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Cherenkov Radiation of Electron-Photon
Cascades in Water

A special highly effective scheme of the Monte Carlo method (the semyanalytical Monte Carlo method) is
applied to the analysis of characteristics of the Cherenkov light produced in water by electron-photon cascades
with energy 1 + 10° GeV. A detailed information about the depth-angular distribution of emitted Cherenkov
photons useful for planning deep-underwater experiments on the registration of high energy muons and neutrinos
is presented. The influence on the Cherenkov light characteristics of the light scattering is investigated. The region

of validity of the model of a luminous point is analyzed.

Introduction

Last years a steady interest is observed in the
scientific world to problems of astrophysics of high
energy neutrino (E, > 100 GeV ). Due to the neu-
trality and high penetrating ability, high energy
neutrinos can be useful for study of properties of in-
teresting astrophysical objects (e.g. quazars, nuclei
of seyfert galaxies, radiogalaxies etc. [1]). One of
possible methods of registration of high energy neu-
trino is underwater detection. Experimental instal-
lations on deep-water detection (see, for example,
russian project NT - 200 [2,3], at the depth at 1km
in Like Baikal in Siberia; AMANDA [4], in deep
polar ice at the South Pole; NESTOR [5], 3500m
deep in the Mediterranean near Pylos, Greece) are
usually spatial lattices of recording underwater el-
ements (Cherenkov light detectors). Distance be-
tween recording elements should not be much more
the length of transparency of water. The layer of
water above installation provides protection from
cosmic rays muons. Water between recording ele-
ments serves as a detector. Neutrinos interact with
nuclei. Interactions give rise to secondary parti-
cles of cascade. Cherenkov radiation of cascade is
registered by detectors.

Decoding signals of neutrino detectors one can
determine the energy and direction of move-
ment of the neutrino. A detailed theoretical in-
formation about multidimensional characteristics
of Cherenkov radiation of electron-nuclear and
electron-photon high energy cascades is necessary
for optimization of algorithms of this decoding and
determination of basic parameters of neutrino tele-
scope (effective area of registration, angular and
energy resolutions). The purpose of present works
is an analisis of characteristics of the Cherenkov
radiation in water from electron-photon cascades
(EPC).
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1. Simulation technique

The Monte Carlo method provides at present the
most reliable way to calculate the multidimensional
distributions of EPC parameters. The usage of ex-
act data for the cross-sections of cascade particles,
taking into account detectors properties and a pos-
sibility to consider inhomegeneous medium are well
known advantages of this method.

The traditional (complete) Monte Carlo method
has an essential drawback limiting essentially its
applications. This drawback consists in a rapid
(approximately linear) growth of the computa-
tional time with the energy of the particle initiating
the cascade. That is why in the primary energy re-
gion F > 10 GeV the overwhelming majority of
calculational results on the EPC Cherenkov light
have been obtained by analylical and semyanalyti-
cal methods (see, for example, [6]).

In the present work a special scheme of the
Monte-Carlo method (the semyanalytical Monte
Carlo method, hereafter: SAMC) [7] is used to cal-
culate the Cherenkov light characteristics of high
energy EPC. Keeping all listed above advantages
of the complete Monte Carlo the SAMC approach
allows to weaken essentially dependence of the com-
putational time on the primary energy (logarithmic
growth). This circumtance gives us a possibility to
analyze the Cherenkov light of EPC with energy
up to 10° GeV.

The main idea of the SAMC is spliting the EPC
into two parts: high energy (F > Ey; Ey, ~ 1 GeV
in our case) and low energy (E < Ejp) ones. The
high energy part of the cascade is considered as
a source of low energy ~-quanta and electrons. A
special system of ajoint integro-differential cascade
equations can be derived for the differential density
of this source.

A number of assumptions can be made for inter-
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actions of high energy cascade particles. Among
them: the neglect of such processes as the energy
losses for ionization, the compton scattering and
the photoelectric absorption; the usage of simpli-
fied expressions for the bremstrahlung and pair pro-
duction processes obtained in the full screening ap-
proximation; the usage of the small angle approx-
imation for the multiple Coulomb scattering and
the neglect of the displacement of particles with
respect to the shower axis. These assumptions sim-
plify essentially the shape of the cascade equations
and allow to solve these equations by analytical and
numerical (alternative to the Monte Carlo) meth-
ods.

