãîé¨¥ á¢®©áâ¢  £àã¯-

¯ë Gn (á¬. [5]):
1. �áïª¨© í«¥¬¥­â g ∈ Gn ¬®¦¥â ¡ëâì § -

¯¨á ­ ¢ ¢¨¤¥ g = xm1
1 . . . xmn

n , £¤¥ 0 ≤ mi < p2,
i = 1, . . . , n.

2. Gn/(xn) ∼= Gn−1, n = 2, 3, . . . .

3. Z(Gn) = {xm1
1 . . . xmn

n | mi ≡ 0 (mod p),
i = 1, . . . , n} { æ¥­âà £àã¯¯ë Gn, n = 2, 3, . . . .

4. £à(x1, . . . , xn−1) ∼= Gn−1.

5. £à(x2, . . . , xn) ∼= Gn−1.

�ã¤¥¬ ¯®«ì§®¢ âìáï â¥®à¥¬®© �¥¬ ª  ¢ á«¥-
¤ãîé¥¬ ¢¨¤¥.

�¥®à¥¬  (�¥¬ ª)[6]. �á«¨ Ni C G (i ∈ I),⋂
i∈I

Ni = (1), â® £àã¯¯  G ¨§®¬®àä­  ¯®¤¤¥ª à-

â®¢®¬ã ¯à®¨§¢¥¤¥­¨î £àã¯¯ G/Ni (i ∈ I).
�ã¤¥¬ ááë« âìáï ­  á«¥¤ãîéãî â¥®à¥¬ã.
�¥®à¥¬  (�¨ª)[7, á. 392]. �ãáâì M { ¤ ­­®¥

ª¢ §¨¬­®£®®¡à §¨¥, G, H ∈M, ¨ ¯ãáâì £àã¯¯  G
¨¬¥¥â ¢ M ¯à¥¤áâ ¢«¥­¨¥

G = £à({xi | i ∈ I} ‖ {rj(xi1 , . . . , xij ) = 1 | j ∈ J}).

�à¥¤¯®«®¦¨¬, çâ® £àã¯¯  H á®¤¥à¦¨â ¬­®¦¥-
áâ¢® í«¥¬¥­â®¢ {gi | i ∈ I} â ª®¥, çâ® ¤«ï «î¡®£®
j ∈ J à ¢¥­áâ¢® rj(gi1 , . . . , gij ) = 1 ¨áâ¨­­® ¢ H.
�®£¤  ®â®¡à ¦¥­¨¥ xi → gi (i ∈ I) ¯à®¤®«¦¨¬®
¤® £®¬®¬®àä¨§¬  ϕ : G → H.

� ¬ ¯®­ ¤®¡¨âáï â ª¦¥ á«¥¤ãîé ï
�¥¬¬  1[5]. Gn /∈ qGn−1, n = 2, 3, . . . .
�áî ­¥®¡å®¤¨¬ãî ¨­ä®à¬ æ¨î ® £àã¯¯ å

¬®¦­® ­ ©â¨ ¢ [6], ® ª¢ §¨¬­®£®®¡à §¨ïå { ¢ [7{
9].

�¥¬¬  2. �à¨ ª ¦¤®¬ n ∈ N £àã¯¯  Gn

á®¤¥à¦¨âáï ¢ ª¢ §¨¬­®£®®¡à §¨¨ M.
�®ª § â¥«ìáâ¢®. � [5] ¯®ª § ­®, çâ®

Gn ∈ qK. �áâ «®áì ãáâ ­®¢¨âì, çâ® £àã¯¯  K
­¥ ¢«®¦¨¬  ¢ £àã¯¯ã Gn.

�ãáâì, ­ ¯à®â¨¢, £àã¯¯  K ¢«®¦¨¬  ¢ £àã¯-
¯ã Gn. �®£¤  qGn = qK. �§ ¢ª«îç¥­¨ï
Gn+1 ∈ qK â¥¯¥àì á«¥¤ã¥â, çâ® Gn+1 ∈ qGn. �®
¯® «¥¬¬¥ 1 Gn+1 /∈ qGn. �®«ãç¥­­®¥ ¯à®â¨¢®à¥-
ç¨¥ ¤®ª §ë¢ ¥â «¥¬¬ã.