Random values of initial phase coordinates are
sampled in accordance with the mentioned above
source density for a sufficiently great number of
low energy cascade particles. The complete Monte
Carlo method is applied to simulate subcascades
created by such particles and to estimate charac-
teristics of emitted by them Cherenkov light. The
deposit to the Cherenkov light emission from the
high energy part of the cascade is as a rule very
small and can be neglected.

2. Depth-angular distribution of
emitted Cherenkov photons

The size of the disk of EPC secondary particles
(tens of centimeters) is incomparably smaller then
distances between detectors of a neutrino telescope
(tens of meters). In this connection, the character-
istics of the Cherenkov radiation of EPC in water
are often calculated with neglect of the size of the
shower particle disk (see, for example, [6]). If, be-
side that, we neglect contribution to the light from
scattered in water Cherenkov photons we come to
a so called “model of a luminous point” ( hereafter
MLP). In the frame of this model all the Cherenkov
light arriving to the detector at a fixed moment of
time is emitted from a certain point located on the
shower axis. In the approximation of MLP param-
eters of the EPC Cherenkov radiation can be ex-
pressed (see below) in terms of the depth-angular
distribution of the number of emitted Cherenkov
photons. That is why the basic features of this
distribution are analyzed in the present section.

Definition of quantities

The unnormalized depth-angular distribution of
emitted photons is a basic characteristics of the
Cherenkov light discussed in this section. This
quantity can be defined as the differential with re-
spect to the depth, ¢, and the motion direction,
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ﬁ, and averaged over random cascade realizations
density of photons emitted by the EPC in the op-
tical range of wavelengths ((0,325 + 0,65) pm in
our case). Let us denote this quantity as n(E,t,)
where cost = O - O (ﬁ* is the shower axis direc-
tion).

Integration of differential density n(FE,t,) over
the motion direction of emitted photons leads to
the unnormalized depth distribution of the number
of emitted photons:

n(E,t) = 27r/n(E,t,19) sin ¥dd. (1)

0

Additional integration over the depth results in
the total number of emitted photons:

n(E) = /n(E,t)dt =
0

= 27r/dt/n(E,t,19) sin¥dd. (2)
0

0

Integration of n(E, t,) over the depth results in
the unnormalized equilibrated angular distribution
of emitted photons:

n(E,9) / n(E, t,0)dt 3)
0

(i.e. the distribution averaged over the depth of the
cascade development).

Two kinds of normalized angular distribution
will be discussed below. They are the equilibrated
angular distribution:

n(E,9)

FlE,9) = "o ()

and the unequilibrated angular distribution:

n(E,t,9)

()

Quantities f(F,9) and f(E,t,9) satisfy to obvi-
ous normalization conditions

27r/f(E,19) sin 9dv =
0

_on / F(B,t,9)sinddd = 1. (6)
0
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Figure 1. The unnormalized depth distributions of the number of emitted Cherenkov photons for cascades

induced by the electron (a) and the photon (b).
E =10%GeV (4)

Total number of photons

Our calculations showed that in the energy range
(1 — 10°) GeV dependence n(E) can be approxi-
mated by the following function:

n(E) = 1.45-10°E, (7)
where E is measured in GeV. This relation is valid
for the EPC created by both primary particles.

Table 1

The average number of Cherenkov photons

emitted in the optical range of wavelengths

by a single electron per a unit length of its
way in water

E, MeV
no(E), phot/cm

0.77
0.0

1.00
170

1.50
255

Depth distribution

Examples of unnormalized depth distributions of
emitted Cherenkov photons are presented in fig.1.
As it is seen from the figure, dependence of n(E,t)
on the depth, t, of the shower development has a
local maximum. The position of this maximum,
tm, moves slowly towards larger values of ¢ with the
primary energy growth. The value of ¢,, for the pri-
mary photon is somewhat greater ( ~ 0.25-0.30 m)
in comparison to the electron initiated shower.

E = 1GeV (1), E = 10GeV (2), E = 102GeV (3),

In the case of ¢ — 0 the main contribution to
the value of n(E,t) is provided by the Cherenkov
radiation of the primary particle. That is why for
the photon induced shower

limn(E,t) =0

t—0

(8)
For the shower from primary electron

limn(E,t) = no(E)

t—0

)

where ng(E) is the average number of Cherenkov
photons emitted by the electron of energy F per a
unit length of its way in water.

One can see from tab.l that no(E) is different
from zero for energy values E > 0,77 MeV, grows
monotonously with £ and comes assimptotically
to its limiting value ~ 300 phot/cm. Therefore,
n(E,t = 0) ~ 300 phot/cm for all curves of fig.1
corresponding to the electron initiated EPC.

In tab.2 we present the ratio n(E,t)/N.(E,t) in
which N, (E,t) defines the average total number of
cascade charged particles (electrons and positrons)
at the depth ¢ of the cascade development. One can
see that the noted above ratio depends very weakly
on the primary energy and the depth . Therefore,
the following relation takes place:

n(E,t) ~ 300 - N.(E,t). (10)

Equilibrated angular distribution

Our analysis showed that in the primary energy
region £ > 1 GeV the shape of the normalized
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Table 2
The ratio n(E,t)/N.(E,t) for the primary photon

t/tm
0.70
300
299

The equilibrated angular distribution of emitted photons

cost? | f(9) | cos? | f(I¥) | cos? | f(I9) | cosd | f(¥)

0.987 | 0.079 | 0.769 | 0.721 | 0.644 | 0.185 | 0.075 | 0.0209
0.938 | 0.105 | 0.756 | 1.393 | 0.606 | 0.139 | —0.05 | 0.0162
0.887 | 0.150 | 0.744 | 1.038 | 0.537 | 0.0913 | —0.25 | 0.0113
0.837 | 0.236 | 0.731 | 0.647 | 0.488 | 0.0706 | —0.45 | 0.0079
0.813 | 0.318 | 0.719 | 0.480 | 0.412 | 0.0525 | —0.65 | 0.0055
0.794 | 0.414 | 0.694 | 0.319 | 0.325 | 0.0392 | —0.85 | 0.0036
0.781 | 0.523 | 0.669 | 0.236 | 0.225 | 0.0209 | —0.95 | 0.0027

equilibrated angular distribution f(E,d) does not
depend practically on the energy and type of the
primary particle, i.e. f(E,9¥) ~ f(¢). The data
on distribution f() are showed in tab. 3. The
following conclusions can be made from the table.

e Function f(¥) has a sharp local maximum near
¥ = arccos(l/m) (m = 1,33 is the refraction
parameter of water). This maximum is caused
by contribution from high energy electrons
moving along the shower axis. These electrons
emit the Cherenkov light along a conic sur-
face having the opening angle 9¢(E) ~ ¥o(E =
00) = arccos(1/m).

Function f(19) has a long flat tail in the region
of large values of ¥. The main contribution to
this tail is given by cascade electrons having
large values of the multiple scattering angle.

Unequilibrated angular distribution

Our analysis showed that dependence of the nor-
malized angular distribution f(F,t,) on the EPC
primary energy can be essentially weaken , if one
uses instead of depth ¢ a new variable u = t/t,,
where t,, is the depth of the maximum of the cas-
cade electron number (the data on ¢, are presented
in tab. 4).