�¥¬¬  3. �à¨ p = 2 £àã¯¯  G2 ï¢«ï¥âáï
¯®¤¯àï¬® M-­¥à §«®¦¨¬®©, ¨ x2

2 ∈M(G2).
�®ª § â¥«ìáâ¢®. �® á¢®©áâ¢ã 3 £àã¯¯ë

G2, æ¥­âà £àã¯¯ë G2 á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬
{1, x2

1, x2
2, x2

1x
2
2}. �à®¬¥ â®£®, å®à®è® ¨§¢¥áâ-

­® (á¬., ­ ¯à¨¬¥à: [6, á. 141, â¥®à¥¬  2]), çâ®
¢ ­¨«ì¯®â¥­â­®© £àã¯¯¥ «î¡ ï ­¥âà¨¢¨ «ì­ ï
­®à¬ «ì­ ï ¯®¤£àã¯¯  ¨¬¥¥â ­¥¥¤¨­¨ç­®¥ ¯¥à¥-
á¥ç¥­¨¥ á æ¥­âà®¬. �â¨ ä ªâë ¯®§¢®«ïîâ ¯®-
á«¥ ­¥á«®¦­ëå ¢ëç¨á«¥­¨© ¢ë¯¨á âì ¢á¥ á®¡-
áâ¢¥­­ë¥ ­¥¥¤¨­¨ç­ë¥ ­®à¬ «ì­ë¥ ¯®¤£àã¯¯ë
£àã¯¯ë G2, ­¥ á®¤¥à¦ é¨¥ x2

2. �áª®¬ë© á¯¨-
á®ª á®áâ®¨â ¨§ á«¥¤ãîé¨å ¯®¤£àã¯¯: N1 = (x2

1),
N2 = (x2

1x
2
2).

� áá¬®âà¨¬ ä ªâ®à-£àã¯¯ë G2/N1 ¨ G2/N2.
�àã¯¯  G2/N1 ¨§®¬®àä­  ¤¨í¤à «ì­®© £àã¯¯¥

D = £à(a, b ‖ a4 = 1, b2 = 1, b−1ab = a−1)
¯®àï¤ª  8. � ª ª ª |K| = |D| = 8 ¨ D { ¯®¤¯àï¬®
­¥à §«®¦¨¬ ï £àã¯¯ , â® ¨§ ¯à¨§­ ª  ¯à¨­ ¤-
«¥¦­®áâ¨ «¥£ª® ¢ë¢®¤¨âáï, çâ® D /∈ qK, ®âªã¤ 
G2/N1 /∈M. �àã¯¯  G2/N2 ¨§®¬®àä­  £àã¯¯¥
K. �§ ®¯à¥¤¥«¥­¨ï ª« áá  M â¥¯¥àì á«¥¤ã¥â,
çâ® G2/N2 /∈M.

�ëè¥áª § ­­®¥ ®§­ ç ¥â, çâ® ¢áïª ï ­¥-
¥¤¨­¨ç­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G2,
ä ªâ®à-£àã¯¯  ¯® ª®â®à®© ¯à¨­ ¤«¥¦¨â M,
á®¤¥à¦¨â í«¥¬¥­â x2

2. �®áª®«ìªã G2/(x2
2)

{  ¡¥«¥¢  £àã¯¯ , â® G2/(x2
2) ∈M, §­ ç¨â,

M(G2) = (x2
2). �¥¬¬  ¤®ª § ­ .

�¥¬¬  4. �à¨ p = 2 ¨ ¯à¨ ª ¦¤®¬ ­ âã-
à «ì­®¬ ç¨á«¥ n, £àã¯¯  Gn ï¢«ï¥âáï ¯®¤¯àï¬®
M-­¥à §«®¦¨¬®©.