Moreover, for each value of variable u defining
a degree of the shower development a certain ul-

Figure 2. The normalized angular distribution of
emitted photons for the electron induced EPC. E =
103 GeV. u=03 (1), u=1(2),u=3 (3)
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Table 4

Data on the position of the maximum number of cascade electrons t,,(m) for primary
electron (1) and primary photon (2)

10

30 10% | 10® | 10*

2.29 | 3.13 | 3.95

2.57 | 3.42 | 4.24

Table 5
Data on the ultimate value E,, (GeV) of
the primary energy above which the
normalized angular distribution f(E,u,®)
does not depend on E (line 1 — primary
electron, line 2 — primary photon) or on
the nature of the primary particle (line 3)

0.3
10*
103
102 | 10

timate value of primary energy, E.,, exists above
which the normalized angular distribution does not
depend on the primary energy E. The data on E,
are given in tab. 5. One can see from this table
that E., decreases with a growth of w and varies
from E,, ~ 10%+10* GeV (u = 0,3) down to E,, ~
1 GeV (u = 2). Under the same other conditions
smaller values of E., correspond to the primary
photon. Beside that, there exists some ultimate
value of the primary energy, F.,, such as the shape
of distribution f(E,u,?) does not depend on the
type of the primary particle in the energy region
E > E. This quantity also decreases with u and
varies from ~ 102 GeV down to ~ 1 GeV.

In tab.6 we present data concerning the normal-
ized angular distribution f(FE,u,?) for the follow-
ing ranges of independent variables : 1 < E <
10°GeV, 0,3 < u < 3, 0 < 9 < 7. The data of the
table correspond to the EPC from primary photon.
The data of tab.6 ( together with tab.7) give also
a possibility to calculate function f(FE,w,) for the
EPC induced by primary electron. Some examples
of unequilibrated angular distributions f(FE,u,®)
are also presented in fig.2. One can see from the
figure that dependence of the angular distribution
on angle ¥ has a local maximum. The position of
this maximum depends weakly on F and u and is
close to ¥,, = arccos(1/m) ~ 40°.

For a fixed value of E the width of distribu-

tion f(FE,u,d) increases with a growth of u. This
circumstance can be explained by an increase of
the multiple scattering of cascade electrons with
u. Comparing data of tab. 3 and tab.6 one can
establish that in the vicinity to the shower maxi-
mum (u &~ 1) the unequilibrated angular distribu-
tion f(F,u,9¥) has a shape similar to the shape of
the equilibrated distribution f(¢). For a fixed value
of u f(E,u,9¥) becomes widther with a growth of
E.

3. Influence of light scattering and va-
lidity of MLP

As it was noted above the mean values of char-
acteristics of the EPC Cherenkov light can be ex-
pressed in terms of the depth-angular distribu-
tion of emitted photons, if one neglects the size
of the shower particle disk and the contribution
from the scattered light. A model of a luminous
point (MLP) corresponds to this approach. An ob-
vious advantage of this model is a possibility of
an essential reduction of amount of calculational
data needed for planning and data analysis of deep-
underwater experiments.

In this section we analyze data obtained with
taking into account the size of the shower parti-
cle disk and the Cherenkov light scattering. Such
an approach enables to establish the region of the
MLP validity.

Calculation details.

The complete Monte Carlo method is applied to
simulate the transport of Cherenkov photons in wa-
ter. The absorption and scattering processes are
taken into account. It is supposed that the total
cross-sections of these processes do not depend on
the photon wavelength and both are equal to 1/15
m~!. The scatering indicatrissa is also considered
to be independent on the wavelength. The exper-
imental data of the NT-200 collaboration [8] are
used to describe this quantity ( see tab. 8).

All results presented below correspond to the
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Table 6
The normalized angular distribution of emitted Cherenkov photons for the photon
induced EPC
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Table 6

(continuation)
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Table 7

The ratio of normalized angular distributions corresponding to different primary particles

(v/e)

Table 8

Dependence of the scattering indicatrissa
x(cos¥) on the cosine of the scattering

angle. fjll x(cos9)d cos ¥ = 2

x(cos )

cost

x(cos )

cost

x(cos )

4690
200
63.2
23.8
11.2
5.02
2.52
1.06

0.766
0.642
0.500
0.342
0.174
0.000
—0.174
—0.342

0.53
0.32
0.20
0.15
0.110
0.089
0.080
0.073

—0.500
—0.642
—0.766
—0.866
—0.940
—0.985
—1.00

0.065
0.063
0.063
0.062
0.062
0.062
0.061

Values of function C(0)

Table 9

)

cos 0

0

cos

C()