�®ª § â¥«ìáâ¢®. � ª ª ª G1 { æ¨ª«¨ç¥-
áª ï £àã¯¯  ¯®àï¤ª  4, â® ®­  ï¢«ï¥âáï ¯®¤¯àï-
¬® M-­¥à §«®¦¨¬®©, ¨ x2

1 ∈M(G1).
�® «¥¬¬¥ 3, £àã¯¯  G2 { ¯®¤¯àï¬®

M-­¥à §«®¦¨¬ , ¨ x2
2 ∈M(G2).

� á¨«ã ¨­¤ãªæ¨¨ ¯à¥¤¯®« £ ¥¬, çâ® Gn−1
ï¢«ï¥âáï ¯®¤¯àï¬® M-­¥à §«®¦¨¬®© £àã¯¯®© ¨
x2

n−1 ∈M(Gn−1).
�ãáâì N { ­¥¥¤¨­¨ç­ ï ­®à¬ «ì­ ï ¯®¤£àã¯-

¯  £àã¯¯ë Gn, â ª ï, çâ® Gn/N ∈M. �ã¤¥¬ ¯®-
ª §ë¢ âì, çâ® x2

n ∈ N .
� ª ª ª ¯¥à¥á¥ç¥­¨¥ ­¥¥¤¨­¨ç­®© ­®à¬ «ì-

­®© ¯®¤£àã¯¯ë á æ¥­âà®¬ ¢ «î¡®© ­¨«ì¯®â¥­â-
­®© £àã¯¯¥ ­¥âà¨¢¨ «ì­® [6, á. 141, â¥®à¥¬  2],
â®, ¢¢¨¤ã á¢®©áâ¢  3 £àã¯¯ë Gn, ¤®áâ â®ç­® à á-
á¬®âà¥âì á«¥¤ãîé¨¥ âà¨ á«ãç ï.

�«ãç © 1. �®¤£àã¯¯  N á®¤¥à¦¨â ­¥¥¤¨-
­¨ç­ë© í«¥¬¥­â ¢¨¤  x2ε2

2 . . . x2εn
n , £¤¥ εi ∈ {0, 1},

i = 2, . . . , n.
�ãáâì B1= £à(x2, . . . , xn) ≤ Gn. �® á¢®©-

áâ¢ã 5 £àã¯¯ë Gn, £àã¯¯  B1 ¨§®¬®àä­  £àã¯¯¥
Gn−1. �®áª®«ìªã

B1/B1 ∩N ∼= B1N/N ≤ Gn/N,

â® B1/B1 ∩N ∈M. � ª ª ª x2ε2
2 . . . x2εn

n ∈
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B1 ∩N , â® B1 ∩N { ­¥¥¤¨­¨ç­ ï ­®à¬ «ì­ ï
¯®¤£àã¯¯  £àã¯¯ë B1. � á¨«ã ¯à¥¤¯®«®¦¥­¨ï
¨­¤ãªæ¨¨, x2

n ∈ B1 ∩N ≤ N .
�«ãç © 2. �«¥¬¥­â ¢¨¤  x2

1x
2ε2
2 . . . x

2εn−1
n−1 á®-

¤¥à¦¨âáï ¢ N , £¤¥ εi ∈ {0, 1}, i = 2, . . . , n− 1.
�á«¨ n = 2, â® âà¥¡ã¥¬®¥ á«¥¤ã¥â ¨§ «¥¬¬ë