4.64
4.66
4.64
4.56
4.47
4.29
3.66
3.38

0.30
0.20
0.10
0.00
-0.10
-0.20
-0.40
-0.50

3.10
2.86
2.60
2.34
2.10
1.84
1.32
1.04

-0.60
-0.70
-0.78
-0.80
-0.85
-0.90

0.76
0.27
0.20
0.13
0.09
0.02

Cherenkov light detector “Quazar” [8].The effective
area of registration, S, is a basic characteristics of
this detector. It can be defined by the following
expression:

S =C(0)R?, (11)

where R = 17.5 , 0 is the angle between the optical
axis of the detector (Qo) and the arrival direction
of registered photons (). The values of function
C are presented in tab. 9.

Two different directions of the optical axis of
“Quazar”, ﬁo, are considered in our analysis: par-
allel and antiparallel to the shower axis direction
Q*.

The following characteristics of the EPC
Cherenkov light are considered in this section.

e The averaged over cascade realizations unnor-
malized temporal distribution of the number
of registered photons, I(z,r,7), where z is the
depth, r is the distance from the shower axis.
The zero value of 7 corresponds to the moment
of appearance of initiating cascade particle.

The mean number of photons registered by the
detector

q(z,r) = [ I(z,r,7)dr. (12)
/
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e The normalized temporal distribution of the
number of registered photons

f(Z,T,T) :I(ZaT,T)/‘?(ZaT)- (13)

Expressions concerning MLP

As it was noted above in the frame of the MLP
characteristics of the EPC Cherenkov radiation
can be expressed in terms of the depth-angular
distribution of number of emitted photons. For
the quantities analyzed in this section this can be
achieved with the help of the following formulae:

q(z,r) = /n(E,2,cos19)d_2e_"d5’(ﬁﬁo)d2,
0

(14)

I(z,r,7) =n(E, %, cos ﬂ)d_%_"dS(Q'Q'ON;LZ )
-
(15)

In (14), (15) the quantities have the following
meaning:

dz
dr

d=[(2 - 2)* +r2]1/2, cost = Z;Z;

(17)
n(E, z,9) is defined above unnormalized depth-
angular distribution of emitted photons; m is the
refraction parameter of water; c is the speed of light
in the vacuum; o is the total cross-section of pho-
ton interactions; S is determined by (11); the sense
of vector €1 is clear from fig.3.

It should be noted also that variables 7 and z are
connected by the following relation:

T=CE+-22 4+ e (18)

Results

In fig.4 we present data on the normalized tem-
poral distribution of registered Cherenkov photons,
f(z,r,7), calculated under different assumptions:
exact data; data without taking into account the
contribution from the scattered light; data ob-
tained in the frame of the MLP (i.e., with usage
of formulae (14), (15)). As it is seen from the

Figure 3. To evaluation of MLP expressions

figure there exists a significant difference between
the exact and MLP data. At the same time, the
data without the contribution of scattered photons
are in a resonable agreeement with the MLP data.
Therefore, the neglect of the light scattering is an
essentially more serious approximation in compari-
son to neglecting a finite size of the shower particle
disk.

In fig.5 the comparison of exact results and the
MLP data is presented. The data of this figure
correspond to higher values of the primary energy
(E, = 10® GeV) and illustrate dependence of the
data discrepancy on the detector position (it is
defined by the depth z and the lateral displace-
ment r). The following conclusions can be made
from the figure.

e The MLP gives an overestimated value of the
magnitude of the normalized temporal distri-
bution. The discrepancy in the magnitude in-
creases with the depth growth and can reach
up to a factor of (3 + 4).

The MLP gives an underestimated value for
the width of the temporal distribution. The
difference in the width can reach as much as
(2 + 3) times.

The exect temporal distribution has a long flat
tail which is caused by the Cherenkov pho-
ton scattering. The contribution of the tail
to the total number of registerd photons in-
creases with the growth of lateral displacement
r of the detector.

The arrival time of the first Cherenkov photon
(on the figure it corresponds to the pulse be-
ginning) is correctly reproduced by the MLP.
Difference in the position of the forward point
of the pulse does not exceed as a rule the size
of the histogramm bin ( 2 ns).