3, ¯®íâ®¬ã ¯à¥¤¯®« £ ¥¬, çâ® n ≥ 3.
�ãáâì B2= £à(x1, . . . , xn−1) ≤ Gn. �®£¤ 

¯® á¢®©áâ¢ã 4 £àã¯¯ë Gn £àã¯¯  B2 ¨§®¬®àä-
­  £àã¯¯¥ Gn−1. �®áª®«ìªã

B2/B2 ∩N ∼= B2N/N ≤ Gn/N,

â® B2/B2 ∩N ∈M. � ª ª ª x2
1 . . . x

2εn−1
n−1 ∈

B2 ∩N , â® B2 ∩ N { ­¥¥¤¨­¨ç­ ï ­®à¬ «ì­ ï
¯®¤£àã¯¯  £àã¯¯ë B2. � á¨«ã ¯à¥¤¯®«®¦¥­¨ï
¨­¤ãªæ¨¨, x2

n−1 ∈ B2 ∩N ≤ N . �®¯ ¤ ¥¬ ¢ ¯¥à-
¢ë© á«ãç © ¨ ¯®«ãç ¥¬ x2

n ∈ N .
�«ãç © 3. �®¤£àã¯¯  N ®¤¥à¦¨â í«¥-

¬¥­â ¢¨¤  x2
1x

2ε2
2 ...x

2εn−1
n−1 x2

n, £¤¥ εi ∈ {0, 1},
i = 2, . . . , n− 1.

�¡®§­ ç¨¬ ç¥à¥§ m { ç¨á«® ¯®à®¦¤ îé¨å,
ãç áâ¢ãîé¨å ¢ § ¯¨á¨ ä¨ªá¨à®¢ ­­®£® í«¥¬¥­-
â  x2

1x
2ε2
2 . . . x

2εn−1
n−1 x2

n á ­¥­ã«¥¢ë¬ ¯®ª § â¥«¥¬
áâ¥¯¥­¨.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® m { ­¥ç¥â­®¥ ç¨-
á«®. �®¯ãáâ¨¬, çâ® x2

n /∈ N , â®£¤ , ¯® ¯à¨-
§­ ªã ¯à¨­ ¤«¥¦­®áâ¨, áãé¥áâ¢ã¥â £®¬®¬®à-
ä¨§¬ ϕ : Gn/N → K, â ª®©, çâ® ϕ(�x2

n) 6= 1. � ª
ª ª £àã¯¯  K á®¤¥à¦¨â ¥¤¨­áâ¢¥­­ë© í«¥-
¬¥­â ¯®àï¤ª  2, â® ϕ(�x2

n) = a2, á«¥¤®¢ â¥«ì­®,
ϕ(�xn) { í«¥¬¥­â ç¥â¢¥àâ®£® ¯®àï¤ª . �§ â®-
£®, çâ® a2 = ϕ(�x2

n) = ϕ([�xn, �xn−1]), ¯®«ãç ¥¬, çâ®
ϕ(�xn−1) { í«¥¬¥­â ç¥â¢¥àâ®£® ¯®àï¤ª . �­ «®-
£¨ç­® ¯®ª §ë¢ ¥âáï, çâ® ϕ(�xi) { í«¥¬¥­â ¯®àï¤-
ª  4 ¯à¨ ª ¦¤®¬ i. �«¥¤®¢ â¥«ì­®, ϕ(�x2

i ) = a2.
� ª ª ª m { ­¥ç¥â­®¥ ç¨á«®, â® ¢¨¤¨¬, çâ®
ϕ(�1) = ϕ(�x2

1�x2ε2
2 . . . �x2εn−1

n−1 �x2
n) = a2,   íâ® ­¥¢¥à­®.

� ª¨¬ ®¡à §®¬, x2
n ∈ N ¢ íâ®¬ á«ãç ¥.

�¥¯¥àì à áá¬®âà¨¬ á«ãç ©, ª®£¤  m { ç¥â-
­®¥ ç¨á«®. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® x2

n−1x
2
n /∈ N

(¨­ ç¥ ¯®¯ ¤ ¥¬ ¢ á«ãç © 1). �®£¤  ¤«ï í«¥¬¥­-
â  �x2

n−1�x2
n ¨§ Gn/N áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬

ϕ : Gn/N → K, â ª®©, çâ® ϕ(�x2
n−1�x2

n) 6= 1. �­ -
ç¨â, ϕ(�x2

n−1�x2
n) = a2 { í«¥¬¥­â ¢â®à®£® ¯®àï¤ª .