In the model of a luminous point all photons
emitted at a certain depth Z of the shower develop-
ment give a contribution to a strictly certain point
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Figure 4. The normalized temporal distributions of the number of registered Cherenkov photons. E. =
10 GeV. Solid histogramms — exact calculation, dashed histogramms — calculation without the light
scattering, curves — MLP. z = 30 m (a), 50 m (b); r = 10 m
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Figure 5. The normalized temporal distributions of the number of registered photons. E., = 10% GeV,
Qp2* = —1. Histogrammes — exact calculation, curves — MLP . z = 50 m (a,b), 10 m (c), 30 m (d);
r=>5m (a), 20 m (b), 10 m (c,d)
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Table 10

The ratio of mean numbers of Cherenkov photons registered by “Quazar” within the time
interval A7 and corresponding to the exact (nomenator) and MLP (denominator) data.
E, =103 GeV, QoQ* = —

r, m

10 20

A7 =10ns, z=30 m

AT =201ns, z=50m

10
1

o

> .00
L 1p-3
14
125
186

IE,? I T I T | T | T
50.00 5500 60.00 6500
1,08

70.00  75.4

Figure 6. The normalized temporal distributions
according to exact data (hist.) and MLP (curve).
E, =103 GeV, QyQ0*=—-1. z=10m,r=7m

7 of the temporal distribution. Relation between
values Z and 7 is determined by formula (18). Dif-
ferentiating (18) one can check that at

Zo=z2—r(m?—1)"1/2 (19)

derivative dr/dZ is equal to zero. That is why the
reverse derivative dZ/dr becomes infinite at this
point. Therefore, the temporal distribution calcu-
lated in the MLP approximation has an integrated
peculiarity at the point

(20)

To = (z +7[m? — 1]’1/2> /e,

corresponding to the pulse beginning. This pe-
culiarity can influence considerably the shape of
the temporal distribution, if an essential amount
of Cherenkov photons is emitted near Z,.

The latter takes place, if Z, ~ z,, where z,, is
the shower maximum position. This case is pre-
sented in fig.6. As it is seen from the figure the
infiniteness of dZ/dr influences cathastphicaly the

Table 11
The ratio of the numbers of Cherenkov
photons registerd by “Quazar” and

corresponding to the exact (nominator) and
MLP (denominator) data. E, = 10% GeV

shape of the temporal distribution. The difference
between exact and MPL data can reach a factor of
10 <+ 100.

To suppress the background light connected with
the luminosity of water it is planned in the exper-
iment N'T-200 to restrict the time of the light reg-
istration measuring it from the moment of arriving
to the detector the first Cherenkov photon. In this
connection we show in tab. 10 the ratio of aver-
age responses of detector “Quazar” coresponding to
two different ways of calculation ( exact and MLP
data) and two typical values of the time restriction
interval (10 and 20 ns). It is seen from the figure
that the usage of the MLP can lead to an essential
overestimation of the detector responce.

In tab.11 we present the ratio of total number of
regisrered photons corresponding to exact calcula-
tion and MLP. No conditions restricting the arrival
time are used in this table. The following conclu-
sions can be reached from the table.
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e In general, the MLP satisfactorily describes
mean value of the detector response.

There exists some region of observation point
locations in which the MLP gives an underes-
timated value of the detector responce. This is
a region where unscattered photons arrive to
the detector having motion directions O an-
tiparallel to the direction O, of the detector
optical axis. Difference between the exact and
MLP data can reach here up to as much as
hundreds times.

The latter conclusion can be explained by the
following way. The effective area of detector falls
very rapidly (see tab.9), if QQy — —1. Therefore,

in this region the contribution is important from
scattered photons which come to the detector from
arbitrary directions and which are not taken into
account in the MLP. The contribution of such pho-
tons can be important in the analysis of the flux
of neutrinos coming from the opposite side of the
Earth. The usage of the MLP leads in this situation
to an essential underestimation of the contribution
from atmospheric muons.
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