� ª ª ª ϕ(�x2
n) = ϕ([�xn, �xn−1]) ¨ í«¥¬¥­â ¢â®-

à®£® ¯®àï¤ª  £àã¯¯ë K á®¤¥à¦¨âáï ¢ æ¥­âà¥
íâ®© £àã¯¯ë, â® á«ãç ©, ª®£¤  ϕ(�xn) { í«¥¬¥­â
ç¥â¢¥àâ®£® ¯®àï¤ª ,   ϕ(�xn−1) { í«¥¬¥­â ¢â®-
à®£® ¯®àï¤ª , ­¥¢®§¬®¦¥­. �ª § ­­®¥ ®§­ ç -
¥â, çâ® ¢ ­ è¥¬ á«ãç ¥ ϕ(�xn) = a2 { í«¥¬¥­â
¢â®à®£® ¯®àï¤ª ,   ϕ(�xn−1) { í«¥¬¥­â ç¥â¢¥à-
â®£® ¯®àï¤ª . �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ®
ϕ(�xi), ¯à¨ i < n− 1, { í«¥¬¥­â ç¥â¢¥àâ®£® ¯®-
àï¤ª . �­ ç¨â, ϕ(�x2

i ) = a2, ¯à¨ i < n, ϕ(�x2
n) = 1.

� ª ª ª m− 1 ­¥ç¥â­®¥ ç¨á«®, â® â¥¯¥àì ¢ë-
¢®¤¨¬, çâ® ϕ(�1) = ϕ(�x2

1�x2ε2
2 . . . �x2εn−1

n−1 �x2
n) =

ϕ(�x2
1�x2ε2

2 . . . �x2εn−1
n−1 )ϕ(�x2

n) = a2, çâ® ­¥¢¥à­®.
�ª § ­­®¥ ®§­ ç ¥â, çâ® x2

n−1x
2
n ∈ N . �¥¯¥àì

¯® á«ãç î 1 x2
n ∈ N . �¥¬¬  ¤®ª § ­ .

�¥®à¥¬ . � ªá¨¬ «ì­®¥ ª¢ §¨¬­®£®®¡à -
§¨¥ ¢ à¥è¥âª¥ Lq(qK) ­¥ ¯®à®¦¤ ¥âáï ª®­¥ç­®©
£àã¯¯®©.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ®­® ¥¤¨­-
áâ¢¥­­®¥ ¨ á®¢¯ ¤ ¥â á M. �®¯ãáâ¨¬, çâ®
­ ©¤¥âáï â ª ï ª®­¥ç­ ï £àã¯¯  G, ¤«ï ª®-
â®à®© M = qG. �®à®è® ¨§¢¥áâ­®, çâ® ¢áï-
ª ï £àã¯¯  ¨§ qG (|G| < ∞) ¢«®¦¨¬  ¢ ¤¥ª à-
â®¢ã áâ¥¯¥­ì £àã¯¯ë G ¨, á«¥¤®¢ â¥«ì­®, qG
á®¤¥à¦¨â «¨èì ª®­¥ç­®¥ ¬­®¦¥áâ¢® ¯®¤¯àï¬®
qG-­¥à §«®¦¨¬ëå £àã¯¯. � ­ è¥¬ á«ãç ¥ ¯®
«¥¬¬¥ 4 M = qG á®¤¥à¦¨â ¡¥áª®­¥ç­®¥ ¬­®¦¥-
áâ¢® ¯®¤¯àï¬® M-­¥à §«®¦¨¬ëå £àã¯¯. �â®
®§­ ç ¥â, çâ® ª¢ §¨¬­®£®®¡à §¨¥ M ­¥ ¯®à®-
¦¤ ¥âáï ®¤­®© ª®­¥ç­®© £àã¯¯®©. �¥®à¥¬  ¤®-
ª § ­ .

�â¬¥â¨¬, çâ® à ¡®â  ¢ë¯®«­¥­  ¯®¤ àãª®-
¢®¤áâ¢®¬ ¯à®ä¥áá®à  �.�. �ã¤ª¨­ .
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